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exampli^,^ this twofold effect of the given forces, . . . 352 
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Other formulce, wliioh will be useful in the sequel, . , . .411 
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II, Dijfefential l^^pudiona of the Motion of Rotation ahoni a fia^ed 

- 111 . 

These equations are obtained very easily by means of the formulm of 
No. 408 and of Uie principle of D’Alembert; tliey are reduced 
their simplest form by referring the components of die aooelenttS^il’ 
force of any point wlialever of the body to its three principal 
the general problem of (lio motion of rotation depends on six eqaa^ 
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DYNAMICS. 


SECOND PART. 


CHAPTER I. 

GENERAL PRINCIPLE OP DYNAMICS, 

350. When material pointBj subjected to the action of given 
forcess, are connected togethur in any manner whatever, they 
acquire, during each instant, infinitely small velocities, cliiferGnt 
from those which these forces would impress on them, if they 
were free. When these forces are known, these lust veloci^ 
ties will bo so likewise; and the general problem of dynamics 
consists in deducing from thorn, in magnitude and direction, 
the increments of the velocities which are actually produced. 
Its solution dcpemls on an extremely simple principle, for 
which we are indebted to D’Alembert; by moans of it nil 
questions relative to motion arc reduced to simple questions 
of equilibrium, that can be always resolved by the rules ex¬ 
plained in the preceding book. 

In order to express this principle in an accurate manner, 
let m be the mass of one of the material points in question, 
and Mr the velocity which the force that solicits it would im- 
prosa upon it, in an infinitely small time t, if it was free. 
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Let qr denote the increment of velocity wliich actually oh- 
tains during this same instant, the direction of which will, in 
general, be different from that of the given veloeily ut\ and 
let ttr be decomposed by the rule of the ptirallellognun of 
forces, which is equally applicable to velociticH, (No- Hfi), 
into two other velocities, of which let one be r/r, and tlu* 
other/Jr. The measure of the motive force applied to the 
moveable will be the product mu ; mq and mp will be the 
values of those which are capable of producing the volocitios 
qr and pr\ and the given force mu may he ri'giirdcd us I lie 
resultant of the force inq^ to which tlic incitum'nl of thi‘ V(‘lo- 
city which actUEiUy obtains, is due, and oftlio force wyj, fhe 
effect of which is destroyed hy the connexion of tin* points of 
the system. We shall term this lust, tlicyojw hist. 

If the quantities analogous to ?j/, w, wliieh refer to the 
other points of the system, be denoted l)y 1,1a* Hana* letters 
with accents, namely, by m',?;//', it is 

evident, that whatever be their number and muinal eoinieximi, 
&c., the forces lost hIioiiIiI constituti* uii etpii- 
librium, for if this equilibrium did not Lake place, these forces 
would produce certain infinitely small vtdoeitioM during the 
the instant r, and, consequently, //r, /yV', yV^ &c., Mould no 
[longer be the increments of velocity that actually liavn jilace, 
Iwhich is contrary to hypothesis. It is in this timt ihe prin¬ 
ciple of D’Alembert consists. Instead of tim forces 7 Ji'y/, 
&c,, we may substitute, in the cqnalioiis of (»(piililirium 
of the system that is considered, Ihe (piantilicH ol' niotiou 
myV\ &c., which arc proportional !o them, and 
then the statement will be, that tlicie is an eqnilihriuin bc- 
f tween the infinitely small quantities of motion, lost during 
1 each mstant bj^ all the points of tlic systoin, in consccjtieiict* of 
* their mutual connexion. 

361, The preceding general statoment of this princiiilo 
maybe changed into another, which will ho fivipamlly more 
convenient. 
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For this purpose, it may be observed, that mu being the 
resultant of mq and each of these components, the second 
tor example, is likewise the resultant of imi and of the other 
component, taken in an opposite direction from that in which 
it acts; by replacing in this manner each of tlie forces lost, 
i. e. &c., by the two forces of which it is the 

resultant, it is evident the principle of D’Alembert impbGS,^ 
that there is constantly an equilibrium between the given 
forces, which act on all the points of u system of material 
points in motion, and the forces which produce the infinitely 
small increments of the velocity which have place at each in- . 
stunt, these hist forces being taken in an opposite dircctioii 
from that in which tliey act. We may, if we please, replace 
the firat forces by the quantities of motion w»ir, wW', 


&c., and the last by mqTy &c., by assigning to 

each of the velocities g', &c., a direction contrary to that 

which it really has, and by supposing the flirections of 
&c., to be those which they actually have- 

This secoiul manner of stating this principle hfis the ad¬ 
vantage of loading directly to equations between tlie unknown 
quantities y, g', g", &c., and the data of the problem, which 
are evidently the velocities «, 3 cc. Those equations 

will result, Lbqth from the conditions of the equilibrium, and ^ 
also from the manner in which the difFereut points of the sys- j 
tom arc, in each case, connected together the numbe^&of them^^ 
will be always the same us that of tlio coordinates of all those 
points (No. 342), and, consequently, the same us that of the 
components of the velocities g, g', g", &c., parallel to the axes 
of these coordinates, so that they will make known, lioth in 
magnitude and direction, the increments of velocity of all 
these material points at each instant, which is, as has been 
stated, the general solution of the problem^f Dynaini^. It 
is the province of the integral calculus to enable us to deduce 
from those infinitely small increments, the velocities them¬ 
selves and tlu? coordinates of each matcl’ial point, in functions 
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352. When the forces mq^ wYj &c., shall have been 
determinedj if they are laid off in a direction opposite to that 
in which they act, and if they be then compounded with the 
given forces Sc., mp^ wi';/, &c„ the forces 

lost will be obtained. It is from tliese lost forces that the 
tensions of thi'eads, of elastic rods, and of all the physical 
modes of connexion that can exist between the different points 
of the system, as also the pressures exerted on the surfaces 
and given curves, which the material points are constrained 
to describe, arise; and, according to the first method of stating 
the principle of D'Alembert, these pressures or tensions may 
be determined in the state of motion of the system, by the 
rules of statics applied to the forces lost, (No. 343). 

Therefore, during the motion, a part of the given force, 

' which acts on each moveable, is employed in mailing the 
velocity to vary, and docs not influence the pressures or ten¬ 
sions in question; and the other part, which is considered to 
be destroyed or lost, produces tliese pressures or tensions, and 
j has no influence wliatever on the velocity. When the system 
has attained to a permanent state, in which all the points that 
compose it move uniformly, the fii*st part of ouch force is 
cipher, and the entire force is destroyed, tliat is to say, em¬ 
ployed in producing pressures against fixed obstacles, and the 
tensions of physical strings, &c., just as if this system was in 
equilibrio. 

Hence, if a cord be supposed to move in the direction of its 
length, and if given forces act at its two extremities in the di¬ 
rections of its productions, ^wlien tliis motion continues to bo 
uniform^ the two forces will be equal, and their common value 
\will express the tension of the cord; if, on the contrary, the 
itwo forces are unequal, the excess of the gi-catest above the 
least will be employed in accelerating or retarding the motion 
[of the cord, and tlie menauro of its tension will be the port of 

gi'eateat force which is destroyed by tlie least, or equal 
and contmiy to this. For example, when a home draws n 
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load on a road, and the motion of the system continues uni¬ 
form, the effort of the horse parallel to the road is equal to 
the weight of the load resolved in this direction, plus the 
friction of the load against the road; it is constant when the 
state of the road and its inclination do not vary ; if it be sup¬ 
posed to bo transmitted to the load by means of cords parallel 
to each other and to the road, the entire effort will be equal 
to the Buni of the tensions of all these cords; and in practice, 
the effort exerted in the direction of each cord, is measured by 
the extension of a spring interposed in the direction of its' 
length. The inclination and state of the roads remaining the 
same, if the efforts of the animal increase or diminish, the mo¬ 
tion of the system will be accelerated or retarded, while the 
tensions do not undergo any variation. When the road is' 
horizontal, the friction insensible, and the motion uniforin, thc; 
horse has no otlier force to develope but that which is neces¬ 
sary for bis own advance; he exerts no effort in the direction 
of the cords attached to the load, and theh tensions are con¬ 


stantly cipher. 

353. The principle of D’Alembert obtains also in the case 
of the finite quantities of moLiuu, which are lost by bodies con¬ 
nected together in any manner whatever, and on which simul- 
ttmeous percussions are made, which percussions are, in fact, 
motive forces, iieting on the material points with great inten¬ 
sities, and during very short intervals of time (No. 12G). 

Thus, let us suppose that a force of tliis nature acts on 
tlic point, whose muss is diirhig a time which is finite, but so 
short, that the point m and all thc other points of the system 
do not sensibly change their position in this interval. Let us 
denote it by e, and by u the velocity of ^nite magnitude which 
this force would impress on the point wz, if it was entirely free; 
likewihc let Qbe the velocity which is actually impressed upon 



it, BO that at thc end of the time c, m is actuated by the velo -1 


city which it had previously to the impact, by the velocity q, ^ 


and by the velocity which is communicated to it, during thc ^ 
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same time, by the motive forces which may act on the systoiti, 
independently of the percussions. Lot the velocity u be re¬ 
solved into two others^ one equal to q, and the other denobMl 
by p. Let similar suppositions bo made with reHj)eet to 
7n", &c,, the other points of the system, and if, relatively to 
these points, the quantities corresponding to v, r, (i, bo di'- 
^noted by v\ p', q', u", p", q", &c. ; an equilihrium will i*xist in 
^the system between 7np,7n'p',»a"p", &c., the quantitu's of mo- 
jtion lost, whether they be considered at the cominuneement 
ior end of the time e. 

In fact, let e, the duration of the percnsHioiiH, be decom¬ 
posed into on infinite number of infinitely small instants, and 
let T be one of these instants, /rtoir, 7ft'wV', itc., tlu‘ 

i nfiait ely small parts pf &c., liwt during this 

instant, and, as before, mpr, &c., the inliiiUtdy 

small quantities of motion oriEung from the motive ibrees, ami 
that are also lost during this same instant. IJy what luis boon 
stated in No. 350, there will be aji equilibrium in the system 
between these two gi’oupsof quantities of motion; eacli tin; 
equations relative to this equilibrium will be of the fonn, 

Amu>T + aWwV + + &e. 

+ mnpr + nWpr + y\Vp*W + &e, = 0.; 


^ 'M \ ^ 

. — V.V - • I 


f? 


ill 'which Aj a', A^'j &Cij u, m'h", &c.j duiioto cocllicloiilH (Im¬ 
pending an the positions of m, m', m", &c,; iind this iMfimlidu 
|wI11.8ubBisJ;^dunng jj t^_^ whole dunitioii of tin* poruUNsioiis. 
Therefore the sum of the values of its first inoiiihcr, which 
correspond to nil instants of tliis duration, will he uquul to 
the cipher; hut, in this sum, tlio coeilicluntH may hu ooii- 
Biderecias in'variable, since, by hypothuflis, the jiositions of tin* 
points m, m', jn", &c., do not sensibly ulitinge diirliig the on- 
. tire continuance of the percussions; moreover, the sum of tint 
values of moir, fflVr, ?nVV, &c., will ho the (imiiititics ol’mo- 
tion }«p, OTP', m"p", &c. j those oi'mpr, m'pr, m."p"T, &c., may 
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be neglected relatively to the first, since the efifects of motive 
forces, such os weights and attractions directed to fixed or 
moveable centres, during the percussions, are generally insen" 

Bible with respect to the effects of these other forces; conse¬ 
quently, we shall have 

Amp + A'?7i'p' + A"m"p^' + &c. = 0. 

The same will be the case with respect to all the equations 
of equilibrium of tlio system, which will subsist between 
mp, fuV, &c., the quantities of motion lost; which was 

required to be demonstrated. 

In consequence of the invariability of the coefficients 
A, a', a", &c., during the continuance of the percussions, these 
equations refer indifferently to the commencement or end of 
the time c. For greater convenience, it is assumed that this! 
duration is the same for all the percussions, which is evidently, 
allowable, provided tlmlijJi^jtheJqngest duration of the per-' 
cuBsions that are considered at the same time. 

These percussions, in general, arise from the impacts of 
the moveables, either agsiinst one another, or against fixed 
obstacles. It may happen that during the time e, these 
points slide ever so little, either against one another, or 
against these obstacles; the frictions wliich they will by 
this means expcrionce, will abstract from them u certain, 
quantity of motion. Now, these quantities cannot bo nc- , . 

glccted, like those wbich arise from gravity and attractions; r // 
for the friction is a force proportional to the pressure; that is^ 
tQ say, a force which abstracts from m, m', m", &c., in each 
instant, infinitely small quantities of motion proportional to, 
that which the pressure would impress on them in the same 
instant; hence it follows, that the effects of frictions during 
the time c, may be comparable to those of the percussions; 
consequently, when the moveables w, m\ &e., slide one 
against another, during the percussions, it is necessary to es¬ 
tablish the equilibrium between the quantities of motion lost by 
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friction, and those represented by &c. Tlie 

velocities p, p', p", &c., may, if we please, be replaced by their 
components, that is to say, by velocities rcsjiectively equal 
and contrary to q, q', jQ", &c., and by the velocities u, u', u", 
&c., taken in their proper directions. 

This extension of the general principle of Dynamics to 
quantities of motion wliich have a finite magnitude, will 
enable us to determine the velocities of the bodies of a system 
at the commencement of the motion, and also during its con¬ 
tinuance, when they strilce against each other, or impinge 
against fixed obstacles, and generally, when the velocities of 
the moveables experience what fu'e termed iiudden changes, 

364. In the diifereut applications of the general principle 
of dynamics, which we propose to make in the subsequent 
part of this treatise, the moveables between which any mode 
of physical connexion wliatever exists, may, moreover, act on 
each other, either by means of attractions or repulsions at a 
distance, and also may experience percussionR at particular 
instants. But before wc proceed fartlicr, we jiroposo to give 
in this chapter a simple example of each of these three circum¬ 
stances, which will be of service in the general developments 
that we propose hereafter to detiiil. 

^ Let us, in the first place, consider, as in the fonrtli case of 
(' No- 329, two heavy bodies attached to the extremities of an 
inextensible thread, and phiced on two inclined pianos whicli 
rest against each other. Let h be tlie common height of 
those two planes, I the length of one of them, V that of the 
other, m the muss of the body placed upon the fii-st, m* that of 
the body placed upon the second, and g the gravity. If the 
friction is not taken hito account, the accelerating force of tlie 


first body will bo the component of the weight resolved in the 
direction of the first plane, which is equal to ^; and in like 


manner tho accelerating force of the second will lie equal to 
At the end of the time let v denote the velocity coiiih 
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mon to all the points of m, and that of all the points of m *} 
these are supposed to be posidre or negative, according as m 
and descend or ascend. During the instant dt^ v and v* 
will be increased by dv and dv ^; but, during this same instant, 
the accelerating forces would, if they were free, impress on m 

and the positive velocities and ^ dt ; therefore the 

velodties which they lose during the same instant dt^ in con¬ 
sequence of the connexion which exists between the two 

bodies, are ^dt ^ dv ^\\A.~dt — dif. Now, in order that 

tlie two corresponding quantities of motion may be In eqtd- 
librio (No. 350), it is evidently necessary tliat tliey sli'ould be 
equal; consequently, we shall have 

— — ml di /^. (1) 


Moreover, the two velocities v and 1/ are equal, and affcctikl 
with contrary signs; for, in the motion in question, one of the 
two masses descends, and the other ascends, describing equal 
spaces on the respective inclined planes; hence we have 

r' = — V, du' — — dv» 


If this value of dd be substituted in equation (1), we can . 
deduce 


dv 


(wf — w'Z)/i 


gdt\ 


and, by integrating, 


(m + Ml') IV ^ 


c being the arbitrary constant. 

If this integral bo multiplied by dt^ and integrated a second 
time, the space described by tn on its inclined plane, will be 
obtained; and from the preceding value of v, it is evident 
that its motion is uniformly accelerated or retarded, according 
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as W2 /'>?w 7 or mV /L m'L In virtue of the equation t/ = ^ 
(ho contrary obtuiuH >viLli respect to wi'. 

1 -el. T tloiiolo the tension of the thread to which m and 
are aLtaelied^ tins teiiHion ariscB, as we know> from the force 
lost (liiriti|f each instant by these two bodies respectively, 
'riio vnliie of this motive force will he one of the quantities of 
mofion which eoiiHbituto the two members of equation (1), di¬ 
vided by (H\ conHequcntly we have 



which, hy Hu])Stitnlinfy for rZu its preceding value, become8(a) 

“ (W4 + 9n') IV ’ ■ 

. 'riiis value bocomcH^^^, as wc know it should, in the 

fUHC of jnV, which is that of equilibrium. With respect 
fi> the prcHHUre exerted on each inclined plane, it is equal to the 
wciglit of the body wliieli it BuataiiiH resolved perpendicularly 
to this planOjUiul is the same ns in the state of equilibrium. 

The uonstmit r is the initial velocity of m\ if both 
lunlicH sell (ni(. from a state of rest, r =: 0 5 but if one or both 
of tlu^m ex|>ericnco a percussion nt the coinmencoment of the 
iiu)(]on, tlicdr iniiinl velocities should he dculuced from it. 

l^et ns HupjmHe, theroforo, that at the commencement of 
the iriotion, jw and vV c*xj>erio]ico porcuHsions, which if the 
boili»*s were entirely free, would impross, in the direction of tho 
pnuliictionH of the thread to which they are attached, a velo- 
idly a on all the points of we, and a velocity a* on all those of 
L m\ Ah their initiiil velocitios arc c and -- c, it follows that 
I a( (,he cominenceineut, tho qiuintiticH of motion lost have 
been, in magnitude and direction, equal to 7n {a^c) aud 
ftV (a'4-r) roHjieetively; and, in order that they may consti¬ 
tute un equilihriiun, it is neccBsary that, agreeably to No. 
:jr»3, they sliould bo equal; hence wc shall have 
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m(a — c) wi' (a/ + c); 
from which we can deduce 

7na — mfaf 

C — -;-T-i 

W + 

The percussion which the thread experiences at tliis in¬ 
stant, in the direction of each of its productions, is due to one 
or other of these lost quantities of motion, the common value 
of which i8(Z>) 

,mm' (a + a*) ^ 

\ * 

60 that the initial percussion of the thread is the same, ns if it 
was suspended vertically at a fixed point, and a body attached, 
to its inferior extremity, was struck in the direction of tlie 
weight, by a second body actuated by this quantity of mo¬ 
tion, and which is then united witli the first, ^ 

356. In place of two heavy bodies, we can consider threes 
or a greater number, placed on a series of inclined planes, 
each of them being connected with the following, hy means of, 
an inextensible string; the motion of this system will be of 
tlie same nature, and will bo determined in the same manner, | 
as in tlie case already considered. 

We may hkewiso substitute for the two bodies wliich havc\ 
been considered, a heavy chain laid on the two inclined planes., 
If it he homogeneous, and of a constant thicknoss, and if nt the 
end of the time the lengths of its two parts be denoted by 
X and fl/, their mosses wiU be to each other as these quantities, 
so that in equation (1), m and m' should be I’eplaced by x and 
a/. Moreover, during the 'instant dty the first of these two 
ports is increased by the element dx, which is actuated hy tho^ 
velocity u, common to all its points; on this account the 
quantity of motion lost will be diminished by a positive or 
negative quantity equal to vdx. For a like reason, tlic 
quantity of motion lost by the second pai't of tlio chain during 
the same instant, should be diminished by a quantity equal to 
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v^dixf\ we flhould therefore take vdx and from the 
and second members of this equation (1), which will thus 
become 

X dt — dv^ — vdaj = x' dt — dy'j — vUlj/. 


Denoting the constant length of tho chain by X, wc ahull 
have 

X + a/rz X, dx + dfd^ 0; 

moreover, v and u' the velocities of its two parts will bo res¬ 
pectively equal to 

dx , dx/ P 

v=:~, n'='-Tr; 


hence there results dsdrz-^-dx, and vdx =: v^dx'; and, by cli* 
minating od and dv' from the equation of the motion, wc ol>- 
taiii(c) 

dir 

/ .^ ^ — 0, 

t . i/n - ' 

in which, in ordei^ to abridge/ we make 


kU' " 




the complete integral of this linear equation is 


x = ae^^ + be-^* + 

e being the base of tho Naperian systom of logarithms, and a 
and b two arbitrary constants, the values of which can bo de¬ 
termined by means of those|bf x and when t r= 0*) If tho 

mtire chain exists on the same inclined plane, that is to say, 
if the difference a; — a/ becomes equal to ± X, the nature of 
the motion will be changed, and it will hooome uniformly 
accelerated* 

In order that the chain may remain at rest, it is necessary 
that We should have a ss 0 and J 0 j honco we infer 
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X 


_ XI 
/ + I'-' 


a/=: 


XZ' 

I + I'* 


from 'which it appears, that in the state of equilibrium, x and 
a/, the two parts of the chain, ore to each other as Z and the 
lengths of the inclined planes on which they are laid; so that 
its two extremities exist on the same horizontal(eZ) line. Con -1 
versely, if this condition is satisfied at any given instant, and ^ 
if at this instant, the points comprising the chain ore not actu¬ 
ated by any velocity, the equilibrium will obtain ; for os tho 
proportion 

a?; X — xi: I :l\ 


gives 


XZ 


for the value of a;, we shall have, at the instant in 


Z + I' 
question, 

and the velocity is supposed to be? equal to cipher, wo shall^ 
at‘the some time, have 


dx _ 
di “ 




baer^^ = 0 ; 


from wliicli there results a r= 0 and J =: 0, 

367. For a second example of the application of the go-) 
nerol principle of dynamics, (let the motion of two hodics aub^ 
jected to thdr mutual repulsion be considei'ed); and, in orderj 
to reduce the question to the simplest possible case, wo shall 
suppose that no Initial velocity is impressed on them,perpen¬ 
dicularly to tlie line drawn icom tlio one to the other'^ so 
that both of tliem must movo on the somo right line, given in 
position. 

Let their masses be m and x and x* their distances, at 
the end of the time Z, from a fixed point tolcen on this line, v 
and V* their velocities, so that at this instant, wc have 


V 


dx 




dx* 

dt 


At the same time, let r be the repulsive force acting in 
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opposite directions on m and and whicli, for greater cloar- 
ness^ we shall suppose to increase the distance d , and to <li* 
minish the distance a?. During the instant dt^ this motive 

Vidt 

force would impress a velocity on the mass m'; and, as the 

] increase of velocity of mf is really it follows that its velo¬ 
city, and quantity of motion, which arc lost during this 

instant, will be — dvf and nrf^ — wW. Likewise the 
w' 

I 

quantity of motion lost by ot, in the same direction and during 
tlie same instant, will bo — udt-^rndv. Now, as those two 
^ material points are entirely free, it is necessary, in order that 
these quantities of motion may he in cquilibrio, that they bo 
separately equal to cipher; consequently, wc shall have 

indv + = 0, wldd — udt zz. 0. 

Lot r bo the distance btween the two material points m 
and bo that we may have 

o'— £P = r, doef^ dx dr. 

Then since dx zi vdt and da/ = v^dty wc shall obtaiji from tlin 
preceding equations 

mdiD + n/dd =: 0, 2mvdv + 2in*i)^dv^ = 2ud/', 

and by integi-ating, we shall have(c) 

mv + m*v* <7, mv^ + = 2$ ne/r + c'. 

The force n will be a given function of r ; wo can there- 
fore obtain tlie integral Judr eitlior exactly or by approx!- 
mtipn ; and if we suppose tliat tliis integral is cipher when 
y na, (a being the value of r at the commencement of the* 
motion), its value at any instant whatever will bo a function 
of r and a, which we can denote a). Likewise, let a anti 
a! he the inidol velocities of m and w'; wo shall have, at tin; 
same time, 

r = a,' /(r, a) =: 0, y =: cr, y' =: a\ 
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and, consequently, 

c =z ma + wV, c^— me? + vfio !^; 
hence tlicre will result at any instant whatever, 

mo + Tw V :;= 97ia + m'a', 

=: a) + me? + 


(i) 


By means of these last equations, the velocities of tlie two i 
moveables may be known in functions of their mutual dis¬ 
tance; and it follows from them, that whenever the value of 
this distance becomes the some as it was at any previous time, 
t^ squares and will also have the same values, and that 
each moveable will resume an equal velocity, in the same di- ; 
roction or in an opposite one. 

V and t?' being known in functions of r ; by means of the 
equation 

dt 

the value of t can bo determined in a function of r, by a se¬ 
cond integration, and conversely. 

Moreover, if the first of equations (1) be multiplied by dt, 
there results, by integrating, 

mx + = (ma + ?n'a') t + b, 

b being an arbitrary constant, wbich will be known by means 
of the initial positions of the two moveables; and this equa¬ 
tion, Uogether with the equation a/ r,)will make known 
their positions at any instant whatever, that is to say, the 
values of x and x* in the functions of r or of ^; which is the 
complete solution of the problem. 

If the mutual action of the two moveables was attractive, 
the sign of ii, and, consequently, that of f{r, a), should be 
changed in the preceding formulm. If this force was re¬ 
pulsive at certain distances, and attractive at others, n sliould 
be such a function of r as would change its sign within the 
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limits of the of the variable- It results from the pre¬ 
ceding equation, that in no case is the motion of the centre 
^ of giavity altered by the mutual action of the two moveables j 
/ for its first member divided by w + wi', expresses the distance 
of the centre of gravity from the fixed origin of tlie axes of in 
and x'; so that the motion of the centre of gravity is uniform 
and independent of the force n. 

^) ,368. Equations (1) obtain also in the case of the motion 

of two solid bodies, m and m', of any magnitude whatever, uiul 
1 subjected to the action of the force ii, provided that the volo- 
cities of all the points of these two bodies are constantly pa¬ 
rallel to n Jgiven line. This force u, whetlier attractive or 
repulsive, may tlien be produced by a spring which is diluted 
or contracted between the two bodies against which its two 
extremities ore pressed; or we may even suppose tliut the 
force B arises from an elastic fluid which is developed between 
these two bodies, and repels them in opposite directiouB, from 
one another. This lost cose is that of the motion of a bullet 
and gun, during the time that the first traverses the l)arrel of the 
piece. Let m denote the mass of tlie bullet, and that of the 
gun, then in ordei* to bo able to apply the preceding fonnulra, we 
must suppose that all the powder is converted into gas at the 
very commencement of the motion. The length of the cliargc 
will be equal to a the initial distance of the two bodies, and when 
this distance becomes «*, the force ii will express the pressure 
which the gas, thus dilated, exerts on each of these two bo¬ 
dies. It is necessary, moreover, to make some hyjiothesis on 
the value of n as a function of r. Now, if the temperature of 
ijthe gofl remains constant during its dilatation, the force n, by 
[the law of Mariotte, will vary in the inverse ratio of the spaces 
1 which it occupies in the interior of the barrel. Let, therefore, 
k be the pressure on the unit of the surface, exerted by the 
gas, the instant that the powder is ignited, and when it still 
occupies tlie same space os the charge. If w denotes the sec¬ 
tion of the charge perpendicular to its length, which is like- 
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wise the interior section of the piece ; Aw will bo the value of 
tt at the commencement of the motion; and, if the temper 
rature he constant, we shall have {/) 


Awa 



at the instant, when the distance of the two moveables is equal 
to r ; for, at these two epochs, the spaces occupied by the gas 
ai'e to each other as the lengths a and r. 

This expression for r has been generally adopted, though 
it 13 founded on two inaccurate hypotheses; for, Ist, the en¬ 
tire of the charge is not converted into gas before the buUetl 
begins to move; and 2nclly, during its dilatation in the barrelj 
of the piece, the gas which is generated must expenence very, 
great diminutions of temperature. But these two causes have, 
opposite effects on the decrease of the value of R: the second J 
tends evidently to render this docrense more rapid, while the 
effect of the first must be to retard it, in consequence of the 
new quantities of gas which are successively added to the 
initial quantity. If these two opposite causes be supposed, 
very nearly to compensate each other, their influence on the^ 
expression of ii, as a function of r, need not be talten into a<>- 
count. Thift being agreed on, in consequence of tho valuQ of 
R given above, wo sball have Q/) 

/(r,a) = Awalogp 

the integraly*(r, a) being supposed to be cipher when rzz a. 
The initial velocities of the bullet and baiTel are supposed to 
be cipher(A) ; hence if in equations (1), we make a = 0, and 
o' =: 0, and if the preceding value of f(r^ a) be substituted, 
we shall have 

[ mv + mV = 0, mu* + mV' = 2Awalog^. } 

Lot I be the length of the barrel, v the velocity of the bullet 

n 
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at the mouth of the barrel, v' the corresponding velocity o 
recoil^ we shall have, at the same time, 

r = t; zz V, u' = v'; 

and by means of tlio preceding equations we shall obtain 
♦' 2m*kma 

y*— - 

[ m(7n+m') 

from which v, the velocity of projection, will bo obtab 
and that of the recoil will be, abstmcting from the sign, e 

772 

to this velocity v multiplied by 

, If the differential of v* relatively to «, be put equ 
V cipher, the length of the charge, which, every thing 
being the same, rendei's the velocity of projection a maxin, 
' will be determined. 

By this means we obtain 



log-=: 1 ; 
a 

land as this logarithm is talten in tho Naperian system, it 
lows, that if, os usual, e denotes the base of this system. 
, shall liavc l=z ea; so that the viilue of a in question, wi 
a little greater tlinii the third of I tho length of the barreli 
359. As the mass 772 ' consists of that of the barrel 


stock or frame of the gun, it is always very groat relat 
to that of the buUct 5 consequently, in the value of v®j 
divisor ot + w' may be reduced to by wliicli means il 
become 


V 


s 


2k{i)a 

m 



In order to apply this formula, the constant wliicl 
notes the elastic force of the powder, when it is converLw 
gaa, should be known. For this purpose, let d be the de 
of the powder in its natural state; then tho mass of the cl 
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will be D(oa; and, its weight being supposed equal to one-third 
of the weight of the bullet, we shall have 

7n zz 3Da)a; 

heBCc, by means of equation (2), we can deduce 
, 3dv* 

k -j. 

21ogs 

rrliifl quantity ft will be the maximum pressure of the gas pro-^ 
ducod by the ignition of the powder, referred to the unit ofj 
Burtaoe ; in order to compare it with the atmospheric pressure, 
if y? be this other pressure, h the height of the mercury in the 
barometer, g the gravity, and the density of the mercury; 
wo shall have 

P = 

Likewise, if m bo the modulus of the tables in the vulgar sys- 
toin of logarithms, and A the logarithm of - taken in these 
tables, so that we may have 



we shall obtain irom these values 

/ A _ 3mdv* 

" 2\iigk'' 

Siuce the densities of the powder and mercury at the mean 
temperature, i. e. at 18^ of the centigrade thermometer, are 

D rz 0,833S, fx = 13,648 ; 

likewise, as 

g = 80896, A z: 0«, 76; m z: 0,4342946,. 

the preceding formula, will become 

(0,0063761) p) 
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In the case of a piece of 24^ the charge of which is a third of 
the weight of the bullet, we have (No. 216). 


hence we obtain 


V = 463*", 


a 


1368 
134 * 


1142.p. 


Relatively to a piece of 12, we have, in the Bome manner, 


which gives 



1248^ 
99 * 


A == 1187-p. 


I These two values of A should be equal, if the theory was 
[ rigorously true, and the data exact; as it is, if their mean value 
' be taken, we shall have 

1165.;?) 

which is the value of h that should be employed in formula (2); 
but this expression of can only be regarded os on empirical 
formula, on account of the hypothesis on which it is founded, 
and also because in the direct computation of the motion of 
^ the bullet in the barrel of the piece, the mass of the powder 
converted into gas, should be taken into account. At tlio 
same time that this fluid urges the bullet and tbe piece in op¬ 
posite directions, a part of the force which it developes is em- 
; ploy^in moving its own mass, wUch should not he neglected 
with respect to that of the projectile; and we may conceive 
that in this case, the velocity of projection must be less, than 
if, the elastic force of the powder remaining the same, its moss 
I was insensible, as is assumed in the preceding analysis. This 
1 remark, for which we are indebted to Lagrange, shews the 
. necessity of consideTing at the same time the motions of the 
powder and of the two masses m and w', while the bullet is 
within the barrel; but then the question becomes so compli¬ 
cated, and, in consequence, the difficulty of the computation 
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BO great, that it is ImpoaBible to obtain any UBeful practical 
result. Therefore, it is preferable to have recourse to experi¬ 
ment in order to determine the velocities of projection of bodies 
shot from the mouth of pieces of artillery. In (No. 216), a 
method of obtaining these velocities from the consideration of 
the ranges of tlie projectile was explained; but besides this, 
there is also another method, which will be detailed in one of 
the subsequent chapters, (Nos. 402, 403, 404). 

360. Let the principle of D’Alembert be now applied to 
[ j the simplest case of the impact of bodies, and let us suppose 
^ that the bodies ore two homogeneous spheres, whose centros 
move in the same right line, and that all their points describo 
parallels to this line. 

Let m and mf be the masses of tliese two bodies, v and v* 
their velocities at the very commencement of their contact, 
that is to say, at the first instant of the impact; the signs of 
V and will be same or opposite, according as the two 
moveables proceed in the same or contrary directions. ln\ 
both cases, we shall consider the velocity v as positive, and, 
after the impact, the velocity of each of the moveables will be 
regarded os positive or negative, according as it has the same 
or an opposite direction from the velocity of tti before the impact. ^ 

Whatever be tlie degree of hardness of the two moveables, 
tliey are always more or less compressible; therefore, because 
the bodies move with different velocities v and v\ one of 
them must impinge on, and consequently compress the other, 
and, during this compression, the velocity of one of the bodies, 
of m, for example, will diminish by infinitely small degrees, 
while that of will increase in the same manner, until these 
two velocities become equal. Now, setting out from this in- 
stant, two distinct coses present; themselves to be considered. 

1. If the two spheres are altogether destitute of elasticity, 
they will cease to act on e(ush other, from the instant that 
their velocities are thus reduced to an equality, and they will 
continue to move witli a common velocity, remaining in juxta- 
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position with each other, and retaining the forms which in con¬ 
sequence of their compression they have acquired, 

2. If, on tlie contrary, the two spheres are elastic, they 
will tend to resume their natural form. While they revert 
towards it, and thus oontinunlly press the one against the 
other, the velocity of m will gi’udually decrease, and that of 
wi' gradually increase ; until the instant in which these two 
bodies separate, and this will be the termination of the impact. 
Now, in tho case of perfect elasticity, we suppose that the 
second part of the impact is altogether similar to the first; that 
at tho end of the impact, the two bodies have exactly resumed 
their spherical form and a velocity common to all the points 
of each of them; and that, during its second part, they lose or 
gain quantities of motion equal to those which have been 
* already lost or gained during the first. 

The problem of the imi^act of two spheres would present no 
new (liificulty, and would bo a cose of that discussed in No. 
367, if their radii wore infinitely small. 

, In order to resolve it completely, when the radii are of a 
finite magnitude,^e should take into account the propagation 
of motion in their masses, and determine the state of the two 
bodies at any instant during tlie continuance of the phenome¬ 
non ; which, in tho actual state of the science, we may regard 
■ Qsimpossible.^ We shall tlicreforc admit the suppositions,which 
have been now explained, as being the data of tho question 
in which wo are eiigagod; and by combining these data with 
tho principle of D’Alembert, applied to quantities of motion 
of a finite magnitude, it will be only necessary to determine 
the velocities of the two spheres at the end of the shock, by 
means of dieir primitive masses and velocities, both when 
these two bodies ore entirely devoid of elasticity, and jilso 
when they are perfectly clastic. Sojl bodies are the only 
ones which have no sensible elasticity; tlie greater part of 
hard bodies revert to their primitive form, when they are net 
brolcen by the impact. 
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3C1. In the case of soft bodies, if u be the velocity after 
the impact, which is common to the two spheres, the velocity 
lost by tn will be u — w, and that gained by fn' will be « — v\ 
If, therefore, these two bodies move, the one before the other, 
with these velocities, v —m— r', by the principle established 
in No. 363, they must constitute an equilibrium; tliis requires 
(No. 127) that the quantities of motion coiTcsponding to 
these velocities should be equal. Consequently we shall have 


m (u — m) =: fw' (m — ?/) ; 
from which there results 

mv 4- mfv' 

U = - 3 

TO + 


00 


which is the value of u required to be obtained. 

If to' be at rest before the shock, and if by reason of its 
density, this mass is extremely great, so that it may be con- j 
sidered as infinite relatively to to, we shall have = 0, q. p.(Z). 
The moss to' will in this case represent a fixed obstacle; and 
the body, when devoid of elasticity, will be reduced to a state 
of rest, when it impinges against this obstacle. 

By the living forces or the vis viva of a material point, or i 
more generally of a body, all the points of which £U*e endowed 
with the same velocity, is meant the product of its mass by 
the square of this velocity. Therefore, the sum of the living 
forces of to and to' before the shock, is tow® + tow'®, and 
fnu^ after the shock. Now, it appears from formula 

(a), that the second sum is always less than the first jj^for if tlio 
quantity 

— ^u{mv + toV — TOM — to'm), 
which, in virtue of equation (a), is cipher, be token from 

tow® + toV® — TOM®-to'm®, 


the difference, when concinnated, becomes 
^to(w m)® + to'(m,— w')®,) 
which is a positive quantity. 
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Therefore, in the impact of two spheres, which are des¬ 
titute of elasticity, there is a loss of living force; and this 
loss is equolj as appears from what precedes, to the sum of 
;1 the living forces due to the velocities w — w, m — v', which 
have been respectively lost and gained by these two bodies. 
This result is a pai’ticulor case of a general theorem, for 
/ J / which we are indebted to Carnot, and which will be demon¬ 
strated in the sequel. 

362. In the first part of the impact, that is to say, until the 
instant of the greatest compression, the two spheres are 
always thus affected, whatever be the degree of their elasticity; 
so that the velocity the expression for which has been de¬ 
termined above, is always that which is common to them at 
this instant. Therefore, during this first part, the diminution 
of the velocity of and the increase of that of will bo 
V — and % — v'. Now, if these two spheres are perfectly 
elastic, m will experience, in the second part of the impact, a 
second diminution of velocity equal to the first, and conse¬ 
quently its velocity at the end of the impact will be u—2 (u— m) 
2z£—V. At the same time, rn! will experience a second inr 
crease of velocity equal to w—u', and its final velocity will be 
v' + 2 (m — i/) or t/. If, therefore, v and v' denote the 
I velocities ofw and w' after the impact, we shtdl have 

v=2tt —V, v'=2m’— v'; 

the value of u being, as stated above, always furnished by 
'formula (a)^ 

If these two velocities be respectively talcen the one from 
the other, we shall have 

(v —v'=l/—«; ) 

from which it appears, that in this impact the relative velocity 
of_ie two jnoveables changes its sign, but preserves the same 
1 magnitude. 

If the density of the mass vi' be such, that relatively to 
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the mosa m, it maybe coasiderod as infinite, andift;^=0,t 
we shall have =0, and, consequently, v — v; hence iti 
follows, that when a perfectly elastic sphei’e strikes a fixed: 
obstacle, it is reflected back with a velocity equal and contrary | 
to that which it had before the impact. Therefore, in the case j 
of a heavy sphere, which fells in a vacuo, on a horizontal | 
immoveable plane, it should be reflected back to the height i 
from which it fell. 

The sum of the living forces, before and after the impact' 
will bo the same; or, in other words, we shall have 

mv^ + = w ( 2 m —+ 

which may be reduced to 

Au(mu + ot'm — ffiu — w'n') = 0, 

an equation which by virtue of formula (a) is evidently iden¬ 
tical. 

363. If we suppose m = m', we shall have 
2m = w + u', V = v' = u. 

Therefore, in the impact of two perfectly elastic spheres, the 
masses of which are equal, there is an interchange of velocity; 
and if one of the two is at rest before the impact, the other will 
remain at rest after the impact, and the first will be actuated by 
the primitive velocity of the second. 

It follows from this, that if there be a series of balls equall/ 
in mass, whose centres exist all in the same right lino, and, 
if the first be the only one of them in motion, and actuated by! 
a velocity equal to i;, in tlie direction of this line, and moving 
towards the other balls, this first boll will be reduced to a state' 
of repose by impinging on the second, which will be actuated 
by the velocity with which it will impinge on the third,' 
and will afterwards be reduced to a state of rest, then the tliird 
wiU be actuated by the velocity v, which it will lose by im¬ 
pinging on the fourth, and so on until the last, which will 
retain the velocity v. Therefore, after this series of impacts, all 
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the balls will remain at rest except tlie last, which will move 
off with tlie velocity with which the first was primitively ac¬ 
tuated; and os this result is independent of the magnitude of 
the inteiwals existing between the consecutive balls, it follows 

'^that it will likewise obtain when these intervals disappear, 
and when, consequently, all the balls after the first are in con¬ 
tact. Tlius, when a series of any number of perfectly elastic 
balls, of equal mass, the centres of which are in the same right 
line at rest, and successivQly in contact with each other, is 
struck by another elastic boll equal to each of them, and 
moving in the line of the centres, this last will be united to 
the series, all the balls composing which will remain at rest, 
with the exception of the hall placed at the other extremity, 
which will be detached from the others, and move off with the 
velocity of tlie striking ball; this is, in fact, what may be fre¬ 
quently observed in the case of billiard baUs. 

In general, the laws of the impact of spherical bodies, both 
hard and soft, which ore consequences of the hypotlieses of 
No. 360, have been confirmed by numerous experiments made 
on equal and unequal balls, consisting of the same or of diffe¬ 
rent matexialB, and actuated by velocities which were in any 
ratio wlialever to each other. 

fThe motion of the centre of gravity of a system of bodies^-' 
t/ i is never altered by the.impact or(inutual action of tbemoveables-'i 
This important proposition, the simplest case of which was 
olready talcen notice of in No. 357, and wliich can also he 
verified in the impact of soft or perfectly clastic bodies, will be 
demonstrated in all its generality in a subsequent pai*t of this 
treatise. In order to prove that it obtains in the impact of 
bodies, whether soft or elastic, let x and a/ be the distances at 
the end of the time ty of the centres of m and from a fixed 
point on the line along which they move. Likewise, let Xi be 
the distance at tihis instant of the centre of gravity of m and 
from the same point; we shall have (No. C6) 

(m -f m^Xi zzmx + twV. 
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By differcntiatingj we obtain, 


, , da , ,dx' 


(b) 


by nieana of this equation 


dxy 

’ df^ 


the velocity of the centre of 


gravity corresponding to the veloeities of the two spheres^ con 
be determined. Now, before the impact, we have 


dx 


dt 





and, consequently, 

dxi m 2 ? + mV 
dt ” m + 

After the impact, we have 


dx _ dx* ^ 


in the case of soft bodies, and 


dx ^ dx* ^ . 

■Jt ^ = 


in the case of perfectly elastic bodies. By substituting thcser 

values successively in equation (b), we shall obtain, by means ^ 

dx ( 

of equation (a), ^ = m in both cases, which, in virtue of this 

Cft 


dxi 


same equation (a), is the value of ^ before the impact. Con^ i 


Boquently, in the impact of the two spheres, the motion of their • 
centre of gravity is not affected. 

As the velocity of this point is always the sum of thci 
quantities of motion of the bodies divided by the sum of theii* 
masses, it is evident that in the impact of two spherical bodies, | 
cither soft or elastic, the sum of tlie quantities of motion is not 
changed, regard being hod, in this sum, to the signs of the f 
velocities. 
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If v'j the velocity of in\ be cipher, and if this mass is very 
small relatively to m, the quantity of motion impressed on w', 
and taken from tw, will be, very nearly, m^'v or ^mfvy according 
as these bodies are devoid of elaaticity or perfectly ela8tic(0. 

365. Heretofore the I'esistance of fluids has been assimi¬ 
lated to a series of impacts of the moveable ngoinst the mo¬ 
lecules of the medium which it travei’ses; and although, 
according to M. Poisson, the theory of resistance founded on 
this hypothesis should be abandoned, he deems it expedient, 
notwithstanding, briefly to explain it here. 

Let us suppose that the moveable is a right cylinder which 
moves in the direction of its length. Let oi be the area of its 
base, perpendicular to this* dimension and to the direction of 
its motion; likewise let m be the mass of the moveable, and p 
the density of the liquid or aeriform fluid in which it moves. 
At tlie end of the time let v denote its velocity, and x the dis¬ 
tance of its anterior base from a fixed point, taken on the per¬ 
pendicular to this plane, so that we may have dx zz vdt. In 
the instant dt^ this base will traverse the space rfir, the body 
will therefore stidke all the material points of the fluid comprised 
in a section, of which the base is d), the height dx^ and the moss 
( I ptodx* Now, all these points ore considered as detached from 
j I each other, and not acting at all on the surrounding fluid; and, 

I in tluH hypotliesis, the diminution of tlie quantity of motion ex- 

5 erieiiced by the body during the instant dti will be the pro- 
uct of its velocity u, and of pwdir, the mass struck, or the 
ouhle of this product, according as this impact is compared to 
that of bodies destitute of all elasticity, or to the impact of per¬ 
fectly elastic bodies. The value on the first hypothesis, 
namely, upwcte, is that which deviates least from experiment; 
therefore by adopting it, and_observing that the variation of 
the quantity of motion of m during the instant dl^ is mdv^ we 
shall have 


■i 


mdv = - vpwdx; 
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and if for dx its value vdt be substituted, there results, by di¬ 
viding by dt. 



which expresses the motive force, arising from the resistance 
exerted on a plane surface, perpendicular to the direction of 
the motion. 

It appears from inspection of the above expression, that 
this resistance is proportional to the density of the fluid, to 
the Burfiice on which it acts, and to the square of the velocity 
of the body. Denoting the height through which the body 
should fall freely to acquire this velocity by A, and the gravity 
by that is to say, making z;® = 2^/t, its value will become’^/ 
2gpo}hi BO that it is equal to the weight of a cylinder of the 
fluid, the base of which is the surface perpendicular to the di¬ 
rection of the velocity, and the height is equal to twice that 
through which a heavy body should fall in a vacuo, to acquire 
this some velocity. 

If the direction of the motion is not perpendicular to the 
plane surface which experiences the resistance, the velocity of 
the body should be resolved into two others, the one perpen¬ 
dicular, the other paredlel to this plane; we suppose that the ve- ^ 
locity parallel to the plane gives rise only to a friction, which we\ 
will not now take into account, so that the resistance properly so ,1 
caUed, is the same as if the normal velocity solely existed; thisu 
is the reason why this component is substituted for the velocity! 
w in the preceding value of the resistance, which then becomes I 
pwi^cos\ i being the angle which the normal to the amilace t 
w makes with the direction of the velocity v. 

366. This result being admitted, and extended to the infi¬ 
nitely small elements of curved surfaces, the resistance expe¬ 
rienced by a solid body of any form whatever, maybe obtained 
in the following manner : 

Let us suppose, for greater simplicity, that the question 
related to a solid of revolution, all the points of which de- 
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scribed lines parallel to the axis of its figure, with a velocity v. 
Let this axis, represented by ab (fig. l),bc that of the abBcisBa3, 
and AMB its generating curve; and let a: and y denote the 
abscissa cp and ordinate pm of m any point of this curve. 
Let us suppose that the greatest flection of the solid, perpen¬ 
dicular to the axis of the figure, is that which belongs to the 
point c, the oidgin of the coordinates, and tliat, consequently, 
CD is the gi’eatest ordinate of the curve mab- As the motion 
is directed from b to a, the portion of the suriacc which expe¬ 
riences the resistance of the medium will be that which be¬ 
longs to the part DMA of this curve; ds being the differential 
element of this curve at any point whatever m, we shall have 


cos 


1 -^ 


which is the value of the cosine of the angle that the noimal 
at this point, malces with the axis of x, that is to say, with the 
direction of the motion; and this angle will be the same In 
the entire extent of the zone generated by the revolution of ds 
about AD, the surface of which zone is equal, as we know, to 
^iryds. Therefore cacli of the plane elements of tliis zone will 
experience a normal resistance equal to the product of this 
element multiplied by pi?*cos®i. If this force be resolved into 
two others, one perpendicular, and the other parallel to ab, it 
is evident that the components perpendiculai’ to ab will de¬ 
stroy each other's effects, two by two; and the value of each 
component parallel to ab will be equal to the resistance which 
is perpendicular to the zone, multiplied by cost; consequently 
the sum of these components for the entire zone will be equal 
to the product of tlie surface 2iryds by pw^cos^i, and by cos*, 

which, by Bubatitqting for cost its value, is equal to 2irpv'‘y 


Hence, if we denote the entire resistance experienced by the 
solid in a dh-eetion contrary to tliat of its motion, by n, and 
make ca =: a, we shall have 
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for tlie value of this motive force. 

If the body be a sphercj its centre "will be at the point Cj 
and its radius ■will be equal to r. Denoting the angle mca by 
0) we ahull have 

^ = a sin 0, dy zz a cos 0^0, ds z: flsd0 ; 
from which there results (in) 

R = 2 TT/ou^a® cos^0 sin 0. d0 = 4 irpaV ; I 

which shews that the resistance 'experienced by a sphere is 
the half of that which the circumscribed cylinder, whose base 
TTO® is perpendicular to the direction of the motion, experiences. 

367. It is Newton to whom we are indebted for this first 
essay on the resistance of fluids ; he it was also who firet deter¬ 
mined the motion of bodies subject to the action of U'^force 
depending on their velocity- From a comparison of the result 
of his computation, with the observed time of descent of a 
sphere, which falls in the air, from a groat height, he observed 
that it was necessary, in order to make them agree togotherj 
to reduce the preceding value of n to the one-hnlf. 

From other experiments instituted by Borda, it would ap¬ 
pear that this value should be only reduced to ^hree-fiftlidi 
which gives 

n = 7rpa®t'®. 

D denoting the density of the sphere, its mass will bo ; 

and if R be divided by this mass, and if the acceleiating force 
resulting from this division be denoted by we shall obtain 

' 9pv^ '' 

which is, in fact, the expression for the resistance moat gene¬ 
rally adopted by authors who have written on the Ballistic 
pendulum, and which has been already cited in No. 216. 
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In virtue of formula (c), the determination of the solid of 
* revolution which experiences the least resistance in its passage 
through a fluid, consists in finding the generating curve of this 

Solid, for which the integral ^ ^ minimumi thispro- 

' blem can be easily solved by the rules of the calculus of va¬ 
riations. Newton gave the solution long before other geometers 
occupied themselves with this description of questions, how¬ 
ever he did not point out the method that he followed in 
arriving at this result (w). 

The preceding theoiy of resistance is founded, as we have 
I seen, on a vague comparison of the action of a fluid with the 
impact of bodies, and on the inadmissible supposition that in 
^ this impact the molecules of the fluid act solely on the body, 
and not at all on each other. It is contradicted by observa¬ 
tion, inasmuch as the absolute magnitude assigned by the 
calculus is doubifi.of that wliich results from experiment; it is 
jolso at jrmance with observation as to the law of the resistance 
in a function of the velocity, which, according to this tlieory, 
should be alwaj^s proportional to the square of the velocity, 
while it results from the observed decrease of amplitudes in 
very small oscilktions of the pendulum (No. 187), that this 
force is only proportional to the first power of the very small 
velocities* The resistance which a liquid or aeriform fluid 
opposes to the motion of a solid body, is made up of a 
friction against the surfiice, and of the resultant of tlie pressures 
which this fluid exerts against the entire of this surface. In 
ordei' to determine this second part, which is the resistance 
properly so called, we should consider at the same time the 
motions of the body and of the fluid, as M. Poisson did in the 
memoir already cited (No. 191). This force may he diffe- 
y rent in oscillatory and progressive motion, in liquids and in 
gases \ and in tlicse last, it may depend on their temperature, 
and not on their density solely, a point which it would bo of 
consequence to verify by experience. 



CHAPTER IL 


DETBUMINATION OP MOMENTS OF INERTIA AND OF PRXNCIPAL 

AXES. 

368. In the subsequent chapters of this book, the different 
cases of the motion of a solid body will be considered. In order 
to obtain more readily the equations of its motion, we shall sup¬ 
pose each body to be divided into parts, which though insen¬ 
sible, areneverthelessof a finite magnitude, comprising immense 
numbem of molecules. (.'Even though this body should con¬ 
sist of detached molecules, the sums relative to its insensible 
parts may still, without appreciable error, be changed, as in 
No. 98, into definite integrals;)so that in the following dis¬ 
cussions, the parts in question may be treated as infinitely 
small. 

The equations of motion of a solid body will contain nine 
definite integrals, namely, 

\xdm^ ^ydm^ \zdm^ 

Sflrycbw, ^xzdm^ \y^dm^ \ 

\s?dm^ %y^din^ \x^dm\' 

dm denotes the differential element of that point of the mass, 
whose coordinates are y, z, and the integrals are supposed 
to extend to the entire moss of the body, which we shall desig¬ 
nate by M. The three first depend on the position of the centre 
of gravity; and if its three coordinates be aJi j , we shall 
have (No. 91) 

= Moj,, %ydm = Myi, \zd^n — ; 

so that when this point is taken for the origin of the coordi-l 
nates, each of these three integrals will he cipher. 
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, It Will be proved farther od, that wherever this origin may 

j be, we con always determine the directiou of the three axes in 
Y" / ^ I such a manner, that we may have 

! Ixydm = 0, ^xzdm - 0, lyzdm = 0. 

The three rectangular axes relatively to which tliese three 
integrals vanish, are principal axes. 

With respect to the tliree last of the nine integrals, wo 
shall express them by means of three others denoted by AjB, c, 
which will be respectively 

^ = dm, B = S (z® + x^) dm, c = $ (x^ + y^) dm 5 

from which we can obtain 

I = A + B -- c, 

^ ^ll/^dm = c + A — B, 

2^x^dm = B + c A. 

In general, the sum of the elements of the mass of a 
body, multiplied by the squares of their respective distances 
from any line, is termed the moment of inertia of the body 
with respect to this line. Thus, a, b, c, will bo the mo¬ 
ments of inertia of the body, with respect to the axes of 
^ I because, for examjile, y* + 2 * is the square of the dis¬ 
tance of dm from the axis of x. When these lines are 
principal axes, a, n, c, are termed the principal moments of 
inertia. 

By placing tlie origin of the coordinates at the centre of 
gravity, and by maldng the principal axes, the axes of the 
coordmates, the equations of motion are simplified, because 
some of their terms by this means disappear; this point and 
these axes possess, moreover, other important properties in 
dynamies, which we sluill advert to in the sequel. 

369, The determination of tlie moments of inertia is a 
problem of the integral calculus, which may bo always solved 
either exactly, or by the method of quadratures. 
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The Bimplest example is the calculation of the moment of 
inertia of a homogeneous rectangular parallellopipeda with 
respect to one of its sides. Let its three adjacent sides be 
taken for the axes of a?, y, and let their lengths be denoted 
by a^hjC'^ then if each of these three lines be divided into an 
infinite number of infinitely small parts, by drawing through 
all the points of division, planes parallel to the faces of the 
parallellopiped, these three series of planes will divide it into 
elements which are infinitely small in their three dimensions. 
The volume of the element whose three coordinates are 
aj,y, will be evidently dxdydzi therefore, its mass will be 

dm = pdxdydz ; 

p being the density of the parallellopiped, which is supposed 
to be constant. Consequently, c the moment of inertia with 
respect to the side which is token for the axis of 2 ;, and whose 
length is c, will be 

This triple integi'ol should be extended to all the elements 
of the given paraUeUopiped, and then integrated, in any 
order we please, from a; = 0, y = 0, 2 ; = 0, to a; = a, yzzhy 
z = c; from this there results, without any difficulty, 



or, what comes to the same tliing(a), 

M being the mass of the body, and, consequently, equal to 
p(abc). In the same manner, it might be shewn that the 
moments of inertia of tlie same body, with respect to the sides 
whoso lengths are b and a, will be respectively 

^ n = (c^ + d*), A = Jm (fi® + c’).) 



36 OF MOMENTS OF INERTIA AND OF PRINCIPAL AXES, 


370. For a second example, let it be proposed to determine 
the moment of inertia of a homogeneous ellipsoid with respect 
to one of its three axes of figure. 

Denoting the lengths of its three principal diameters by 
2a, 2b, 2c, if the directions of the axes of the coordinates 
.r, y, z, coincide with these diameters, the equation of the but- 
fiice of die ellipsoid will be 







Its moment of inertia, with respect to the axis of z, will be 
expressed by the same triple integral os in the preceding 
problem; the constant p denoting always the density of the 
body. In order to obtain this triple integral, which should 
be extended to the entire moss of the spheroid, we shall in¬ 
tegrate first with respect to x and y being considered os 
constant; then, with respect to y, a being still considered as 
constant, and finally, with respect to x itself. We may follow 
any order we please in these three successive integrations in 
them the ellipsoid is supposed to be divided into an infinite 
number of elliptio slices parallel to the plane of the axes of y 
andz; and each slice to be divided in the same manner into 
an infinite number of parallellopipeds parallel to the axes of z, 
and terminated at the surface, and each parallellopiped into 
I elements infinitely small in their three dimensions. The limits 
’ of the integral with respect to z will be the two values of this 
variable which are furnished by equation (a); this definite in- 
t^’alwiU express, in a function of ir and y, the moment of inertia 
, pf any one of the parallellopipeds. The limits of the integral 
relative to y will be the two values of this variable, which 
belong to the same value of x, in the equation of the section 
of the ellipsoid made by the plane of x and y ; it will express 
the moment of inertia of the section parallel to the piano of 
the axes of y and z, whose distance from this plane is equal 
_tg x» Finally, if the integral relative to x be taken from 
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tT — a to a; = a, it will express the moment of inertia of 
the entire ellipsoid. 

By integratmg' with respect to z, there results 
(aj® + zd^dy + constant. 

The two limits furnished by equation (a) being 

a - ± c \/irzrz. 

the definite integral will consequently be 
2(00®*l-^-^da;£?2/+2pcy* 

If) in order to abridge, we make, 

the integral relative to of the first part of the preceding 
formula, will become 




From the equation of the section of the ellipsoid by the 
plane of the axes of x and y, namely, 

6» + a*“ ’ 

it appears that y = ^ ^ are the two limits of the integral re¬ 
lative to y ; and as(&) 




it follows, by substituting for r* its value, that 
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2pcx^da!l\/ l~^-^df/;=^{a^x‘-ai*)dx. 

ThoreforCj by integrating with respect to x from x zz — a to 
OT =: a, we shall obtain 

by merely changing the letters, we shall have, without enter¬ 
ing on any new calculations, 

VSS?*'/ = 

consequently^ the value of c the moment of inertia with respect 
to the axis of Zj which is the sum of these two last integrals^ 
will be 

In the same manner, b and a, the moments of inertia with 
rospQct to the axes of x and y, may be obtained. The mass 
of the ellipsoid being denoted by m, we shall have, in con¬ 
sequence of the value of its volume given in No. 89, 

4'irpabc 

hence it appears, that the three moments of inertia with respect 
to the diameters 2a, 2i, 2c, will be 

i a = }m(6*+c»), b =^M(c2+a’), c + ' 

I These diameters are the three principal axes of the body 
' ’which intersect at its centre of gravity; for if they bo taken, 
as the axes of the coordinates of y, z, the three integrals 
^zxdMy \yzdim^ extended to the entire ellipsoid are 
cipher, since each of them consists of elements, which, taken 
two by two, ai*e equal and affected with opposite signs. 

It appears from the preceding values of a, b, c, that the 
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greatest and least of them are those which belong to the least 
and greatest of the three diameters, which indeed is also evi¬ 
dent, from the definition of moments of inertia. 

371. Since in the case of a sphere, a = i = c, the three 
moments of inertia become equal to each other, and their 

g 

common value is pcfi) If the radius a be increased by an 

infinitely small quantity, and becomes equal to a + tZa, the 
corresponding increment of this moment of inertia of the . - 
sphere, namely, ^ pa^da^ wiU express the moment of in-^ 

crtifl of a spherical stratum, whose interior and exterior radii 
are respectively a and a + da(c). Now, if the sphere is not 
homogeneous, but only consists of coneentrical homogeneous 
strata, so that r denoting the radius of any stratum whatever,' 
the density p may he a g[iven fhnction of r, in order to obtain 
the moment of inertia of the entire sphere in this case, that 

of any stratum whatever, namely, ^ pr^dr should be inte¬ 
grated with respect to r, and the integral then extended to 
the entire radius of the sphere; therefore, denoting this radius > 
by c, we shall obtain 

for the required moment of inertia. 

It evidently appears from a comparison of this last ex¬ 
pression, with that of the moment of inertia of a homogeneous 
sphere of the same radius, and whose density is equal to the 
mean density of the sphere which we have been just con¬ 
sidering, (that it will be greater or less than in the case of the 
homogeneous sphere, accordmg as the density p increases or 
decreases from the centre to the surface, this is also evident 
from the definition of moments of inertia, i 

372. In the case of a homogeneous body terminated by a 
surfiice of revolution, the determination of its moment of in¬ 
ertia with respect to the axis of figure, is reduced to one inte- 
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gration depending on the generating curve. In this case, the 
solid should be decomposed into circular rings, of an infinitely 
small thicluieBB and breadth, each of them having its centre 
in the axis, and being bounded on one port by two planes 
perpendicular to the axis; and on the other part, by two 
cylindrical sur&ces, of which this line is the common axis. 
'Denoting the radius of the interior surface by r, that of the 
exterior surface by r + d!?', and the distance of the two planes 
by etc, the volume of the ring will be tt (r + dir)® da: 
or iirrdrdx^ neglecting an infinitely small term of thetliu’d 
order(d). Consequently, if p be the density of the body, its 
mass will be 27 rprdrdx, and as all the points of tliis ring are 
at the same distance r from the axis of the figure, 2irpr^drdiD, 
the product of this moss and of r®, will express its moment of 
inertia with respect to this axis. Therefore, if tlio linos ad 
and AMB (fig. 1) represent this axis and the generating curve, 
and if we make 

AP r; os, PM = 

the moment of inertia of the infinitely slender slice of the 
solid of revolution, perpendicular to AB, and corresponding to 
the point p, will be obtained by integrating ^irpr^drdx from 
= 0 to r = y, the result of which integration is ltrp]f^dx. 
Hence, therefore, if we denote the lengtli of the axis ah by 
and the moment of inerda of the entire solid by /x, the 
value of [L will be obtained by integrating tliis differential 
jTTjQj^cia:, from ai = 0 to oi = Z, and it will give 

(b) 

If a and |3 denote given values of a, such that a ^ and 
p Z Z, it will bo sufficient to Integrate from qj n a to a: = p, 
in order to obtain the moment of inertia of the slice of the solid 
comprised between two planes perpendicnlar to the axis, the 
distances of these planes from the point A, being a and 
p. If this body is a solid hollowed out, and comprised be- 

; 


) 
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tween two surfiicos of revolution, which have tlic same axis 
AB, its moment of inertia will be obtained, by considering tliis j 
body as the difference of two solids of revolution, and by 
taking one of then* moments of inertia, with respect to the com¬ 
mon axis, from the other. Finally, if the moment of inertia' 
of a poilion of the solid of revolution, .comprised between^ 
two planes drawn through the axis of the figure, be required 
it is evident, that this moment with respect to this axis, will 
be to that of the entire solid as the angle between tlie two> 
planes is to four right angle8(e). 

373. If the generating curve amb be the circumference of 
a circle whoso radius is a, the value of which sliould bo 
substituted in formula (b), is equal to 2ax — and if the 
moment of inertia of the spherical segment, of which the sa- 
gitta is a, with respect to the diameter perpendicular to lts< 
base, be required, wo should integrate, in this formula, from' 
aj == 0 to a; =: a, firom which there results(/) 



In the cose of the entire sphere, a=2 a, which gives /i 




ns before. 

, If AMD be a right line passing tlirough tlio point a, and ^ 
making with the axis ad an angle, of which the tangent is 0, 
wo shall have 

yzz Os?, 


If this value be substituted in equation (b), there results, 
by integrating it from n n to a? = /3, 

a®). 

This expression will be the value of the moment of inertia of a 
tvunpated cone, with respect to its axis of figm'c. If a and b 
denote tlie radii of its two bases, and h its altitude, wo shall ^ 
have 

00 = a, 0j3 = 6, j3 — a s= A; 


voii. n. 


G 




'12 OK MOMENTS OJb’ INHUTIA AND Of ruiNOll’Al* AXES. 

and by Jncans oF thoso oxprcssloiiH, tlio prccodinj^ vahu* ol 
may l)u inudo to tiHsumc tho tbnn(j() 

ju = ^i(^Trph (a'* + a’V> + aVt^ + 

[n tho cMisc of nil cnliro ooncj bzz 0; onnsoqnenUyj 

fi:=. ^TT/iAa'S 

and iw M tlic innsH of tlio coiio is c(^ual to ^irpha^ wo ^Indl 
imvo 

, 

Wlicn b = rt, tho truucaUMi coiio will become a cylinder, 
tlierelbre, wc hIiilII have 

ft = ‘^TTfihci^^y 

and as m l]ie iniisH in in this case equal to irphu\ there wlU 
rcHuh, 

/a r: i 

r IF the jnmneiit ofinevliii of a body wilh veH]ieet (e aii 

laxirt pusHjnfij through the emiLro of fi;vavity be hmavii, the 
jiinnnent of iiierlia of tlie Haino bodyj ndutively In any oilier 
axis |Mimllel to the fiwt may he easily obtained. 

In fact, if the orifj;in of tho coordinates be at tlie I'entre 
of frmvity, mid tlie first axis be lliat of tiu* tumrdiiuiteH of 
a and the coordinates of the point where the si»eouil axis 
intersects the plane of the axes of .t and //, 1o \vln<di plane il 
is also perpendienlar, and if a In^ the distaneo of the eentn* of 
[gravity from tlie second axis, r the distaneo uf ilm any ele¬ 
ment of the body from the fii^st axis, r* tho dishnieo ..f iih- 
Hiimtt imiUuml iioiiit from iho huooikI iixin ; th(! inoinont nl'iii- 
I'rtld lr%n will 1»u known, from whicli it is jini|*iisml to ob- 
tJiiti tlml of tlinHu inU'jfrnls l)uin;>- hiiji|iohi'i 1 bi In; rcsinr- 

tivcly exlmidcd to the (nitiiHi miiHS of tlio Holiil. Now, us 
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by multiplying by integrating and observing that 


ai* + y® = r®, o* + J3® = a®, 

wo shall have 

= Sr®dw» — 2a%xdm — 2^\ydm + a®S^7n; 


but since the centre of gravity exists on the axis of the or¬ 
dinates the integrals \ydm ore cipher (No. 361); 

moreover, ^dm is the moss of the entire body denoted by M; 
consequently, the preceding equation will be reduced to 

\r^^dm = ^r^d7n + Ma’. 


Thus, the required moment of inertia will be obtained, by 
adding to the given moment of inertia the mass of the body, ■ 
multipUed by the aquai'e of the distance of the centre of gro-,' 
vity from the new axis. 

By means of this rule, the moment of inertia of a homo-' 
geneous sphere, or of one composed of concentrical strata, can 
be immediately obtained with respect to any aids whatever, 
since tliis moment is known for all axes passing through the 
centre of figure, which is also the centre of gravity. 

In anybody whatever, the moment of inertia, with respect 
to an axis passing through its centre of gravity, is less than 
with respect to any other axis parallel to this last. '^The mo¬ 
ments of inertia of the same body, witli respect to all axes 
poitiUcl to each other, and equally distant from tho centre of 
gravity, are equal to each other; and their common value will 
increase according as their distance from this point becomes 
greater,'' 

375. The moment of inertia not only varies with the ab¬ 
solute position of the axis to which it is referred, it also 
changes with the direction of this line. In order to shew how 
this direction infiuences the magnitude of the moment of 
inertia of any body whatever, we will investigate an expression 
for that of the mass m with respect to an axis drawn through 


y 
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die origin of the coordinates, and wliich makes with the axes 
of X, y, z, the three given angles a, f 3 j 7. 

Let p bo the perpendicular let fall from the element dm 
on the new axis, n the distance of this material point from the 
origin of the coordinates, S the angle contained between the 
line D and the new axis. The coordinates of dm being x, y, 
the cosines of the angles which the direction of its radius 
vector D makes witli the axes of these coordinates, will be 

® ^ • consequently, we shall have (No. 9) 

X z 

cosS = - coBa + - cosS +“ COS7. 

D D D ' 

Moreover, we have 

pziDsinS; p® == n® — (d cos8)“; 

hence there will result, by substituting for d cos 8, the pre¬ 
ceding value of cosS multiplied by d, and putting ar* + 
j for d®(A), 

p® =: s? Bm®a + y® sin®j3 + »®siu ®7 
, —. 2:rj/oosa>coBj3 ^ So^coBacosy -- 2y;s; cosj3 cosy; 

jfrom whieh we can obtain 

j 5p“d?« “ 8in*aSa3*t&» + Bin®j3-Sy^rfwi + sin®y 
— 2c08a. cosj3.S®yrf?n2c0BaC0BySa?;sd77i 

— 2cosj3.co8y^yz<fm. 

By means of this formula, the moment of inertia re¬ 

lative to an axis of a given direction, and passing through the 
origin of the coordinates will be obtained, when tlie six intc- 
giolB Sa?rffn, Sy“d»», ^xydan^ ^xzdm^ %y^dm^ relative to 

the axes of the coordinates, and which extend to the entires 
mass of the body, are known. If these tlirce lines are principal 
axes, the three lost integrals are cipher (No. 368), and the 
preceding formula will be reduced to 

\p^dm = am®aSaj®rf»i + siu^/BSy^^/w* + sih'^ySs^rf???, 
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But, in consequence of the equation 

cos^a + cos®j3 + coB^y = Ijj 
sin^a =: coB^jS + coB*y, 1 
sin^jS = coB^^y + cos^a, 
sin®y = coB^a + co8*j3; i 

by means of wliicli the value oi^j^dm may be changed into 
the following, 

\p^dm = (Sy®d?w + ^z^dm) coB^a, 

+ {^s^dm + \x^dm) coB®j3, 

+ (^x^cbn + ^7j^dm) cos^y; 

henco by combining each couple of integrals into one, and de¬ 
noting tlie moments of inertia with respect to tlie axes of 
•'*^5 ^ by A, D, c, os in No. 368, we shall finally have 

%p^d7n = ACOB®a + B COB®j3 + C C08*y^ (c) 

Consequently, the moment of inertia coiTesponding to an^ 
axis whatever, passing through a given point, will be known 
immediately, if the three momonta of inertia relative to the 
three principal axes which intersect in this point ore given; 
nndjfby combining this result with that of the preceding; 
number, it appears that the determination of all moments of'{/ 
inertia of the same body, will depend on the three principal 
moments of inertia of its centre of gravity/ Having deter¬ 
mined, for example, (No. 370), the values of these three mo¬ 
ments of inertia, in the case of a homogeneous ellipsoid, the 
moment of inertia of this body with respect to any axis what-^ 
ever, may be considered os Icnown. 

376. The greatest and least of tbo three principal moments 
of inertia a, b, c, which occur in formula (c), are also the 
greatest and least of all moments of inertia of tlie same body, ' 
with respect to axes jmssing through the origin of the co- 
onliiiates. In fact, if a be the greatest of the three quan- 
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titles A, Bj c, by Bubstituting 1 — cos^jS -- cos*y for cos'a in 
equation (c) we shall have 

= A — (a — b) coa®/3 — (a ^ c) cofl*^; 

hence it follows, that whatever be the values of the angles |3 
and 7 , is less than A. In like manner, c being the least 

of the three quantities a, d, c, if equation (c) be made to as¬ 
sume the form 

^p^dm = c + (a — c) coB^a + (b — c) co8®j3, 

it is evident that ^p^dm is constantly greater than c. 
j In the particular case in which the throe quantities a, u, c 
are equal, a is also equal to whatever be the direction 

of the axes to which the moment of inertia ^p^dm is referred; 
therefore in this case, the moments of inertia are equal for all 
axes passing through the origin of tho coordinates. . This is 
the case of a homogeneous sphere, or of one composed of con- 
centrical strata, when the origin of the coordinates is placed at 
its centre; it obtains also in the case of the cube, of the re¬ 
gular octaedroD, and of the other regular homogeneous Bolids, 
the origin of whose coordinates being always supposed to be 
at their centre of figure, the three principal moments of inertia 
cannot differ from each other. 

If we have only a = n, equation (c) will bo reduced to 

= Asin^y + (^C0B®y; 

and na this value of is independent of the angles a and 
/3, the moment of inertia will be the same for all axes drawn 
tlirough tlie origin of the coordinates, and which make the 
same angle with the axis of z. ‘ This is the cose of a solid of 
revolution when this right line is its axis of figure) 

It appears from No. 374, that the least of all moments of 
inertia appertainmg to the same body, is that which belongs 
to one of the three principal axes that intorsect in its centre 
of gravity. Thus, for example, the least of all moments ol 
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inertia of a homogeneous ellipsoid, is that which belongs to the 
greatest of its three rectangular conjugate diameters. 

377. In what has been stated in the preceding numbers, it 
has been talcen for granted, that in every body three axes exist, 
which possess the properties that have been ascribed to prin¬ 
cipal axes; we now proceed to demonstrate their existence^ 
and to determine their direction for each point of a body of 
any form whatever; but for this purpose, it is necessary to ad¬ 
vert to the general formulse for the transformation of coordi¬ 
nates, which, moreover, we shall have occasion to moire use of in 
other cases. Let a:, j/, 5 ?, be the three coordinates of any point 
M, referred to the rectangular axes o®, oy, oz (fig. 2), and let 
y 19 Si be the coordinates of the same point with respect to 
three other rectangular axes oaii, oyi, ozi, having the same 
origin. From the point m, let the perpendiculars mp and mk 
be let fidl on the axis ox and on the plane of the axes of Xi and 
yi, and &om the point k, a perpendicular eu on the axis 0A7 i, 
so that 

OP = 03, OH = a?!, KH == yi, MK r: 

The projection on the axis ox^ of the line, which is made upiy 
of MK, Kn, HO, will be op; and os tlie projections of its res¬ 
pective parts on, kh, mk, will be equal to these lines, multi-* 
plied by the cosines of the angles which the axes of aJi, yi, 
make with the axis oo3, by taldng their sum, we shall have 

o: = XiCO^xoXi+yiCOHxoyi + zicosxozi.) 

In the figure these three angles are supposed to be acute, 
and the three coordinates yi, 2^0 to be positive; in which 
case their projections fall on the direction itself of 0 ^, and 
their sum makes up the absolute magnitude of ox ; but it is 
easy to be assured that this equation will subsist in all cases, 
regard being had to the signs of the coordinates yt, Zi^ of 
tlie cosines, and of the abscissa x. For example, it is evident 
that, if the abscissa Xi is negative, and the angle .to/Tj acute. 
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iir ir this filisdssa Ih poHitlvOj and this angle obtnac, the pro- 
jtsMioii of t)fi Avill Fall on the productionoFoa?, and the absolute 
magnitude of lliiH value ought l>o subtracted; and, on tlie 
i>tlier harnl, it is <!vidont that it ought to be added, when this 
almcisNa.i'i lu'iiig uegativo, the angle is, at the some time, 
ohtusi*; in both cuhi^h, thirt agrees widi the sign of the pro- 
tluft ,rj ,ct)s:ro.r|, 

lu like in:uinci' it is evident that the projections of tliis 
same line iiiude up of mk, itir, no, on the axes oy and os, or 
oil Ihrir prixluclions, are always equal to y and s. This being 
HU, iF \vt? nmke 

coswoyi = ft, cosaioSi = c, 

cosyinv, cosjyoyj == 6', cosj/osl =: c', 

ooHso.ri = eosso 2 /i = ft'', coasosi = c", 

n c sliall liavc 

=r axy + hifx + ^^^19 

y = «'a;i + h% + <'-Zx , (0 

Z ” -f- ft^^2/l 4^ c"S], 

*l1u»su nine roi'fliciunts, r/, ft, r, &c., are connected together 
hy the six Following equations: 

nri ^ _ I ^ + a'h' + a"ft" = 0, 

fit 4, //*J 4 = 1, ar + a'c' 4 o"fj" = 0, ^ (2) 

4 4 fi"" =1, ftn + h'r/ + = 0 . 

*riu'hrsU For example, results from this, that ri, a^,a", are 

the eoHiiu*H of Ihe angles which the same lino owi makes with 
the tlivee rectangular axes 0£P, oy, fourth from 

lliis, that (In^ liue o.r|, and the lino 07 / 1 , are perpendicular to 
eueh other, 'riicse six ociuations may lilccwiso bo obtained by 
H\ibstiLnting the values of (Vf ?/, - in tlio cciuation 

a*'* + ^ d’ "I* 

eacb lueinber of which is the square of oM, and which sliould 
eonHctpienlly bo identical. 
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Conversely, we can by means of equations (2), deduce 
from equations (1), 

»! = oa: 4- 

lfi=:bx + b'y + b"z, ■ (3) 

= cj; + ^'y + » 

and equations (2) may be replaced by the following :(i) 
o® + i* + c® = 1, ad + bV + cc' = 0, 
a!^ + + o'* = 1, aa" + cc" = 0, \ (4) 

aHs + jffa + c"® = 1 , da"+ b'h" + c'c" — 0. 


A comparison of these formulse with those of No. 277^^ 
BhewB clearly the analogy which subsists between the projec¬ 
tions of right lines and those of plane surfaces, from whichi/ 
results the identity of the composition of forces represented by 
portions of lines, with the composition of moments represented 


by plane areas- 

378, In the transformation of cooi*dinate0, six of the nine co- 
cflScientB, a, c, &c., should he therefore considered os functions 
of the three others, which can he determined either by equations 
(2) or (4);/^ut it will be more convenient to express these 
nine coefficients by means of three new quantities, by formulas 
which will satisfy equations (2) or (4)^ 

For this purpose, let the line nok' (fig. 3) be the inter¬ 
section of the plane of the axes of Xi and with the plane of 
the axes of x and j/, and let 


Cn.o^=^, Noar, zozi =. 0; 

these tliree angles 0, 0, will determine, without any ambi¬ 
guity^ ihci position of the axes of x^^yx^ Zu ^ith respect to 
thoso of a?, y, provided that the direction in which thesej 
angles arc measured is previously agreed on. For greater! 
convenience, we shall suppose that tho plane of the axes ofj 
a; and y is horizontal, and that, consequently, the axis of» is| 
vertied, and that the positive ordinates relating to this Ia8taxi9,| V 
arc estimfited In the direction of gravity. 
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The angle 0 will extend from zero to 180; and according 
as it ifl acute or obtuse, the axis oz^ will be situated below or 
above the plane of the axes of x and y ; in the case of 0 = 0, 
oZi will coincide with o», and when 0 = 180°, ozi will coin¬ 
cide with the production of oz^ 

In the motion of a solid body about the point o, the axes 
^ oo?!, 02 /i, ozit are supposed to be Jixedin its interior and mout- 
able with it, and the axes oa?, oy, oz^ are supposed to 
in spacCi and consequently iinmovealde. The angles ^ and tji 
may then be cither positive or negative, and may cJompriKe 
one or more circumferences; but, at any instant whatever, we 
sliall always liavo 

^ =: 2mr + w, 0 = 2i7r + u, ) 

^ (in which 7i and i denote any whole numbers whatever, citliov 
positive, negative, or cipher, u and v being positive variables 
iless than 27r- Now, lot the angle u be measured, reckoning 
from tbc line oa;, in the direction indicated by the sagiLtii^'; so 
that, for example, the lino on will coincide with o.t when 
u 0, with the production of oy when « =: 1)0°, with that of 
oiT, whonM= 180°, and with oj/when m = 270°. I.ot the 
angle v be measured, reckoning from on, al)ove the plane of llie 
axes of oj luul y, so that the axis oa;i may be aliovo tliis plane,, 
when V is less than 180“, and below it when v is greater than 
180°. In the case of u = 0, the axis oaii will coincide with 
the line on, and when v = 180°, with on' the production of 
,ON. In all coses, the angle 0, whether acute or obtuse, will 
be equal to the solid angle contained by the planes of the 
axes of X and y and of the axes of Xi and and tberefon' it 
, U equal to the angle whose edge is on, and whose faces aic 
I the angles Noa; and Noa;^, reduced to their ports u and v. In 
the figure tho three angles w, v, 0 are supposed to bo acute. 

This being premised, when the angle i// is given, lot its 
part u bo laid off on the horizontal plane, reckoning; from the 
axis ofF, in the direction of the sugitta s ; this will dotennlnc 
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the position of the line on. The angle ^ being also given, let 
its part u be first laid off on the horizontal plane, reckoning 
from the line on in the direction of the sagitta that is to 
say, in an opposite direction from that of s ; then, the plane 
of the angle should be made to revolve about on, in such a 
manner that the port of ^ adjacent to on should be raised 
above the horizontal plane. When this plane shall have de¬ 
scribed the given angle 0, the other side of the angle ^ will 
be the true position of the axis orCi, which will be above or 
below the horizontal plane, according as v Z 180°, or 180°. 
If the angle v be increased, in its plane, by 90°, we shall have 
the position of the axis , and if a perpendicular be erected 
to this plane, it will determine the axis oz^ the direction of 
whicli will be below or above the horizontal plane, according 
as the angle 9 is acute or obtuse. 

The three axes ox^ oyi, oz^ being thus completely deter¬ 
mined with respect to the axes ox, oy, oz^ by means of the 
angles 0, it is requisite that the nine cosines a, i, &c., 
should be functions of these three angles; and, in fact, if the di¬ 
rections, wliich have been just explained, be assigned to these 
angles, there results 

= cos0sini//sin ^ -}- cosi// cos 
[b = COB 0 simp cos 0 — cos ip sin 
c = sin 0 sin ip, 

'of = cob 0 cos Ip sin ^ — sin Ip cos 
y =: COS 0 COSTp COB 0 + 8^^ ^ ^ J 

= sin 0 cos ip, 

— sin 0 sill 

— sin 0 cos 
= cos 0. 

It is easy to verify these values of «,6, &c., by shewing 
that they render equations (3) and (4) identical, and that no 
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H'lulioii Iti'fcwt'cn tlm angles 0, 0, can be deduced from 
llu-m, 

•ttll. AUlioug]] lUchu formulae (6) arc goncmlly known, it 
Hlill may not be nsclcsK to imiut out how they may be obtained. 
I’lotu a known property of spherical triangles, it is evident 
that it ([, fd, -y, 1)0 its three sides, and a the spherical angle 
‘•(•posite III (he side a, then 

t:(m (I = cos Aftin j3 sin y cos j3 cosy. 

Now, il a splicro bo conceived to be described from the 
Jioiiit, 41 us 4H*ntre, ancL with any radiuB wbatovovj there will 
in* h’aiH'il on its siirtaco a triangle formed by tlic tliroe arcs 
wliicli iiuutsuro ilio angles no:c, Noaii, in which the angle 
oiHumito to the last side will be eciual U) 0 ; therefore, as 
Nn.r — und Niu'i r:: 0, we shall luivo 

ros.ro.r, ;r n — cos 0 sin 0 sin 0 4-cos0cos0. 

Ah ihlrt i‘(jna1if»n ol)tuiiiH for any values whatever of 0, und 
0^ il, inuHl iibliiin wlion 0 becomes 0 4-1)0; then, llie axis 
n//, will lake the |daec the angle will become Jcoy/n 

and uv si in 11 Inivo 

cos r()//| cos Osin 0 cos 0— cos 0 sin 0. 

In liUo inaiuier, by substituting 0 4 -90 in place of 0 , in 
Chr |nci'i‘ding isnmlion, iho axis oa? will be changed into the 
axis oy» and ila* angle .ro,r,, will become ^oa;,, so thatwcsliidl 
have 

ens //o.ri -.=2 =: cos 0 cos 0 sin 0 sin 0 cos 0. 

If we snlmtilnti' at ooco, in llio preceding equation, 04 - 99 ” 
and 0 4- W' in placi* of 0 and 0, the angle icoa‘j will be re¬ 
placed by lln* iingln jjoi/u an<l tliere will result 

isis yoi/i //zr cos 0 cos 0 cos 0 4* 0 0* 

In IiU»‘ nuvnnm*, in the cttse of the sphencal triangle, 
I ho lliviM' hidi^H of whicli measure the angles No.r, no^:,, 

ilio angle opposite to the last side is 90 °—W; more** 
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over, no£C = t/^ and NOj5i=: 90 °, Therefore, by Bnbstituting 
90 °— 0 for A, ip for j3, 90 ° for y, and xozi for a, in the general 
equation, there results 

003 0702^1 = c = Bin 0 sin ; 
hence likewise we infer, 

COB ^02^1 =: c' = Bin 0 cos l/;, 

by Bubstituting yp + 90 ° for \p ; in which case the axis 029 is 
changed into o^, and the angle £902:] into yozim 

Finally, in the spherical triangle, the sides of wliich 
measure the angles N02r, NOXi, 2:o2;i, the angle opposite to 
this last side is equal 0 + 90 °, and we have N02: r: 90 ° and 
NORJi = If, therefore, we make a = 90 ° + |3 = 90 °, 

y n 0 , a = zoxi in the general equation, we shall have 

cos ffO£ 9 i = a"— sin 0 sin 

If, in this result, ^ + 90 be substituted in place of the 
axis oa;i will be changed into 0^1, and the angle 2:0271 into 
zo^i; consequently, we shall also have 

COB 2:0^1 = 6'' = — sin 0 COB 0. 

With respect to the ninth cosine c", we have evidently 
C" = COB ZOZi = COB 0 . 

(^3801 If we now suppose that the axes of the coordinates 
are principal axes, which intersect at the point o ; 
by their definition (No. 368 ), we shall liave 

Saji^idm = 0, IxiZidm r= 0, ^yiZidm = 0; (a) 

and it will he necessary for us to prove that these three equa¬ 
tions furnish always real values for the angles i//, 0, 0. 

By malting, in order to abridge, 

X = a COB 0 -- y sin 0, 
x=:£CcoB0Bin0 + y COB 0 COB 0 — 25 sin 0, 

and substituting formul5)e(5) in equations ( 3 ), wo shall havc(A) 
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rci = Y sin ^ + x cos 0, 

= Y COB ^ — X sin 0, 

z-i = icsinOsim/^ + sin fl cos i/; + 0 co 8 fl. 

By means of these values, the first equation (a) assumes 
tlic form 

Bin20S(x®—Y^Gfm= 2co8 2^Sxyrf7», (b) 

and the two last hecome 

cos 05 YZidm — sin ^l-xzidm =: 0, 
sin 05'^^!^^* + coa tf^lisczidm = 0. 

If tliese last equations be multiplied by cos 0 and sin 0, or 
by — sin 0 and cos 0, and then added, tliey will be replaced 
by the following, namely, 


5 YZi dm = 0, 5 dm = 0, 

which do not contidn the angle 0. By substituting for x, y, a,, 
thdr respective values, and making 

5®*d:m ly^dm = ^z^dm = A, 

\yzcbi =/^, 5^®^^ = = A'; 

those six integrals being supposed to extend to the entire moss 
of (he body in question, there reBult8(2) 


(/Bin*0 + 2A^'sin0 cos 0 + cos®0 — A)sin fl cos 0 
+ 0/ sin 0 4-/^cos 0) (cos® 0 — sin® 0 ) = 0, 

[A' (cos® 0 — sin® 0) + (/-- gr) sin 0 cos 0] sin 0 
+ (g''coa0 —jrBin0) cosfl = 0 ; 


now, if wo make(m) 

tan Jjz:u. Bin0 r: 

^ /l + M* 


8m0 =z 


\/l+w® ^ 


the second of these two equations will give 
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and the first will assume the form 

, tans: 0 

l(f-h)+ 2h'u + ff- A] 

+ ff'u +/= (yw +/) tang’* e. 


By substituting for tang d its value, it becomes 
[(/— A) w* + 2 h'u + g—h'] (f'u — g') 


its first member is the same tiling os 


(1 + w®)5 

consequently, we shall have finally, 

+ +/) (/« “ £/ 0 “ = 0 - 1 
Thus, equations (a) are replaced by equations (b), (c), (d). 
Now, as this last is of the third degree, it will have at least 
one real root; there will be, therefore, one real value of u 
or tang \fji to which will correspond an angle t/; less than ^tt, 
and another equal to the first increased by tt, which will 
appertain respectively to on and on', the two parts of the 
intersection of the unknown plane of the axes of and y,, 
with the given plane of the axes of x and y. By reason of the 
radical 'v/I+m®, equation (c) will then give two viJues of^ 
tang 0, that are equal but of opposite signs, which appertain 
to an acute angle and its supplement, and, consequently, to the 
axis osi, and to its production. Finally, from equation (b). 
there results a real value of tang 20, to which two vdues of 0 
will correspond, one of which will be less thou -Jtt, and the! 
other will bo equal to tlic first increased by ^tt. The first* 
being taken for the value of the angle no.x\, the second will 
he that of NOj/i; and, in fact, every thing being simihir with 
respect to tlie axes oa;i and oyi, they oiiglit to be deteriniucd 1 
by the same equation. 
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Thus it appears, that tlie three roots of equation (d) must 
be real, and that they will represent the tangents of the angles 
comprised between the axis ox and the three lines, which are 
the intersections of the planes of the axes of the coordinates 
with the plane of the coordinates x andy; for these 
' three tangents must be furnished by tlie same equation, since 
in the calculation there is no difference iu the manner in whidi 
/ the three principal axes, the position of which is sought, are 
lexpressed. 

From the preceding analysis it follows, that for a given 
point 0 there always exist three piincipol rectangular axes, 
which intersect in this point, and that in general this system of 
[principal axes is unique, lu order that there should be several 
!such systems, the degree of equation (d) should be higher 
than the third, and it should have three times as many real 
roots us there are systems 3 however, in certain cases, the 
ji ! equations on wliich the values of 1 //, 0 , fl depend, become idea¬ 
’ll tical, and then the number of the prmcipal axes is infinite. 

I These particular cases might be determined by a particular 
, discussion of the equations in question, but they can be ol>. 
tained with greater facility by means of the following con- 
' sideralions. 

381 i By formula) (1) and equations (a), wluch characterize 
the principal axes 0 ^ 1 , oy, ozi^ we have evidently 

laydm = aaflxi^dm + + cc'^Zi^dm, 

lyzdm = + I/l/'^y^^dm -|. 

Now, if the three mtcgra_h arc 

I values of Ixydm^ ^zxdmy ^yzdrn become zero, in 

virtue of equations (4) 3 consequently, iu this case, the linos 
oa?, oy, OS constitute a second system of principal axes 5 and 
as their direction with respect to the axes oa?!, oyi, oz is en¬ 
tirely midetermined, it follows that all systems of rcctniigular 
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axes’whicli can be drawn through the point Oj are principal 
axes* In this case the three principal moments of inertia are 
equal, for, since 

^x^dm =: ^y\dm =: ^z^dnij 

it follows that 

S (® 1 * + Vi) = S (aJi® + « 1 ®) dm-1 ( 2 / 1 ® + Si®) dm. 

If only two of three principal moments of inertia are equal,' J 
for example, those which refer to the axes oa^i and oyi , so 
that 

there will still exist an infinite number of systems of principal I 
axes, which will have all one axis in common, namely, 02 : 1 . 

In fact, in this case, the two integrals ^y\dm and ^x^^dm will 
be equal; and, in vii’tue of the last equations (4), the values of 
^xydm^ \zxdm^ ^yzdm may be made to assume the form(«) 

' ^xydm^c&(^z^dm—\x^dm)^ 

1 ^zxdm = cd^i^z^dm — 

^yzdm = &d^{^z^din — \x^dm). 

Now, if tlie flYig oz be supposed to coincide with the prin- i' 
cipal axis ozi^ the angles xozi and yozi will bo right, and we 
shall have c = 0, c' = 0, consequently 

Jaiydm = 0, \zxdm = 0, ^yzdm = 0. 

Therefore, in this case, every system which consists of the 
axis ozi and of two other rectangulai' axes drawn arbitrarily 
through the point 0 , in the plane yioaji, will be a system of 
principal axes. 

Finally, when the three principal moments of inertia are *;/ 
unequal, we may be certain that there is only one system of 
principal axes: for a, being tlie greatest of these three unequal 
moments, if there was a second system of principal axes, and 
if iJ be the greatest of the three moments wliich refer to it, 
by theorem of No. 376, we should have, at the same time, 
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Ha>a' and a^>a, which is impossible; consoquently^ the 
! supposition of a second system of principal axes is inad- 
' inissible. 

382. Those points of a body, for which the three principal 
moments of inertia (when there are such) and, consequently, 
J all moments of inertia, are equal, possess, as will be seen in 
til© sequel, a remarltable property with respect to the rotation 
of this body; it will therefore be useful to determine them, 
which can be effected in the following manner. 

Let the origin of tlie coordinates x, z bo placed at the 
centre of gravity of the body, and let these coordinates be re¬ 
ferred to tlic three piincipal axes which intei'scct at this point; 
^ if A, B, c denote the moments of inertia relative to the axes of 
Xf y, Zj we shall have (No. 3G8) 

^xclm = 0 , = 0 , = 0 , 

^l/zclm=0, ^zxd?n = 0^ ^x?/dm = Of 
= A, + z^)cl7n = n, 5(ai^ + 2 /“) dm = c; 

in all these expressions the integi'als are supposed to extend 
to the entirt^ mass of tlie body. 

ft, /3, y being the unknown coordinates of one of tbo re¬ 
quired points referred to the axes of x, y, z^ so tlmt for this 
particular point a? = a, y = j3, z = y, if the origin of the 
coordinates bo transfeiTed thither, witliout changing thoir 
direction, then the coordinates of dm will become x — «, 
j ^ — ]3, z — y» But if the moments of inertia relative to all 
j I right lines which pass through this new origin be equal, all 
i these lines must be principal axes, for, by the preceding num- 
I ber, one of these conditions is n necessary consequence of the 
I other. Therefore, the axes of the coordinates ai — a, ^ /3» 

; 2 — 7 , being principal axes, we shall have 

, S(a3—a) (y—aSydw—/3Sa?riwi + 

' 5(^—7) (iP-^a)dm = ^xzdfn---y^xd 7 n^ a^adm + ya^dm = 0, 

’ SCy—P) (i^-y)dm=:^yzdm^P^zdm---y^l/d7n + (iy^dm = 0; 
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^vhichj in virtue of the preceding equations, are reduced to 

0, jya = 0, = 0. 

Now, in order to satisfy these equations, two of the threei 
quantities a, j3, y, should be cipher. If, therefore, the re¬ 
quired point exists, it must be found on one of the axes of the 
coordinates a;, y, z, that is to say, on one of the three principal} / 
axes which intersect in the centre of gravity. 

If we suppose /3 = 0, y = 0, which implies that tlic re¬ 
quired point exists on the axis of at a distance a from this 
centre, then tlie moments of inertia relative to this point, will 
be A with respect to the axis of and, in virtue of tlieorem of, 
No. 374, D + Ma* and c + Ma^ with respect to parallels to the l 
axes of y and z, m denoting, as before, the mass of the body. | 
Consequently, by the condition of the problem, we shall have 

B + Ma® = c + Ma® = A; 

but in order that these equations may be possible, we must 
have D = c ;_and when these two quantities are in point of 
fact equal, we shall have 

Ma® = A — c ; 

therefore, in order that the quantity a may be retd, we must 
have A > c; if this be the case, a will have two real values, 
equal and affected with contrary signs, namely, 



consequently, there ore two points which possess the required 
property, and they will be situated on the axis of a;, at equal 
distances on opposite sides from the centre of gi'avity. 

Thus it appears that when a, b, c, the three moments of 
inertia of a body, relative to the principal axes which intersect 
in the centre of gravity, are equal, there is no other [)()int of^^ 
the body for which all the moments of inertia iu*e equal; but 
if two of these three moinonts m-c equal, and if the unequal 
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moment is the greatest of the three, there exists, on the axis 
,! of the greatest moment, two points, for which all moments of 
inertia ore equal, and the position of these points is determined 
by formula (e). 

303. If these results be applied to the homogeneous ellip. 

, soid, it will appear at once, that in the case of on ellipsoid, 

I the principal diameters of which are unequal, there is no point, 

; either within or without this body, with respect to which 
; all the moments of inertia are equal; f but if the body bo 
on ellipsoid of revolution generated by the revolution of an 
ellipse about its lesser axis,, there are two points on tliis axis 
or on its production, which possess the property in question; 
for, in this cose, two of the three moments relative to the prin¬ 
cipal diameters will be equal, and as the unequal moment 
corresponds to the least diameter, it will he the greatest of the 
three. 

If a and b denote the semiaxes of the generating ellipse, 
and if a bo less than so that a may be the semiaxis of re¬ 
volution, we shall have(o) 

A =: f M&S n = c == 

Kin the formulffl of No. 370 we suppose b':z. then we 
slxall have by formula (e) 



for the distance of the required points from the centre of the 
, ellipsoid. According as or Z (Ja®, these points 

' will be found without the body on the production of the axis 
of mvolution, or witliin this body on the axis itself; in the 
case of 2^ = 6^, these two points will be found on the surface, 
and they will coincide with the poles of the ollipsoid. 

The pidncipal axes of a rectangular parallelopiped, which 
intersect at its centre of gravity, ai’c evidently parallel to its 
sides. Therefore, if a, 6, c denote rospcctivcly half the lengths 



OF MOMENTA OF INERTIA. AND OF PllINCIFAL AXES. 61 

of its three adjacent sides, the momentB of inertia relative to 
these axes may be deduced irom those of No. 369, which refer 
to its sides, by substituting in them 2 a, 26, 2 c, in place of i/ 
a, 6, c, and then, by the theorem of No. 374, subtracting from 
them the products m (6* + c*), m (c® + a®), m (a® + 6®). By 
this means, we shall have 

A5=iM(i®+o’), B=:|M(c® + a’'), c = + , 

M denoting always the mass of the paraUelopiped, the volume 
of which is 8a6c. Therefore, if in order to render the mo¬ 
ments of inertia b and c equal, we suppose 6 =: c, and, more¬ 
over, a Z 6, in order that a may be greater than n ore, equa-. 
tion (e) win then give ; 



and according as 6>2a, 6 = 2a, or 6Z 2a, the two re-j 
quired points will be situated without tlie body, at its surface, 
or in its mterior( 7 ?). 



CHAPTER III. 


OF THB MOTION OF A SOLID BODY ABOUT A FIXED AXIS. 

I. Uniform Motion qf Rotation. 

384. When a system of material points, connected tog;o^ 
ther in an invariable maunorj tuims about a fixed axis, to which 
they ore also invariably attached, they describe circles perpen¬ 
dicular to this axis, the centi'es of which exist on tins line. 
The arcs described in the same time by two difierent points, 
are similar and contain the same number of degrees; their 
absolute velocities are to each other us their distances fi'om 
V this oxb; and, by the angular velocity of the system, is meant 
the absolute velocity of those points, whose distance from ^ic 
! axis is unity. If it be denoted by w, and the distance of any 
point whatever from the axis of rotation by r, the absolute 
velocity of thid point will be ra>. This quantity cu, that is 
common to dl the points, will vary with the time, when the 
/ points of the system are acted on by motive forces, wbich will 
produce a variable motion i it will remain constant in the cose 
of unifonn motion, produced by percussions simultaneously 
made on dUFereut parts of the system, and which is then aban¬ 
doned to itself. It is this lust cose which wc propose first to 
discuss. 

386. Let w', m'', &c., be the masses of tlio material 
points which ai'e considered, and &c. their distances 

from the axis of rotation. Thon, if simultaneous porcussioiis 
bo made on all these points, (each of them should bo decom- 
posed into two otliers, one parallel to tho axis, tlie other act*^ 
ing in tho direction of a plane perpendicular to this line;) us 
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the eflFect of the first will be destroyed by the resistance of the 
fixed axis, it is not necessary to take it into account. Let 
V, u', i/', &c., l e the velocities in the directions of planes per¬ 
pendicular to the fixed axis, which would be impressod on 
w, mfi ?n", &c., if those mateiial points were entirely free. If 
the angular velocity of the system, which results fi’om their 
connexion, be denoted by 6j, these points will be actuated Ijy 
the velocities rw, &c., whose directions are perpen¬ 

dicular to the axis and to the radii r'', &c.; and then, by the 
principle of No. 353, there will be an equilibrium between the 
quantities of motion ?wV, w'V', &c., estimated in their 
respective directions, and the quantities of motion wrw, 

&c., taJeen in a direction opposite to that of the actual 
motion of the system. 

In order to obtain the equation of this equilibrium, let the 
points Vfiy m% w", &c., and the directions of the velocities which 
are considered, be-projected on a plane perpendicular to the 
fixed axis. Let oz be this axis (fig. 4), and let the plane of 
projection pass through the point o; likewise, let v be the 
jirojection of m on this plane, i>a the i^rojoction of the velocity' 
Vy TN that of the velocity rw, which, by supposition, is per¬ 
pendicular to the radius r or op. Likewise let or, the per-' 
pendicular lot fiill from o on tlie line pa, be denoted by p ; tlie ' 
moments of the forces mv and wirw, projected in tho diroctlona I 
of PA Olid PN, will be mvp and ; aiid &c., denote ' 

in the same manner the perpendiculars let full from o on tho; 
projections of the other velocities i/, xl*y &c., (by No, 207) tlie! 
required equation of equilibrium will be 

4“ 4 + &c. 

= mvp + -h 

When some of tlie simultaneous percussions tend to make 
the system to turn in one direction, and othei’s in an opposite 
direction, the moments of each of these must be affected with 
contrary signs in the second member of this equation, nie 
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system will turn in the direction of the forces, which, inde¬ 
pendently of the consideration of the sign, will furnish the 
greatest sum of moments. If the sum, whether positive or 
negative, of all these moments affected with suitable signs, 
be denoted by l, we shall obtain, by means of the preceding 
equation, 





in which 2 indicates a sum that extends to all the points of 
the system. 

I' If nil the velocities n, t/, &c., are equal, l will be the 

1 product of tlieir common value v and of the sum mp + m'p* 

I + + fifc,; if, besides, all these velocities Jire parallel to 

' each other, and if through the axis o:r, a plane is drawn pa¬ 
rallel to their common dhection, />, //, p", &c., will be the dis¬ 
tances of the points m, tn", &c., from tJiia plane; and, with 
regard to the signs with which the terms of l arc affected, those 
perpendiculars must be considered to bo positive or negative, 
according os the points m, m\ »i", &c., arc situated on tlio one 
or other side of this plane. Hence if the sum of the masses 
w, &c., be denoted by m, and if the distance of its cen- 

ti’e of gravity from this plane (which may be either positive 
or negative) be denoted by 7 , we shall have (No. 65) 

Tnp + + &c. = Mq ; 

consequently l = Muy, and the value of to will become 


Mvq 

Ui \ 

If the velocity v is only impressed on some of the points of 
the system, and if no velocity is directly communicated to the 
other points, we shall have, in the same manner, 

p being the sum of the mosses actuated by the velocity v, and 
/the distance of the -r .i • . « 



Of A BODY ABOUT A BlXBD AXIS. 


G6 


tern, from the plane drawn through the fixed aads^ parallel to 
the direction of v. 

386. If the ByBtem of points fn, m\ &o.j be supposed 
to constitute a solid body» it is then sufficient, in tlie preceding 
formulffi, to change the mass m of any point whatever, into 
the differential element of the mass of the body, (which, as 
usual, we shall denote by dm), and the sum 2 into on integral. 
Hence the quantity will become the integral 

extended to the entire mass of the body, and it will express its 
moment of inertia with respoct to tho axis of rotation; conse¬ 
quently, the last fonnula will be changed into tho following; 






0 ) 


(/) 


This fbrmula is applicable to the case of a solid body retained] 
by a fixed axis, and struck by another body, which after the 
impact attaches itself to the fiis^ so that then the two bodies 
constituto only one, taming about the fixed axis with an an¬ 
gular velocity oi. The mass of the striking body is fi, its ve-' 
locity before the impact, wluch is common to all its points, 
and perpendicular to the direction of the fixed axis, is v, and^^ 
expresses the distance of its centre of gravity from n plane pc^ 
rallel to the direction of tliis velocity, and passing through 
the axis of rotation. Tho iut^ral \r^dm should be extended 
to the two mosses which ore united together after the impact 
If the striking body does not remain attached to tho other after 
the impact, tho determination of the angular velocity of this 
last u a difforent problem, the solution of which will be given 
in a subsequent chapter. 

When the body retained by a fixed axis is struck simul¬ 
taneously by aevoral masses, suoh os ju, &c., actuated 

by tlie volooiticB i^, &o., whose directions are perpen¬ 

dicular to that of the axis, and which are united to this body 
after the impact, the expression for oi, the resulting angular 
velocity, will be 
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ui which expression, the integral must be extended to tlie 
itotal mass, and>;/,/", &c., denote the distances of the cen- 
rtrefl of gravity of/i, ja', |i"j &C .5 from planes drawn throaf^h 
[.the axis of totation, parallel to the directions of the velocitios 
c'> t/', &c. If the firat term of the numerator of this for-’ 
mula be affected with the sign +, the other terms should be* 
affected with the signs + or according as the correspoi»d- 
ing percussions tend to produce a revolution, in the direction 
of that which corresponds to the first term, or in a contrary fli- 
rection. When w rz 0 , the system will remain at rest, and all 
the pei’cusaions will constitute an equilibrium. ' If the pereiiH- 
eions, instead of being simultaneous, were successive, tlio 
value of 0)9 after all the impacts had ceased, would be still fuv- 
r nished by the preceding formula ;)for after thefii^t impact the 
/ motion is same at each instant, os if this impact took pliioc 
then; consequently, we may suppose that it took place nt tlie 
instant of the second impact, iii order to determine the aii|»*uiar 
velocity after the second percussion ; and so on in succession. 

387. When the rotatory motion commences about a jfLvetl 
axis, this line experiences percussions which it is iraportaiit tt> 
determine 5 they are due to the quantities of motion that ixrc 
lost, at each epoch, by the different points of the body, wliich 
quantities of motion, (as they constitute an equilibriuxn by 
means of the fixed axis, must consequently be reduced to 
cuBsions, whose directions either meet this axis, or arcpivriilltd 
to it;.} The parallel percussions may be immediately dctermiiiiicl; 
they are the components, in this direction, of the quantitioH 
motion which have been impressed on the body; os has boi?vi 
stated in No. 386, we shall not take them into account ; and 
wo shall suppose that the rotatory motion has boon proiltif%‘il 
by an impact perpendicular to the direction of tho fixed uxiH„ 
to which formula ( 1 ) refers. Let the point r be the euiicvt* 
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of gravity of ju, the line pa the direction of its velocity before 
the impact, ho that or, the distance of this line from the axis 
oz, may be denoted by y. In the plane perpendicular to this 
fixed axis, and comprising the line pa, let there be drawn 
through the point o of this axis, two other rectangular axes 
033 and oy. Let a?, y, z be the three rectangular coordinates 
of dm^ rofeiTed to the axes oa?, oy, oz ; as rw, the velocity of 
this material point, is perpendicular to the radius and pa-^ 
rallel to the plane of the axes of x and y, it is easy to perceive 
that the cosines of the angles which it makes with these three 


7 / on 

axes are — and zero, the rotation being supposed to have 


place ill the direction of the sagittaj; it may consequently 
be decomposed into two velocities — yai and parallel to tlic 
axes oo; and oy(a). Hence the components of the quantities 
of motion of all the points of the body along these directions will 
be — (t>^yd/n and or what comes to the same thing, 

— (oMyi, and a)M 33 i, in which M denotes, as before, the entire 
mass after the impact, and and the values of x and y, 
which belong to its centre of gravity. The sums of the mo¬ 
ments of all these quantities of motion, with respect to the 
plane of the axesofa? and y, willbc—wjysrf^nand w^xzdm\ by 
No. 54 , they should be equal to the moments of the total forces 
^ (li^ydm and with respect to the same plane, that is 

to say, to — a>My,2f' and wMaria/', a'and denoting the distances 
of these two forces from this plane; consequently we shall 
have 

z= ^vzd 7 n,^jAx,d^^xzdm^ (2) 

by means of which, these twj3 quantities z* and s'' (which 
may bo either positive or negative) can he determined. 

This being established, the quantities of motion lost by all 
the points of the mass m, and which constitute an equilibrium 
by means of the fixed axis, may be replaced by a force wMy,, 
parallel to the axis of ai, and situated at the distance from 
the plane of the axes of x and y, by a force — tuMoJi, parallel 
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to the axis of and situated at the distance 2 /^ from this 
plane, and by the force /iv, which retains its proper direction, 
namely, from the point p towards the point a. These three 
forces can be at Jeast reduced to two, which will meet tlic 
fixed axis, and they express the percussions that it experiences, 
perpendicularly to its length. When tliese three forces are 
reducible to one, the axis will experience an unique percussion, 
and it is sufficient, in order that the axis may resist it, that 
the point whei*e it will he met by this force, should he sup¬ 
posed fixed. 

388. If tlie line 02 ? be one of the three principal axes ofM, 
which intersect in die point o, we shall have 

\xzihii =: 0, \yzdm =; 0. 

Hence in this cose the distances sf and are cipher, and the 
forces , and also the force /zu, will nil exist in the 

plane of the axes of x and y, in consequence of which, the 
unique percussion to which they will be reduced, will pass 
^ through the point o. In order to determine its magnitude 
and position, if 11 he this force, a and h the angles that it 
makes with the axes of x and a and J3 the angles which the 
line PA makes with parallels to these axes, drawn through the 
point p, we shall have 

( Rcosfl = /zvcosa + wAiyi, \ 
ncoai zz/ivcob/3 — umxx ; ) 

and flfl the value of is given by formula (1), and and y,, 
the coordinates of the centi’e of gravity of m, are also known, 
every thing is known in these values of the two components 
of the force n. 

Since this resultant must pass through the point 0 , the 
Bum of the moments of its three components, with respect to 
this point, must be equal to cipher; now if x* and ho tlie 
distances of the forces wMyi and — wm®, from the axes ox and 
01 /. resnectivelv oarallel to these lines, there will result, re- 
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gard being had to the direction in which these two forces and 
the percussion fiv tend to make the body to turn about the 
point o, 

fiv /:= p; 

jf denoting, as before, of the perpendicular let fall from tlie 
point o on the line pa. In fact, it is easy to verify this result; 
for, considering the moments, with respect to the planes of the 
axes of X and and of y and of all the quantities of motion 
parallel to these planes, the sums of which are -- and 
we shall have 


and these values, combined with those of cu, render the pre¬ 
ceding equation identical(&). 

In order tliat tlie fixed axis may not experience any per¬ 
cussion, it is easy to perceive that the distances z' and zf' 
should in the first place be cipher, and in virtue of equation 
(2), this cannot be the case, unless tlie line oz be one of tho 
principal axes which intersect in the point o, as we have sup¬ 
posed. This condition being satisfied, it is moreover neces¬ 
sary that the force b should be cipher; this implies that 

flcosa^ — /LfcosjS rr: 


From which there results 


COB a 
^yiCOS)3 



this equation shews that the line pa must bo perpendicular to , 
the plane passing through the fixed axis and tiirough tlio 
centre of gravity of m, Moreover, if rj denotes the distance 
of this point from this axis, the preceding equations will give 

=: ; 

and by substituting for te its value furnished by equation (1), 
thei’e will result 
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\v]u*ii a solid Uody retained by a fixed axis, iastrucU 
la u li(jd\% <lu' mass of which remains attached to the 

in iiriliH lliaf (he lixod axis may experience no percuRsion, 
if IN Jirst, that llie direction of the shock be in the 

td flio iwn linos, whlcli, With the fixed axis, constitute a 
iri ^uuMihii' of [n'incipal axes of the body made up of 

till' uiasHos nnUod (o;^otlKn'; Boeoiully, that its direction 

hti ps^'itrinUculiir to (be plane passinfj throuf^h the centre of 
p.iavify ol fhis body and the fixed axis; thirdly, that this di¬ 
rt ♦•(inn v\ should incnt lids plane in a point of which, ^ the 
disi.no^r tioni the axis of rnliition, is furnished by the prccodiiijj 
t.iiiiirthi. I'lds ]Mdiit is what is tonned the centre of per- 




.Ms'.i. Wliilo II nollil luidy turns uhout (i fixed nxis, the 
i-i satil'ii iul ciHls itiHoivut luunts produce on this axis 

whifli \vi> now proeeed to diitcrmino; they arc tlie 
muK »Jm« Icive idiieu when the motion is uniform, in 

wliirli the iMiinls of 1 lie hody uru not solicited hy iiiiy 

U thv prt'eedin^* uotutioiiK he retuined, rw^din will express 
fhe *. iitritM^;nl foive nl‘ the element dm which describes n rir- 
vU . wlm-e mdiuH, U r, with a velocity rto ; andiis this force nets 
111*’ ait.'-'liou of the produelion of r, the cosines of the 

aui-ih « vvhirli il iiudn's wilh the axes of .r, jf/, r, will he p 


,yu.l /--lo. If, tlo-refore, it he transferred to the point whore its 
dii.. lam the axis nz, it may he rejdaced liy two forces 

d ill lU.- pliiues .niJ ami yo=, respectively piimllel to 
fW av- .... and n//, and e.inul to avuVwJ, As the 

Ihlou nhtaiim for all the oilier elmneiits of the body, it 
that the axis will he ursed alonf? these iliroct.n.is, 
1., wlniM. values are or, wlmt is the 

thinr.. as is evident from thepreci-dmiv 

n..i ..urn... It appeam also that .V ami tlie distances o 
,vw, total presHim-s from the plane of the axes ol ® and 
V, -iJe '» h‘ ..i'tatious 
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=: \xzdm^ My,z" = J yzdm^ (3) 

which are the inverse of equations (2) that are relative to the 
percua8ions(c). 

When = i/', the two pressures and will be 
applied to the some point of the axis oZy they can then be re¬ 
duced to one force perpendiculai’ to this line, which acts in 
the direction of a plane that compiises the centre of gravity 
of the body, and its value will be ; r, denoting the dis¬ 
tance of this centre from the fixed axis* 

This will always be the case when oz is one of tJie prin-i 
cipal axes that intersect in the point o ; for then the secondf 
members of equations (3) will be cipher, and we shall have.' 

0 and z^' = 0. The unique pressure, which, during the 
rotatory motion, the axis experiences, will therefore pass 
through the point o; hence, in order that the pressure may be 
destroyed, and that the axis may be immoveable, it will be 
Bufiicient if this point is fixed. Therefore for every point o 
belonging to a solid body, or invariably connected with it, 
there are always three rectangular axes passing through this 
point, about which the body can turn, without these axes 
undergoing any displacement, just os if they were entirely 
fixed. 

Such is the property relative to the uniform motion of ro¬ 
tation, which the lines that have been termed principal axes 
possess. It belongs to them exclusively; for if the body turns 
about a line 02 , which is not one of the principal axes relative 
to the fixed point o, the two pressures and o)^My^ will, 

in general, be irreducible to one; or if they are reducible to] 
one, because z' zz this unique pressure will pass through ajy ’ 
point different from o; consequently, in order that the pres-| 
sures due to the centrifugal forces may be destroyed, and that' 
the axis of rotation be not displaced during the motion, it is 
necessary that a second point be supposed fixed, but this 
impUes that the entire axis is fixed. When a body retained 
by a fixed point o, and not acted on by any motive force, com- 
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mences to turn about one of these axes which intersect in this 
pointy the motion will continue indefinitely about this line. 
Tliia will be the casej for example, when the body is put in 
motion by an impact, the direction of which is in the plane 
passing through the other two principal axes relative to this 
point o, for then it appears, by what has been established in 
the preceding number, that the percussions which tlie axis 
experiences, the first instant, will be reduced to one which, 
passing through this fixed point, will he destroyed by its re- 
jBistJince. If o be one of the particular points, for which all 
moments of inertia are equal, the axis about which the body 
will begin to turn, will be necessaiily n principal axis; and in 
tohaiever manner the body is set in motion about this fixed 
point, the axis of rotation will remain immoveable. Thus, an 
ellipsoid of revolution, or a pnrallellopiped retained by one of 
the points, the position of which has been determined already 
in No. 383, will always turn about a fixed axis. This will 
also be the cose with respect to a sphere when its centre is 
fixed, or a cube retained by the point situated at the inter¬ 
section of its three diagoiialB; and, (moreover, in these two 
'last cases, die fixed point being the centre of gravity, tlic axis 
^ of rotation will remain immoveable, although the body should 
supposed to be acted on by gravity J In general, the mo- 
angV forces that act on the body, will, like the centrifugal 
and produce pressures on the axis of rotation, which will 
direct to diaplnce it, when they are not reducible to one sole 
comi®* through the fixed point. 

390, If the line oz is one of the three principal axes which 
intersect at o, the centre of gi-avity of the body that is consi¬ 
dered, it will be also one of tlie three principal axes of this 
same body for any point whatever of its direction. In fact, if 
OG, the distance of this centre from the point o, be denoted 
by 7 , and if, without changing the preceding direction of the 
coordinates ic, 2, their origin be transferred to the point g, 
ivf ffin auv element whatever will become — 7 , 
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Ja; (z — y) dm z: ^xzdm — y^xdm =: 0, 

\y(z^ y)dfn = \yzdm^y\ydm zz 0. 

Moreover, as the point o is on the axis of the ordinate 
z, we have ^xdm = 0, and ^ydm = 0; consequently, we 
shall Lave ^yzdm zi 0, ^xzdm = 0, from which it appears, 
that oz is one of the three principal axes that intersect at tlie 
point o. 

The direction of the two other principal axes, in tlie * 
plane of the axes of x and y^ can he determined by the trans¬ 
formation of the coordinates. Let as' and be those of din 
with respect to these two other axes, we must have 

Ixydm = 0 , \xfzdm = 0 , ly'zdm = 0 ; 

and if 9 be the angle contained between the axis of ctf and that 
of fl?, we shall have 

aj' =: 03 cos 0 — y sin 0, y' = a sin 0 + y cos 0; 

now, if these values be substituted in the preceding equations, 
the two last must disappear, because Sa3zd/a=:0, and5yzd?7i = 0; 
the fimt becomes 


(cos® 0 — sin^ 0) \xydm + sin 0 cos 0 — Sy*dm) =: 0, 

from which the value of 0 may be obtained. The values of 
the integrals which this equation contains, may change with 
the position of the point o ; so that the direction of one of 
the principal iixcs being supposed to be that of the axifl oz, 
the directions of the two others will not, in general, always 
remain pai'iillel to tliemselves. 

As the four equations 




\xdm = 0, ^xzdm = 0, \ydfn zz 0, %yzdm ^ 0, 

obtain simultaneously, it follows from the two first, that the 
pai'nllcl pressures existing in the plane of the axes of x and z, 
which arise from the centrifugal forces, may be reduced to 
two equal and directly opposite forces; and in virtue of the 
von. 11 . 
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two lost equations, the same thing is true with respect to the 
components existing in the plane of the axes of y and z* 
iConsequently, when the body turns about one of the three 
iprincipal axes which intersect in its centre of gravity, the 
centrifugal forces of all its points produce no pressure on the 
axis of rotation, and if the motion commences about such an 
jaxifl, it will continue indefinitely, although this axis has no 
jlixcd point, provided that the body is not acted upon by any 
force. This result is evident in the case of an ellip- 
'soid, which turns about one of its three axes of figure; for 
every thing being supposed symmetrical about each of these 
lines, there is no reason why it should experience a pressure 
in one direction rather than in the opposite. 

II. VaHalAe Motion of Rotafion. 

.391. Let the element of the mass of the body which re¬ 
volves about the fixed oxis oz (fig. 6 ) he denoted by dm^ 
through a point o taken arbitrarily on this line, let two other 
fixed axes o£C and oy be drawn perpendicular to each other 
and to the axis oz; and at the end of t any time whatever, 
let a', y, z, denote the three coordinates of dm refen'cd to these 
axes oz, o^, oz. At the same instant, the components of the 

velocity parallel to tlieee lines will be iJ^ow, wlmt- 

dt dt dt 

ever be tlie nature of the forces applied to the element dm, 
they may be decomposed parallel to these same axes ; and, at 
the end of the time t, let the components of the given acce¬ 
lerating force which acts on tliis material point, estimated in 
the positive directions of z, y, z, be x, y, z, respectively. If 
Ae components of tlie velocity, namely, 
dm dy dz - . 

'would bo increased by xrf^, ydi, during the 

instant dt (No. 147) 5 but these functions of the time 'are 

really iiicn^osedjby their diflFcrentials d,% d.— x con- 

dt dt di 



OF A BODY ABOUT A FIXBU AXIS. 


75 


Bequently, the velocities lost during the iustant dt, in the 
directions of the coordinates, will be 

xdt~d.^, Ttdi — d.^, zdt — d.~. 
dt dt dt 

Multiplying them by dm, and then dividing by dt, there 
will result 

which will he the values of the components of the force lost by 
the element dm, during this instant dt, in consequence of its 
connexion with the other points of the body and with the axis 
of rotation. Therefore, in virtue of tlie principle of No. 360, 
an equilibrium must obtain about tins fixed axis, between simi¬ 
lar forces applied to all the points of the body. 

In order to obtain the equation of this equilibrium, it will be 
sufficient to substitute the two first of the three preceding forces 
in tlie place of p cos a and p cosjS, in the fii'St term of equation 
(5) of No. 266, and then to put equal to cipher, the sum of 
tlie values of this quantity for all the points of the body, which 
sum will be on integral extended to the entire mass. If the 
differentials be placed in the first member, and the given 
forces in the second member of this equation, the required ^ 
equation will be 

which will be that of the motion of rotation about the axis 
of the ordhiate z, 

392. Let the aqgular velocity at the end of the time t be 
denoted by ui, which we shall consider to be positive or nega¬ 
tive, according us tlie motion of rotation is in the direction of 
the sagitta or in the opposite direction; likewise, let r be 
the radius of the circle described by dfn, or the perpendicular 
let fiUl from tliis point on the axis oz \ ru) will be equal to 
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the absolute velocity, and the values of its two components in 
the direction of x and y will be 


dx 

dt 





In fact, if P be the projection of dm on the plane of the 
'axes of a; and y, and if the radius on be drawn, and also arr', 
' perpendiculai’ to op, it will intersect the axes oaj and oy in q 
land q', and we shall have 

OP = r, cosaiQPr: — cosya'p'^: —; 


now as the direction of the velocity rw is parallel to the line 
Qpp', it must be multiplied by these cosines, in order to obtain 

dx ,dy 

the vnlne of its components ^ ana . 

From the equation ol}tain(t?) 

xdy — ydx =: (2) 

If this last be differenced with respect to t, there will result, 
because the radius ?' is constant, 


xd^y — y<PiD ir: r^diiidt ; 

and Ds do) is a quantity common to all the points of the body, 
it must be considered as constant in tlie integration relative 
to rfw, consequently, equation (1) becomes 

by means of which, tlie value of dw, corresponding to a given 
position of die body, can be dcteiiniuod. 

the accelerating force which acts on dm be decom¬ 
posed into two others, one parallel to the axis 05 , and tlic 
other comprised in a plane perpendicular to this line; as the 
first does not contribute to produce the motion of rotation, it is 
not necoBSory to take it into account ] and the second, winch wc 
shall denote by ^5 will be the resultant of the forces x and y. 
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If x, T, be projected on the plane of the axes of x and y, 
and if pc be the direction of 0 thus projected; and A the per¬ 
pendicular OH, let fall from o on pc or on its production; by 
considering the moments with respect to the point o, we sliall 
have (No. 46) 

a;T—yx= ±A0, 

the sign of the second member of this equation will be + or 
—j according os the force 0 tends to malce the body to turn 
in the direction of the sagitta s, or in the opposite direction. 

If we denote by 8 the angle q'pc which the line pc makes , 
with pq' the perpendicular to the radius or, and drawn in the*"^ 
direction indicated by the sagitta s, this angle will be acute or 
obtuse, according as the second member of the preceding 
equation is affected with the upper]or lower sign; and as op= ?■, 
we shall, therefore, have always 

± h=z r cos S; 

by means of these values, equation (3) wiU become 
^ ^r^dm =: Sr0 cos 8dm, 

Now, if the given forces act on the body only during a 
very short interval of time, and if notwithstanding, they are 
capable of producing in this short interval, given velocities i 
which ore of a finite magnitude, and moreover, if during this;' 
same time, neither the directions of these forces, nor the po¬ 
sitions of the points of the body are sensibly changed, we 
shall obtain by integrating the two members of this equation 
with respect to 

cosSd;/*; 

V being the integral of during the continuance of the 
action of the forces, that is to say, the velocity which the 
percussion exerted on rfm would impress on this material point, 
if it was entirely free. This equation is that of uniform 
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motion of rotation, and the formulee given in No. 386 may be 
obtained from it, without any difficulty. 

In the cnflo of variable motion, equation (3) becomes a 
differential equation of the second order, on wliich the position 
of the body at each instant, and its velocity in a function of 
the timo, depends, as we shall see immediately hy an ex¬ 
ample ; but it is expedient to determine previously the pres¬ 
sures which the sixis of rotation expeiiences during the con¬ 
tinuance of the motion. 

393. Wc shall only consider the pressures perpendicular 
to this axis oz, which oi'e due to tlie components, parallel to 
the axes oa; and oy, of the forces lost by all die points of the 
body, the resultants of which must intersect the fixed axis. 

Denoting tho sums of till these forces hy u and v, wc shall 
have, by No- 391, 

and if u and v be tlie distances of the total forces u and v fi-om 
die plane of die axes of la and ?/, we shall likewise have 
(Mo. 54) 

From the preceding values of ^ and we obtain 


(Pa; dill dy rfw 

VTu ~ i 


di^ 

cPy 

d^’ 


(It 


'dt 


db) , fie 

• ® jT d" ^~jT — 
dt dt 


_ dio 

' di 


— yw* 


If ^ bo oUmbiated by means of equation (3), and if the 

values of aj and y, which refer to the centre of gravity of the 
body, be denoted by a, and y,, and its mass by m, so that wc 
may have 

= M.r,, '^ydm — My,i 
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then by substituting the values of ^ and ^in thepreceding 


formulse, they >¥111 become (e) 


d? 


D = Ma:.w® + SxdOT 4''y, 


V zz Myi«D® + jYfifm — a;, 


S(a;Y — yx)dm 
^r^dm ’ 


oa = + S»i» + 


vv 


y 

= ~ S»« 


.'^A (V ^ I 

< . . > 


When the angular velocity o) is Icnown, these equations willl 
determine u and v, the pressures parallel to the axes ox and | 
oy, which the axis osr sustains; and also u and v the distances 1 
comprised between the point o and the points of application of ^ 
D and V on this oads. When the forces x and t are cipher, 
these results coincide with those of No. 389. When the line 
os? passes through the centre of gravity of the body, =: 0, 
and n 0, consequently 


u = Jxdw, V =r ; 

so that the total pressure on the fixed axis is the same as in|' 
the state of equilibrium; but, in general, it is diiFerontly dis-i 
tributed. If the fixed axis is, besides, one of the principal! 
axes which intersect in the centre of gravity, we have likewise' 
= 0 and ^yzdm = 0; consequently 

vu = Izxdm^ vv = ^ZYdm ; ! 

and the pressure on the axis is then found to be distributed, ^ 
in the state of motion, os in tlie state of equilibrium. 

394. Let us now apply equation (3) to the case of a heavy 
body, revolving about an horizontal axis. 

If the force of gravity be denoted by r/, and if the axis oy 
be supposed to be vortical, and to be drawn in the direction of 
this force, we shall have 
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aud, because ^xdm = mo?!, equation (3) will be reduced to 

— (4) 

If 0 denotes the aiig^lc which, at the end of the time the 
moveable plane that passes tlirougli tlie centre of gravity of 
the body mokes with the fixed plane of the axes of y and 
which angle will be considered as positive or negative, accord¬ 
ing os the moveable plane exists, relatively to the fixed plane, 
on the side of the axis of the positive xs^ or on the opposite 
side; and if a be the constant distance of the centre of gravity 
from the axis oar, we shall have 

= flfsinO; 

and, according to the direction of the velocity w, whether po¬ 
sitive or negative, we shall likewise have 

m 

""" dt' 

! which may also he deduced horn equation (2), applied to the 
(centre of gravity, that is to say, to the values rtainO, «cobO, «, 
of 07,7/, 7\ Finally, let mA® be the moment of inertia of the 
body with respect to an axis passing through its centre of grur 
vity, and parallel to os; A will be a line of a given magnitude, 
and by the tlieorom of No. 374, wo shall have 

r: + h^) 

for the value of the moment of inertia with respect to the axis 
of rotation* 

By means of these values of oji, to, JrVwi, equation (4) 
becomes 

iPO _ ganmO 


Heuco, multiplying by 2d0, and integrating, wc shall have ' 

dff^ 2iTacos0_ 

SF- o’* + 
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c being- an arbitrary constant. If, at the commencement of tJie 
motion, 

tlic value of this constant will be 


c rr £2^ — 


2^acoBa 


“ a* + ’ 

and therefore, at any instant whatever, we shall have 
^ 2ga{cQ^a — cob0) _ 


This equation is that of the motion of a pendulum of any 
form whatever, turning about an horizontal axis. In its state 
of equilibrium, the plane passing through its centre of gravity 
and tlirough the fixed axis is vertical, and we have a = 0, 
Q =i 0, 0 = 0, If the body is made to deviate fi’om this po¬ 
sition, so that these two planes may comprise a given angle a, 
and if then it is remitted to itself, wc shall have £2 = 0; if, 
on the contrary, the body experiences a percussion at tlie 
commencement of its motion, the initial velocity £2 must bei 
determined by the rules of No. 38(5, or given in some other 
manner; and, in all cases, equation (a) will make known the 
angular velocity of the body at any instant whatever, whon’ 
the position of its centre of gravity is known. If tliis equa-j 
tion bo resolved with respect to and then integrated, the] 
value of i in a function of 0 will be obtained, and conversely,! 
this will determine the viu-iable position of this centre, ancl,l 
consequently, that of the body at each instant. 

396. If this heavy body is reduced to a matcriid ^loint, 
attached to the axis oz by on inextensible and inflexible 
thread, destitute of weight, and whose direction is perpon- 
dioular to o;:, wo shall have the cose of die simple pendulum, 
as is evident from its definition given in No. 179. If its 
length be denoted by Z, wc shall have ff =: Z; ivt will he the 
vot. 11 . 


M 
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mass of the material point; and the moment of iiujrtiii 
M(a® + A®) must be reduced to the product of this inusH, jiiul 
•of the square of I its distance from the fixed axis- CouhO" 
quently, we shall have A = 0, and equation (a) applied to Ltiia 
particular case, wiU become 

^ ^ COB(a - cosfl) = ; (I,) 


^1 and, in fact, it is easy to shew that it agrees with equation (1) 
of No. 180j relative to the motion of the simple pendulum- It 
appears from a comparison of equations (a) and (h), Ihiil. this 
motion will coincide with that of any peiululnm whati'ver, 

whenever the coefficients ^ and hy whicli tlu'Rc 

two equations differ, are equal, that is to say, whoa 


It is, therefore, hy this formula that wo dotcnnirie, us has been 
stated in No. 179, the length of tlie simple pciululuin, wlnwe 
time of vibration is equal to that of a given penduliun ; when 
the form of this comiiound pendulum is known, tlio two qujin- 
tides a and h can be determined by tlic known mh*s, (‘illiev 
accurately, or by approximation. 

When this pendulum makes very small oscillations, Ike 
same will be the case with respect to the corrtjsjjoudiug siinjdo 
pendulum, Tlierofore, if the duration of an oiitire oseillutioii 
be denoted by t, we shall Lave (No. 182) 


If the number of oscillations wliicli tlic compound poiidu- 
lum performs during a considerable time l)« vtiokoiu'd, the 
value of T will be had by dividing the entiiv time hy this 
number; and by substituting it in this last formula, the meu- 
sure of the gravity <j wiU be obtained with groat accuracy, 
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when the length of I corresponding to the pendulum that 
is employed is known, as has been already explained in 
No. 192. As the lengths of simple pendulunaa ore to each 
other us the squares of the times in which very small oscil¬ 
lations ore performed, if the length of the pendulum which 
vibrates seconds be denoted by X, we shall obtain (the second 
being taken os the unit of time) 


\ T 


by means of which equation, the value of A can be determined 
when those of I and t ai’e known. 

390. If in the interior of the compound pendulum, a line 
be ti’aced below its centre of gravity, in the plane passing 
through tliis centi’e and the axis of rotation, parallel to this 
axis, and at the distance I from this some axis, the motion ofj^ 
the points of this parallel will neither be accelerated or re-i 
tarded by their connexion with the other points of tlie body,^ 
Among all the points of this line, that is properly termed tAe. 
centre of oscillation^ which exists on the same perpendicular^ 
to the axis as the centre of gravity- 

Let ABD (fig. 6) he the section of the pendulum perjien- 
dicular to the axis of rotation, and passing through its centre 
of gravity, g this centre, and c the point where tliis section is 
cut l)y the axis; let the line cg be produced to o, so that we 
may have(( 7 ) 

CG = a, 


and, consequently, 


GO = —, 

a 




CO =: G ^ 

a 


Tlie point o will be the centre of oscillation; and if, after 
having caused the given pendulum to oscUlatc about the axis 
peipendicular to the section aud, and passing through the 
point c, wc then reverse it, and cause it to oscillate about the 
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oxiB puBsing through the point o, und perpcndicuhir to tliis 
same Bcctiouj the point c will become tho centre of oscillation* 
This thooi*em is commonly expressed by stating that tlio 
ooutres of oscillation and suspension ai'e reciprocal, so that 
when tlie centre of oscillation is made tlie centre of suspenaioii, 
tho latter becomes tbc centre of oscillation. 

In fact, in each case, the moment of inertia is the 
same, since it always respects the axis perpendicular to Ann, 
and passing through tho point g ; so that the quantity k will 
not ho changed. Moreover, if o' bo the point of the produc¬ 
tion of OG, whichis the centre of oscillation, when o becomes 
tho centre of suspension, and if the distance oo'he denoted by/', 
its viduo can he doducocl from formula (e), by suhsLituting og 

ill place of cg, that is to say, — in place of a\ tlierefore we 

ct 

slmll Iiiivo 

I' ■=. t -f. « = oo' = CO ; 

imd, consoquoiitly, tlio o' will coincide \vil,h tlic point c. 

sol, TIiu diivutloii of very stnall OHcilliitionH alxniL two 
axes ])crp(‘iuliculnr to Aim, mid punHiiifr tlirougli tlie points c 

and o, is the same, and eipial to tt ^/L\ I heiiifr idways the 

g 

distance CO. Conversely, if the duvatioii of very snial] oscil- 
I Iftlions is the same ahoiit two parallel axes, tlie plane of which 
j contains the centre of f^ravity o, and wliieh are not eipudly 
distant from it, their mutual distance will he e(jmd to I, the 
lengtii of the simjile peiulnluni which also oscillates in the 
. mime time. 

In fact, letf/ ami «' he tlie nnetpml distances of tlie centre 
of fri-avity from these two parallel lines, and, eonseipiently, • 
rt + «' their mutual distnnee; likewise let mA'-* ho the moment 
of inei'liawitli respect to tlie parallel axis passin^r tliroufrli tlu« 
eeiiti-c of^avity, sineu the duration of tlie oscillations ahoiit 
the two lines is the same, we must liave 
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Iieiio 6 wo obtain 







therefore) qb by BuppoBition the firat value of i£ must be re¬ 
jected) we shall have 


a + a' = a + 


a' 


Consequently) if a + a\ the distance betwoon the two syn- 
chroDouB axes be measured) the length of the Hiin{de pen- 
dolom which osciUates in the some time os ooeb of them will 
be obtained. 

This method, which has the advantage of not requiring any 
computation relative to the &niL of the compound pendulum 
to bo mndO) has been suoceBsfully employed in ISogland, to 
determine the length of the compound pendulum (A). 

398. There ore on infinite number of di(fei*e[nt axes about 
which tho duration of smalL oscillationB of the same bmly arc 
equal. 

[u the first plooe, it is evident that the valuo of I end the 
duration of tho oscilhitiona will bo the samo for nil oxos of 
suspension pamllol to each other, and equally distant from tlve ^ 
eentro of gravity, since, for all theso axes, tho quantities A and 
a, which occur in equation (c), do not vary. 

The direction of these oxas, find thoir distance frotn tho ^ 
centre of gravity, may also bo changed without tho value of 
t uudergolng any change; for if the angles, that tlm puiiiUd 
to tho axis of suspension, drawn through the oontro of gm^ 
vity, molces with tlie throe principal axes, which iutcrsoct in 
this point, be denoted by a, j3, 7 , and if a, n, c bo tho mo¬ 
ments of inerda rolative to these axc^ nnil if vA* bc^ as bo- 
foro, tiuit which refora to this pamllol, by o<piatlon (c) of No. 
376, wo shall have 
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M/i® =: ACOS^a + DCOS“j3 + C COS^y, 

' ondj consequently, 

f _ A C 08 ®a + B cos®j 3 4- c coa’^'v 

; l-=iaA - - -i—5- 1 , 

Ma 


[ Now, it is evident that we can assign to a, J3, y, nil 
I infinite number of difforent values, for which tliis value of Z 
' will remain the same. 

; If it be proposed to determine when this function I is a 
1 minimum with respect to the variables a, a, j3, y, it follows 
' from its form, that a being supposed to be the least of the 
'■ three constant quantities a, u, c, we must have a = 0, j3 =: 90°, 
i y = 90°, and, consequently, 


Mg'* + A _ 
Mtt ' 


for 


from wliicli, by tlic common rule tlicro results 
tlic value of a tliat corresponds to the minimum^ and the 


a zz 

M 


actual value of this minimum is I 


M 


( 0 - 


3!)9. It wiia dunionstmtud in No, 190, tluit the resistiuice 
of a medium does not influoiico the dumtion of Hinidl oHeilla- 
tions of a pondulum of a {^ivon length; hut it is also necea- 
sary to prove, that this force does not change the hnijlh of the 


simjihi pendulum, whose motion in tlui same in the air as tliat 
of a given pondulnm, in this Hamo Iluid, Now, in order to 
determine this motion, to the forces xdin and which 

compose the sccoiitl inemher (if equation (3), and which act 
on nil the points of tlie body, there must he joined the com- 
pouonts of the i-csistaneo of the air, which only act on the 
elmncnln of its mrfut'C, Let, therefore, this resistance be 
supposed to he expressed, generally, by the sum of scvorid 
powers of the velocity, so tliat for v any particular velocity 
whatever, its aetion on the unit (if surface may ho denoted 
by 

AO" + + a"o'‘''4- ; 
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A, a', &c., o, a's &o., being given constants. Let p 

be the distance of m, a point of the sur&ce of the pendulum 
from the axis of rotation; its velocity at the end of the 
time will bo poi, tu denoting as before the angular velocity 
at this instant. If ■ be the angle that its direction makea 
with the interior port of the nonnal at this point, then pcu cos 
will be its component in the direction of this line; and by| . 
what has been already stated (No. 365), it is this normal com-, 
ponent that should be employed in place of the velocity o, in 
the expression of the resistance at the point M. Therefore, if 
the differential element of the surface at this same point, be 
denoted by dtr^ and the resistance exerted on this cloment by 
ud(r, we shall have 


H = Ap» ai° cos* I + Ap» + &0 . '' 

If fi and V be the angles which the part of the noimal at 
the point h, that falls within the body, ninkea with lines 
dmwn through this point, parallel to the axes of x and the 
components of the resistance in the direction of these linos 
will bo ncospda and ncos ; and if a/ and y' be the values 
of X and y at the point h, then 

fl/n cos vda GOB 

will bo the port of the second member of equation (3), that iaj 
relativo to the element da- ; consequently, if the integral of; 
diis quantity for the entire portion of the smrfiico of the body,' 
which experiences the resistance of the medium, bo token, the 
quantity that should be added to the second momber, when 
this resistance is taken into account, will be obtained. Lot,! 
in order to abridge, 

:f'C 08 V ^ ^OOS/El =r4f, 

and the expression of this quantity will be 

Aw" COB" tda + a'o>*^ 5 Jp"*coB“'fid<r + &o. 

It is evident that ^ is the ahortest distance between tho>/ 
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ftxU of aaspeusion and the direction of /ooi the velocity of the 
point M, comprised in a plane perpendicular to this axis ; there¬ 
fore, ? does not depend on the time, no more than the angle e 
or the rndiuB p ; consequently, if we make 

5?)u“cos® E^^b’ rz 7, SSp^'cos^^'ccfcr = »/, &c., 

these integrals will be constants depending on the form of 
the hody, their values may however he diifercnt in two sue- 
cessive oscillations. In ordei' to determine their limits, let 
there bo circumscribed about the body, in its position of equi¬ 
librium, a cylinder perpendicular to the vertical plane passing 
through the fixed axis ; the curve of contact of this cylinder 
with the surface of the body will divide this surface into two 
parts, one of which will experience the resistance of the air, 
while the body moves in one direction, and the other, while it 
moves in the opposite direction; those integrals must, there¬ 
fore, bo extended to one of theso two piuts for one entire 
oaclllution, and to the other part for tlie following ; and when 
those two parts arc different, the values of 7 , 7 ', 7 ", &c,, will 
be so also in two consecutive oscillations. Wlioii the body 
pci'formH on entire rovolution about the axis these valui*s will 
not change. Tliis being established, after having iiddctl the 
preceding quantity to the second member of equation (II), or 
what C(»nie 8 to the same thiiig, after having Hnl)l:i’acfc<jd tliw 
<pmntity divhW by m + A'^), the moment of inertia, from 

the value of given in No. 3i)4, wo shall huv(j 

fPd _ _ (,nm\Q _ A7 K'y' 

U? + P m («'■'+A''')* ■’ 

for the equation of the motion of any pendulum wlmtever in a 
resisting medium. In like manner, we shall have 

y sm 0 — — n'w** &c#, 

at « 


^ uWnnle ntjiululuin, ihc 
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length of which is b, b', b'', &c,, denoting constant coef¬ 
ficients. 

The initial velocity and positions of the two bodies being 
supposed to be the same, in order that their motions may be 
BO also, it will be sufficient and it is necessary to assume 


9 

I 


ffO _ Ay 


D^ = 




M (a“ + 


, &c. ; 


by means of which the value of I can be determined^ (which 
will be the same as in formula (c),) and likewise those of 
B, b', b'', &C.3 for the entire dui’ation of each oscillation. 

Thus, whatever be the form of a pendulum, and the law^ 
of the resistance of the medium in which it moves, it appears, j 
that there is always a simple pendulum, the motion of which is, 
the same as that of the given pendulum; likewise, that the 
resistance of the medium in which the simple pendulum should I 
move, ma^^Te^ce^from that of thriven medium, andj 
from die form of the compound pendulum; and, finally, that, 
the length of the simple pendulum depends altogether on this | 
and not at all on the resistance. 

However, it does not follow that the length of this pen¬ 
dulum, which is isochronous with the given pendulum, is the 
same in the medium and in a vacuo ; the loss of weight that 
the compound pendulum sustains in the medium, and which 
is not the same in a state of motion and repose, infiucnccs the 
length of the isochronous simple pendulum that vibrates in a 
vacuum, as has been already stated (No. 191). 

400. In order to determine the motion of the axle in the 
wheel, and of its two weights, suspended the one to the wheel 
and the other to the cylinder, the sum of the forces lost by 
all the points of the machine should be taken as in No. 391, 
then to this sum there should be added the moments of the 
forces lost in the same instant by these two weights; and the 
sum total of all these moments should be put equal to cipher. 
Now, if a chord be wrapped round the wheel, and attached 
vot, II, N 
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at one extremity to a point of its circumference, and if m Ije 
the mass of the body which is vertically suspended at the 
other extremity, likewise, if be the mass of the body which 
is vertically suspended to the extremity of a second cord 
wrapped round the cylinder and attached to its surface at its 
other extoemity, and if u and u' are distances of the centres of 
gravity of m and tnf from the horizontal plane passing througli 
the axis of the machine, at tlie end of the time tlie forces lost 


by these mnases during the instant dt^ will be m 




and their moments with respect to the axis of 


tho machine will be obtained by multiplying tho first by the 
radius of the wheel, which we shall denote by c, and the 
second by the radius of the cylinder, which wc shall denote 
by o'; now, since these forces tend to make the parts of the 
machine to turn in opposite directions, the moment of one 
of them must bo affected with the sign and that of the 
otlier with the sign —. For greater clearness, wo shall sn)K 
pose that the first force tends to imiko the machine to Lnni 
in the direction in wliich it actually turns, or, in other wu>r(ls, 
that it is the mass m which descends and the mass wliicli 
ascends j it foUows from this that the socoiul member of oepm- 
tion (3), will be increased by and Us first member by 

moreover, the integral wlucii contaius the 

second member will be cipher, since it inusl, extend to all die 
points of the machine, whose centre of gravity exists on llio 
axis of rotation; we shall, therefore, have 




d£^ 


dt' 


y (rnc — ni*c') ; 


for tho equation of tho motion of the machine and of the t\v<i 
mosses m and m\ 

During the entire continuance of this motion, the vc- 
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locity of m ia equal to cw the velocity of the point of the wheel 
where the cord commencea to detach itself from its circum¬ 
ference, the radius of wliich point is horizontal ; in the same 

t 

manner, the velocity of is equal and contrary to c'oi, 
uu 

the velocity of the point of the surface of the cylinder, whose 
radius is also horizontal and situated on the other side of the 
axis, hence we have constantly, 


du 


dt 


Zl C(jt)i 


du* 

dt 


= — c'w; 


by means of wliich, the preceding equation bccome8(/) 

(M/i®+ mc^+ m*c*^) (»2c — m*c '), , 

in which equation m denotes the mass of the machine, and 
its moment of inertia with respect to tlie axis of rotation. 
If, for greater simplicity, the initial velocities of the machine, 
and of the masses m and m* be supposed to be cipher, we shall 
have, at any instant whatever, 

_ {me — fn'c') qt 

from which it appears at once, that the motion of the machine 
is uniformly accelerated. 

The tensions of the cords to which the muBsca m and 
are attached, are measured by the forces lost by these masses ; 
therefore, if they be denoted by t oud i*', we shall have 


T = 



d^u\ 

d^r 



and, if the weights of these bodies, and of the machine, bo 
denoted by p, p', r, respectively, so that 

p = 7nffi p* = m'fjy V = Mfj, 

it follows from the preceding equations, that 
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, (pc-p'o^fc' 

^ vk^ ++ ]y&'^ ’ ^ V'J^ 4 - pc^ + p'c^ ’ 

. Sinco by supposition the weight p descends, pc is greater 
ithan/^V, consequently, the tension t is leas than this weight, 
{Which will ho its value in the state of equilibrium, and for 
jthc sumo reason, the tciisiou t' is greater than p\ 

preBSUTGB exerted on tlie axis of the machine by the 
centrifugal forces of its diffuront points, are evidently destroyed 
two by two, in consequence of the symmetrical arraugement 
of the parts of the inuchine about this axis. Therefore, the 
weight of the inaclnno and the tensions t and t' make 
lip tlic entire preasurc, whicli the axis sustains during the 
motion, so that if this vertical force bo denoted by n, we 
tiluill have 

Ti = p + T + 


and by substitutiJig for t and t' their values, there will result 


li = V 


+ P + P'- 


(pc^p'ey 
+ pc^ -j- * 


from which it appears, that this pressure is always less than 
ill the state of equilibrium, in which case it is equal to 

V + P+ 

401, If we make c == o', in these different forinuho, we 
Himll have the ease of the inuchine invented by Atwood, and 
tliuK by means of them all the circumstances of the motion of 
two unequal weights p and one of which ascends and the 
other dcacoiula, will be known. 

If, for example, h bo the height through which the weight 
dcacciuls in a given time, such as 0, the value of h will he 
obtained by integrating that of dii or of cuxU^ from i = 0 ti: 
^ = 0; which gives 

1 .^ h(P — P')(^W 


T« fM., nvnvftuLiAii Hin wpinrlitR p. f}, 7>\ Oiul olttO tllC riuUu 



OK A BODY ABOUT A FIXED AXIS. 


93 


of the wheel are given; the quantity can be calculated 
fiom knowing the form of the wheel; and the height h con be > 
measured; conBequently, if the time 0 is given by observation, 
this formula will make known the value of g. But, however 
carefuUy this experiment is made, it can never be susceptible 
of the same degree of precision as observations on the pendu¬ 
lum, for in this last, the duration of each oscillation is ob¬ 
tained, by dividing the time during which the pendulum 
oscillates, by the number of oscillations tliat it makes, and as 
this number is very great, the error to be apprehended, in the 
duration of one sole oscillation, must be much less than the in¬ 
evitable error which is committed in the measurement of the 
time 0, in the machine of Atwood. 

The mass of the thread to which the two weights p and p* j ^ 
are suspended, is not considered in the preceding expression, 
however it would be easy to take it into account, in the same 
manner as in the problem of No. 366 ; but then the law of 
the motion would be extremely complicated. The resistance ,, 
which the air opposes to the motions of the two weights p • 
and p' is also neglected; in order to diminish, as much as 
possible, this effect, and also that we may be enabled to 
measure the time 0 with greater facility, these motions are 
rendered very slow, hy diminishing the excess of one of these 
weights above the other. 

402. The pendulum has also been employed to determine 
the velocity of projectUes in gunnery. This machine is called 
the pendulum of Robins^ from the name of the enginoer who 
first invented it; it consists of a very considerable mass, that 
vibrates about a fixed horizontal axis firmly fixed. The ball, 
whose velocity is required to be known, penetrates into this 
mass without passing through it, and by this means causes the 
pendulum to vibrate; the magnitude of the arc which a de¬ 
terminate point of the total moss describes is then measured; 
from which its quantity of motion may be easily obtained, 
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uiul, cotmtjqueDtly, tlic velocity of the bullet at the iiiBtant it 
Htrikos the peiuUilum. 

In fuel., lot AKJJi*' (fig.7) bo a section of the pendulum made 
by !i piano jiawsing tiirough the centre of gravity, uiul perjicn- 
4 lien I ur to tbu fixed axis, a its centre of gravity, o tlie centre 
of nsrillui.ion, (Mo. HiKi), c the point where tluR section cuts 
tin* avis, hi> that, in the state of ociuilibrium, coo is a vortical 
lino. Lihewisoj lot Ji be the point where the proiluctiou of 
lids line mc'el.H tho inferior snrlixce of the ponduluiu, nn'the 
nve of lln^ cirele tluiL Is iloHcribed ]>y this point n, and of which 
(‘ is ihe centre, K fho centre of the circular aperture that the 
ball inaki'S at the .surface of the penduhnn, or, more generally, 
Ihe jn'<)jisaion of Linn p4>iut on tlic plane of the section akhi\ 
lioL denote Ihe mass 4>f th(‘ ball, v its velocity, at tho instant 
of ihe iinjiii(‘t,y the jicrpeiulleular let full from tlio point c on 
(be cHre<‘ihnk 4>f n prajeeted on the plane of AioiF, M tho mass of 
the pendulum mnl of the ball, a the distance of the centre of 
gravity of m from the fixed axis, -b its moment of 

inertiii with rcsi»ect to tliis axis, wo bIuiU have (No. 380) 




for the value of 11 that should be substituted in equation (a) of 
No, 3!) I, in wbicK we sliouhl likewise make a = 0, since tlie 
pmiilulum se(H out from ilnS position of ecpiilibrium. It will 
conlinue lo ileviaUs from ibis jiosiliou nutil tlie angular velo¬ 
city is cipber, eimsecjuently, if the angle non' he douote«l by 
we slmll liuve, liy this ecpiution (a), 




■ coh/'J) ; 


in wluuli {/ tlonot,i‘.s tl\u nu'iisuru of tho loroo of ft'mvity. If the 
coni of the arc im' ho ilcvjotoil hy b, and the riuUuH cii hy r, 
\v« nlmll hnvu(A) 

cos/j = 1 -yp. 
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By substitutiiig this viUue in the preceding equation, there 
results 

in this equation n denotes the ratio of m to fi, which will be 
always a very great given number. 

All the other quantities contained in this formula will be 
also known. The distance c can be immediately measured, 
the cord b is given by means of a riband attached to the 
point B, and passing through a ring firmly fixed in the ground, 
the part of this riband that is unrolled, and traverses the ring 
during the ascent of the pendulum, is evidently equal to b. 
If the direction is horizontal, the quantity yis the distance of 
the axis of the piece from the axis of rotation; if the direction 
deviates a little from horizontality, in which case, the line 
drawn from the point b to the mouth of the cannon is no 
longer horizontal, it is easy to compute with sufilcient accu¬ 
racy, the quantity which should be added or subtracted from 
the distance of the two axes, in order to obtain the value of 
y With respect to the quantities a and /i, they may be com¬ 
puted from Icnowlng the form of the pendulum and the den¬ 
sity of its parts; but their values may be determined likewise 
by experiment. 

If a cord attached to the inferior extremity of the pendu¬ 
lum be made to pass over a fixed bar, situated parallel to the 
axis of the pendulum, and at the same distance from the 
horizon, and if a weight m' attached to the other end of the 
cord raise the pendulum until its centre of gravity is on the 
same level ns the axis and the bar, tlien, a' being the given 
distance of the bar from the axis, we shall have 

a; o':: ; M, 

by means of which proportion, the value of a can be accurately 
determined. If the pendulum be made to perform very small 
oscillations, and if t denote the duration of one such oscillor- 
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tion^ and I tlie distance of the centre of oscillation from the 
axis of Buspensionj shall have (No. 396) 


Tn TT 



+ A® 


hence we can deduce 




TT^ ’ 


by means of which, when the value of a is known, that of k 
can be obtained. 

By Bubadtuting this value of cr* + k\ a simpler expression 
will be obtained for u, the velocity of tlio ball, than that 
already given, namely, 

. nnTah\ 

( »= ■—r;—- / 

^ vfc ' 

403, If die mouth of the cannon is not very far from the 
pendulum, the value of w given by this formula will dilTcr very 
little from the velocity of projection of the ball; and if the 
coefficient of the resistance of the air was supposed to be 
known, it would be easy to calculate by means of formula (6) 
of No. 212, the quantity by which tliis quantity v slioidd bo 
increased, in order to obtain the A'clocity of projection. But, 
the magnitude of this last velocity can be obtained iinmo- 
'dintely, by attaching the cannon firmly to the pendulum; the 
quantity of motion impressed on the pendulum, thus consti- 
tutetl, will be then equal to the mass of tlio hall multiplitul by 
the velocity whicli it Ims at tlic mouth of the cannon, the 
recoil of which will not, in consequence of the compressibility 
of the matter, sensibly commence before the projectile lias 
traversed the length of the piece; consequently, tlic value of 
w, furnished by formula (a), will bo that of the velocity of 
projection without any con'ection, and without the necussily 
of knowing the coefficient of the reaiatance(/). 

By firing the same cannon, loaded in the same manner, ut 
different given distances from the pendulum, so many values 
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of V will be obtained, tlie differences between which and that 
which results when the cannon malces a poi't of the pendulum, 
will enable us to verify the law of the resistance of the air, on 
which formula (5) of No, 212 is founded, and also to deter¬ 
mine the coefficient of this resistance- 

A great number of experiments were made in England, 
with Robin^s pendulum, in which the two methods pointed out 
above were employed. One of the most general consequences 
which has been deduced from them consists in this, that every 
thing else being the same, the squares of tbe velocities of pro¬ 
jection are very nearly os the weights of tlie charges, and this 
ratio is so much the more accui'ute, according os the length of 
the charge is less considerable relative to that of the can- 
non(m)i 


VOL. II. 
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CHAPTER IV. 


OF TUB MOTIOtT OP A. SOLID BODY ABOUT A FIXED POINT. 

I. PrclimiTiary Formuloi. 

404. Let us^ in tlic firat place, consider by itself, and inde¬ 
pendently of the forces winch produce it, the motion of rotation 
of a solid body of any figure whatever, about a fixed point 
which either appertains to this body, or is invariably attached 
to it. 

Lot o (fig. 3) be this point; oa:, 02 ^, os, three Jixml rect¬ 
angular axes arbitrarily selected; oaJi, oyi, osj three other 
rectangular axes, fixed in the body, and moveMe with it about 
the point o. In the sequel, we shall suppose that those hist 
lines are the principal axes of the body; but for the present, 
we shall consider their directions as qntholy arbitrary. Like¬ 
wise, let *5 y, z he the coordinates of m any point whatever of 
the body referred to the first axes, and W\,yiiZi its coordi¬ 
nates referred to tlie axes oa?!, oyi, ozi. If the notations of 
No. 377 he retained, we shall have 

a; = Ml + 6?/i + c^i, 
y = a% + b'yi + 
z = a"®, + 

and die nine coefficients a, &c., will be connected together 
by equations (2), or by equations (4), of this number. 

lUfl evident that these quantities a, i, &e., arc the same, at 
eadi instant, for all the points of the hody(«) ; hut they vary 
during the motion, so that they must be considored as func¬ 
tions o f the time* On the contiTiry, the coordinates ft)|, j/i, 
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vaiy from ono point to another of the body; but remain con¬ 
stantly the same for the same point, and do not vary with tlic 
time. Therefore, if the time be denoted by ^ wo shall obtain, 
by differentiating with respect to this variable, 


dx 

da 


db 


dc 

de 

II 

+ yi 


dt’ 

dy 

da' 

+ yi 

db' 

+ Zl 

dc' 

dt 

-""'dt 

dt 

dt’ 

dz 

da" 


db" 

+ 3 

dd' 

dt 

= ^'dr 

+ 2/1 

'dt 

' dt 


These values of will express, at any instant what- 

at at at 


ever, the components of the velocity of the point m resolved 
parallel to the axes o®, oy, ow. If, therefore, it was required 
to Icnow those points of the body whose velocity vanishes at 
this instant, tliey will be determined by equalling these quan¬ 
tities to cipher, from whicli tliere results 


x^da + y^db 4 - ^idc = 0 , 
Xyda* + y\db* + Z[d(f z= 0, 
Xyda!^ + y\d¥ + Zidd^ = 0 , 


(1) 


Now, by adding tliese equations together, after having 
multiplied them by c, c\ c", respectively, then making, in or¬ 
der to abridge, 

cdb + c'd&' + zz pdt^ eda 4- c*da^ + zi — qdt^ 

and observing that the equation 1, gives 

ede 4 c*dcf 4 - = 0, there results 


py\ — q^\ = 0. 

If the same equations (1) be added, after being multiplied by 
ft, ft', ft", we obtain 

rxv--pzizz 0 „ 

by maldng, in order to abridge, 
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bda + + V^da!^ =: rdt, 

and observing that the equation + 6'* -f" “ 1| gives 

hdb + 6W + = 0; 

and tliatj in conHequence of the equation ftc + = 0 

of No. 377, we have also 

bile + Vdc* + = — cdb — ddl/ — = — pdt* 

Finally, if equations (1) arc multiplied by a, aS al\ re¬ 
spectively, and then added together, there will result 

q^i - ryv = 0 ; 

for since + a'® + =: 1, ada + aUla* + = 0 ; and, 

moreover, from equations 

ha + l/af + = 0, and ca + cV + c"a'^ =: 0, 

of the number cited above, there results 

adh + a'di' + ^ bda ^ hUla! - =: nU, 

ado + a!dd + zz — eda — dda' — d^da'' =: qdl. 

In this manner, in place of equations (1), we shall have 

pj/y - qxy = 0 , rasy — pzy = 0 , qzy - rj/y =: 0 . ( 2 ) 

ICach of these equations results from the two others; and they 
appertain to a right line passing tlirough o, the origin of the 
coordinates. follows therefore from this analysis, that all 
the points of the body, whoso velocity is cipher at any instant 
wlmtover, exist on a light line, 2 ’iissii)g tlirough tlie centre of 
rotation^ This line may be considered os immoveable during 
an infinitely short space of time, therefore, during this instant, 
the body turns about this line us about a fixed axis $ and the 
motion of rotation of a solid body about a fixed jioiut, may bo 
represented, as having place at each instant about on axis 
which remains immoveable during un infinitely short inter¬ 
val of time. In general, the position of this axis changes 
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from one instant to another, during the motion 5 and, for tliis 
reason, it is termed the instantaneo'iis axis of rotation, 

405. Let us suppose that the line 101 ^ is this axis at the 
end of the time t) equations ( 2 ) will be those of its projections 
on the three planes of the coordinates roj, ^ 1 , Zi^ hence it is 
easy to infer (i) 


cos 10 x 1 = 


coslO^i = 


P 


g 


COS 10^1 = 


y/p^+q'^+r^ 


(3 


When, therefore, the three quantities < 7 , r, are known, 
the position of tlie instantaneous axis with respect to the 
moveable axes oa^i, 0 ^ 1 , ozi, can bo assigned, and when IJ 10 
sign of the r^ical is a^o given, 01 , the part of tliis line to 
which these formulae appertain, will be completely deter¬ 
mined ; henceforth, we shall always consider this radical to be 
positive. 

Whenever the quantities p, y, ?•, are constant, the axis of 
rotation will continue fixed in the body, that is to say, it will 
constantly traverse it in the some points. l)ow, as the points 
of the body, whose velocity is cipher at each instant, are|/i- 
always the same, they will remain immoveable during tlio J 
entire continuance of the motion, consequently, in tliis case, 1 
the axis of rotation will bo also a right line fixed in space. ^ 

It follows from equations ( 2 ) of No. 9, and the notations 
adopted in No. 37T, that 

cos lo/r = a cos lo^i + b cos loj/i + c cos ioZ|^ 

COB loy = a! cos lOiCj + V cos loyi + c' cos io^Ti, 
cosi02f = a"co 8 ioa;i+ J"cos loyi 


tlicrcforc, in virtue of equations (3), wc slmll have 
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COS loa = 

cos loy = 

cos 103 = 


ap 4-^(7 + or 
a'p + ^>'n + 

a"p + l)" q+c"r ^ 
V' jP + <7“ + 


C'l) 


by meiins of wliicli, the instimtancoiis axis of rotation can bn 
dct,cnriiiiccl, mbitivoly to thc./2a’erf axes ox, oy, os. It appears 
from those equations, that when p,q,r, are constiuit quantities, 
r iho numerators of those formula) are iiulopcndcnt of f, wliieh 
will, in fact, he verified in the aequel(c). 

40G. Since at each instant the motion takes place about 
the lino 101 ' as about a fixed axis, it follows, that during an 
infinitely short time, all the points of the body have the same 
angular velocity about this axis (No. .384). In order to deb-r- 
mine its value, let us consider the point of the axis 03 ,, wliose 
distance from the point o is equal to unity, we shall have 
irclativoly to this point »!=: 0, i/i =3 0, 3i = 1, consc(pieutly, 
Uts absolute velocity will ho 

a/d®" , fV + do'-* H- (hf‘' 


, 1 ^/// 
l\}i is ovulout tlic VllluOH 


frivdn al)(jvo, siml 


beciiusc - 0, 2/1 = 0, 3, = 1; now as the distimee of this point 
from the axis of rotation is 


sin loa. 


/1 — cos'* 103^ 


- V' jjj* + £ [. 


if tlio absolute velocity be divided by this distance, we sball 


obtiuu 


\/{f'+(f)(lt 


for the expression of the angular velocity. Hut since 
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— pdt =: hdc + &'dc'+ qdt = adc + afdc^ + a!^dc^> 

WG can obtain, in consequence of the equations of No. 377(rf) 

(/>’*+ 5®)do* + dc^ + dd^^ {cdjc + ddd + d*dd^\ 

which expression is reduced to d(? + dc^ + dd^^ because cdc 
+ ddd + 0. Therefore, if the angular velocity at 

tlic end of the time t be denoted by w, wo shall have, by con¬ 
sidering it as a positive quantity, 

w = + r\ 

Hence it appears, that this velocity will be constant, when¬ 
ever the position of the axis of rotation is invariable; but the 
converse of this proposition is not equally true; and it is pos¬ 
sible that the instantaneous axis may change its position, 
without the value of the angular velocity undergoing any 
change, or, in other words, it is possible that the quantities 
p, Qy r, may be variable, at the same time that the value of to 
remains constant. 

407. p^q^Vy termed the rectangular components of w 
the velocity of rotation about the axes oa;^, oy^yOZy] and each 
of these three quantities is the angular velocity of the body ' 
about the corresponding axis. 

Now, equations (3) con be rephiced by 

pzz to COB 10.^1, y = (ij cos loyi, r =z w cos lozy; 

and equations (4) may be written in the following form, 

to cos loaj zr ap ^ dq cr, 
to COB loy =: a'p + &'(? + dr, 

0 ) COS loz =: a'^p + b^q 4- c^r; 

henc^jtjappears, that the decomposition of the velocities of 
rotation are subject to tlie same laws os that of velocities of . 
ti-onBlation, the directions of these lost being replac^ by the /it 
directions of the axes of rotation. 
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As the resultant cj is a positive quantity, when a determi¬ 
nate part of the line loi', such os oi, is taken for the axis to 
which it is referred, the components y, r, whose axes are 
oj?i, oyi, 02 ?!, will be positive or negative, according oa these 
lines make acute or obtuse angles with the axis oi; and, 
[generally, the components of w referred to the two pai’ts of the 
same line, or of which the axes will bo the production, the one 
of the other, should be regarded as equal, but aifected with 
opposite signs. 

408. The three quantities j?, y, ?■, not only enable us to do- 
tenniue the angular velocity of the body, and the position of 
its axis of rotation with respect to the moveable axes oaji, oyj, 
j, 05^13 but we can also express injerj ns of these quantities, the 
I velocities and accelerating forces of its different points, de¬ 
composed in the directions of these tluee axes ; this will enable 
us to find in the most direct manner, the equations of its 
[motion of rotation, as we shall see very soon. 

In fiict, die components of the velocity of die point m, 

respect to the fixed axes o®, oy, it 

follows that the components of the same velocity with respect 
to the axes o®i, oj/i, ozi , will be 


(kb* , 


o' 


1 +“' 


ds 




dz 

Tt^ 




t 


V, dt dt^ dt' 


OB is evident from tlie notations of No. 377, and because the 
composi tion o f vdociriffl is subject to the same laws as that of 

fo rces . Now, if the values of of No. 404, bo sub¬ 


stituted in these expressions, and if the reductions already in¬ 
dicated in this number, be performed, we shall fiiul(c) 
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dw ,dy 


,'dz 


, rfic , ,, dy , , „ dz 


consequently, the three quantities qz^ — ra?i — J»«i7 
Py\ which are cipher for aU points of the body that' 

are situated on the instantaneous axis of rotation, eacpress for 
any other point m, the components of its velocity, parallel toj 
the lines o^i, o^/u ozi. 

From these last equations we deduce, in consequence of 
those of No. 377(/), 

dx 

•^ = a (gzi ^ryi)+b {rx^ - pz{) + c (p^i - gxi), 
dy 

af^qzi^ ryi) + l/^rxi-pzi) + (/{pyi—gxi), 

dz ' 

•^ = a" (gzi - j-yi) + 6" (rx^ - pz^ + c" (py^ - qx^; 

and by differentiating with respect to t, there results ' * 
d^x 

^ = a (zidq — yidr) + b {x^di- — z^dp) + c {y^dp — Xydq) 
+ (( 7^1 ~ ryi) da (r®, - pz^ db + (pyi—qxi) dc, 
cP?/ 

^ = a'(zidq — yidr) + l/^Xidr — z^dp) + c^(pidp — x^dq) 

+ {qzi—ry^da!-\-{rxi—pz^db' + (p%ji—qx^dzi‘, 

^=a" {Z)dq — y^dr) + V {x^dr—z^dp) + c" (p^dp — Xydq') 
+ (?ai -ryi)da"+(>-a:i—p 2 i)dZi"+ (py^—qai{)dd\ - 


c^x dp?/ d^z 

The quantitiesare the components of the 

accelerating force of the point M, resolved parallel to the fixed 
VOL, ii. p 
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iixes oic, 0^5 oa;; therefore, if pi, ji, ri, be the conaponeiitB of 
the same force paxallel to the axes ojti , oyi, ozi , we shall have 


<Px *,<Pz 


de 




d®a j,(Py 

«' = *» + '■ 5? + *^'®’ 

d*ai j. // 

r, = c-^ + c'^+c"^. 






Now, if the preceding values of 


be substi¬ 


tuted in these values of pi, Ji, ?‘i, and if reductions similar to 
those of No. 404 he made, we sliall fincl(( 7 ) 


' pydt = z^dq—yidr + (jpyi - qx^qdt + rx^rdt, 

, q^dt = xxdr— z^dp + (g-s, - nj^ rdt + (j— py^pdt, 

I 

r^dt = Uxdp — + (ra?i -pzi)pdt + (;yi — 5 ^ 2 ,) qdt ; 


and dividing by dt, the values ofpi, yi, ri, expressed by means 
of the variables p, g, r, and of their differentials, will be ob¬ 
tained. 

409. With respect to the quantities of motion, with which 
all the points of the body are actuated at any instant what¬ 
ever, their moment relative to each of the three axes 0 . 3 : 1 , oy ^, 
o^i, may, according to the definition of No. 273, also be ex¬ 
pressed by means of the quantities p, r. 

In order to shew this, let dm he the differential elemcnL of 
the mass of the body at the point m, whose coordinates are 

2^13^15 the components of its quantity of motion parallel 
to the axes oa?!, oyi, o^^i, will be the products of the velocities 
qzi — ryi , rxy — , ppi — qxi^ multiplied by dm ; thoreforo, 
if the moments wi th respect to the axes Q^i, o?/n o x\ , of the 
quantities of mo^Q_n_o f all the points of the body, be denoted 
by L, M, N, we shall have, by what has been established in 
No. 274, 
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L =z l[{rxi^pzi)xi - {qzi - ryi)y{] dm, 

M =: S {{qz^ — ry^ — [py^ — dm, 

N = s [0^1- q^\)y\ — [rxi—pz^ z{\ dm ; 

in which expreBsionSj the integrals are supposed to extend to 
the entire mass of the body. These values will be very much 
simplified, if oxi, oyi, oz^, be the three principal axes of the 
body which intersect in the point o ; for then the three irV’^ 
tegrals 5a?lyl^^7W, 5^1^:1^772, will be cipher; and if the 

three momenta of inertia with respect to these principal axes 
be denoted by a, d, c, so that 

A, 

S(i:i®+a?i®)d7n = B, 

+ Vi^) dm =: c, 

we shall have simply 

cr, M = ny, N =: Ajp; 

therefore, the^jg^uantitijM ^7^ r, wjll ^ve constant^ the ! 
same s igns as l, m, n ; consequently, their signs will depend ! 
on the direction in which the body turns about eacli of the [ 
thi'ee principal axes; for example, according as the body ( 
turns parallel to the plane of Xioyi , from oaj towards oy, or in 
the opposite direction, the moment l (No. 274), and, conse¬ 
quently, the velocity r, will be positive or negative quantities, 
and, convereely, the sign of r will make Imown at each instant, 
the direction of rotation about ozy. 

It appears from the theorems of No. 281, that if the prin¬ 
cipal moment of the quantities of motion which have been 
considered be denoted by g, we shall have 

CJ = y' ; 

(this radical being assumed to be a positive quantity); if the 
right line 0772 (fig. 8) be the axis of this motion, its direction 
with respect to the moveable axes oxy, oyy, o%i, will be de¬ 
termined by the formulae 
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AO cr 

coswioaji = —, cosoio^i = —, coboiozi = —’5 V.^) 


and its direction with respect to the fixed axes oflJj oy, ozj 
will be determined by means of the following equations : 


GcosTOoa; = i^pa + ngS + crc, 
GCOBWOy = Apa' + 3qh* + crc', 
GcoBWioz Apa'' + ngi" + crc"; 


( 6 ) 


lit ifl evident that the second members of these equations are 
1 the momenta of the quantities of motion of the body with re- 
^ spect to the fixed axes oo;, oy, oz. 

410. The position of this body at each instant, with re¬ 
spect to the fixed axes, depends on the three angles <p of 
No. 378; for by means of thejfi^angle^, the thijs^e -Pf 

t he bo dy whiA hay^ for moveable planes of 

I he coordinates fl?n Pi j gu determined in position with re- 

s pect tqj ^^e fixed^plMes; and it is even sufficient to know 
the position of two sections, which ar e not pargd lel, of a solid 
body, in order that the positions of all the points of this body 
may be entirely known. Moreover, when the angles »//, 0 , tp 
are known, the coefficients a, 6, &c., will be known oIbo, and 
consequently, a;, y, z, the coordinates of any point whatever of 
the body, will be completely determined. The problem of the 
motion of rotation about a fixed point will, therefore, even¬ 
tually resolve itself into the determination of the values of 
fl, ^ in function s of t he time. 

Now, when the values of p, y, r are known, those of these 
three angles depend on three equations of the first order, which 
will be obtained by substituting the values of a, 6, &c. (No- 
378), and those of their diffeimitialB, in functions of 0, 
in the values of pdt^ qdty rdt^ namely, 


pdt = — bde — b*d(f — 
qdt “ ojdc 4- a'flfc' 4- cf"dc'^ 
rdt = bda 4- Vda! 4- 
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As the values of c, c', c" do not contain the angle 0, it' 
follows that those oipdt and qdt will not contain ^differen¬ 
tial ; and as the values of 6, h\ 6" may he deduced from those 
of a, a\ a!\ by increasing 0 by a right angle, the value of ) 
— pdt may likewise be deduced from that of qdL The co- } 
eflScient of dtjt will be equal to unity in the value of rdt ; for j 
by the fonnulm of No. 378, we have(A) 


da 

d(p 



da!‘ 

d(l> 




from which there results 


b^+i'^ + V'^=b‘‘ + b'^ + b'>^=:l, 


for the value of this coefficient. After all reductions, we 
obtain, by substituting the values of a, i, &c., in those of 
pdty qdtf rdt(i)3 



pdt = sin^sinddi/f ~ cos^dd, 
qdt =: coa^ BinOdxp sin^dd, 
rdt = — cosflrfi/f. 


( 7 ) 


It is remarkable, that the angle yjj d oes not occur in these for-| 
mulss; and, in fact, as the angle xp, or noj?, is reckoned fromi 
the axis 0 £b, which is entirely arbitral, the value s of y, ^ r| 
sljould not undergo any change, when thi s 
or diminish edJby .a constantjjimnl^. 


Since r is the angular velocity of the body about the axis 
ozi , it follows that rdt must be the angle described in the 
plane of the axes of os^ , during the instant dt^ by each of 
the axes oo^i and opi ; this angle would be if the line on , 
from which the angle 0 is reckoned in this same plane, was 
immoveable; but in the instant dt^ the angle NOir is increased 
by dxpy the projection of which on the plane of the axes of Xi 
and yi is co^Odxp^ and it is easy to perceive, that, according as 
the angle 0 is acute or obtuse, the differential dtp should be 
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Lncreased or diminished by this projection, in order to liiivo tlie 
displacement of oxi or oyi, with respect to a fixed lino, in the 
plane of these axes. Consequently, we shall have in all oases 
rdj? =: d<^ —jeos as has been obtained above. 

411. There exists between the cosines a, b, &c., and the 
quantities p, y, r, relations which will be useful on several oc¬ 
casions to know; they are expressed by the following differen¬ 
tial equations; 


dc = (aq—bp)dt^ d&z=. {a!q^Vp)dt^ dc" = {al^q^¥p)dt^ 
di=:(cp—ar)ctt, dibl'zz{dp^a*r)dt^ {d^p^d^ryit^ ■ 

da= (5r—cg)d^, dd' = (6V—dflE''= . 


( 8 ) 


If after having multiplied the equations 

adc + ddd + d^dd' = qdt^ 
bde + Vdd + V^dd^ = — pd^, 
ede + ddd + c"dc" = 0, 

either by a, 6, c, or by d^ y, o', or by a", 6", d\ respectively, 
they be added together, there will result, by talcing into ac¬ 
count what has been established in No. 377(/i), the three first 
of equations (8). The three next will be obtained, by ope¬ 
rating in a similar manner on equations 

edb + d^ + d^dd^-pdt, 
adb + ddb* + a'W' = — rdt^ 
bdb + ddd + y W = 0 ; 
and by operating in the same manner on equations 
Jdd + ddd + d*da^^ = rdt^ 
eda + ddd + d'dd' = — qdt^ 
ada + dda' + ddd^ = 0, 

we shall obtain the three last of equations (8). 

The following equations also obtam, namely, 
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/i f’ 

I pda + qdb + rdc = 0, ^ £t /j/ 

pda^ + qdb^ + rd& = 0, ' 

pda!* + qdb!* + Tdd* = 0; ! 

these can be immediately deduced &om equations (8), and 
they enable us to verify the invariability of the numerators of 
formulse (4), whenp, y, r are constant quantities (/). 

' I 

i ^ iltt t i t ' ', ‘ ^ 

II. Equations of the Motiw of Rotation about a fixed PoinU 

412. The preceding preliminary formulae being established, 
let us now suppose tliat any given motive forces act on all the 
points of the moveable, and taldng these forces into account, 
let us investigate the differential equations of its motion about 
the fixed point o. 

Let Xidwi, yif&is z^dm^ be the three components parallel 
to the principal axes oxi^ oy, ozi of the motive force of the 
element dm, at the end of t any time whatever. If this mate¬ 
rial point was free, these forces would impress on it in the 
instant dt, in their respective directions, the velocities xfitf 
Yxdt, ZidL The increments of velocity wliich it actually re¬ 
ceives in these directions, are the quantities Pidt, q\dt, r]dt, of 
No. 408; consequently, the compon ents of the force lostbj 
the element dm, during the instant dt, arc 

(xi—|?i)dlOT, (Yi - q^dm, (zi — 

The body will therefore be in equilibrio (No. 350), on the 
supposition that all its elements are solicited by similar forces. 
Now, the number of equations of equilibrium of a solid body,* 
about a Jixed point, is three (No. 266), which, relatively to 
these forces, wiU be 

S [(yi - (xi -y i)yi] dm = 0, 

S — (Zi—^i>i] dm = 0, 
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ia which the integrals are supposed to extend to the entire 
body. 

The consideration of principal axes simplifies the terms 
which result from the substitution of the values of pu ji, Ti, 
under the signs For, as in this case, the integrals 
IxiZidmj ^piZidm are cipher, if the three principal momenta of 
inertia be denoted by a, n, c, they represent the some integrals 
as in No. 409, and we have, consequently, 

A, 

— Xy^)dm =: A — c, 

so that the thi*ee preceding equations will become (w) 


edr 4 * (n—A)pgd^ = nrfjf, 
Bcfgf4- (A*-c)7pd^ = Qdtj 
Adp+ (c—= -pdtf 

In which, in order to abridge, we make 




=: R, 

SC^l^l— X\%^d71fl “ Q, 

S(yiZi-3fiTi)djw =:p. 

413- As Xi, Ti, Zi, are the components of the given forces 
acting in the direction of the moveable axes oaii, opi, ozi, 
their values will depend on the direction of these lines in 
space, or on the three angles t//, 0 , ^; hence the quantities 
p, Q, R will be functions of 0 , tp, wHch will be given in 
each particulaj c^e ; cpnsequentlyj the problem of the motion 
of rotation of a solid body about a fixed point, leads to six 
I differential equations of the first order, between the six un~ 

variable namely, 

the three equations (a), joined to the three equations ( 7 ) of 
^No. 410. If, in the first equations, namely (a), the threo 
I unknown quantities p, 5 , r be eliminated by means of equ^ 
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tioDB (7)j d^erentiol eqyt^tipns of thejecpnd,^py,dpr^ 
tiye to Tjt, flj will be obtained, which are the unknown 
quantities that are ajct ually required to be determined; but it 
18 more convenient in practice to retain the six equations of 
the first order. 

The only case which we propose to consider will be that 
in which gravity is the sole force that acts on the points of the 
body. If in this case, the axis be assumed to be vertical, 
and drawn in the direction of this constant force, which, as 
before, we shall denote by g\ its three components in the di¬ 
rection of the axes oosn oyi, ozi^ will be 

Xi = gd\ Yi = gy\ z, = 


because that by No. 377, 

a" = cos-joaji, 6" = cosifoyi, c" = coa;2:o2:i; 

and if the mass of the body be denoted by m, and the three 
constant coordinates of its centre of gravity, with respect to 
these moveable axes, by a, J3, y, so that we may have 

^Xidm =: Ma, ^Vidm = mJ 3 , ^z^dm = My; 


there will result (n) 

n = j3a")My, , 

Q = (yfl'' — ac")My, 

p = (/3c" — y&'O My. 

Equations (a) will therefore become 
cdr + (d—A) j»( 7 di =: 

Bd(7+ (a— c)r^d^ =: (yfls"—ac")M^d^, ^ (b) 

Kdp + (c—=: (^c"-yZ/^ Mgr*, 

to which must be joined equations (7), and tlie following (No. 
378) 

a" = — Bin0ain0, =: — sinflcos^, c" = cosfl. (o) 
414, Equations (b) can be easily integrated, when their 
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second members ai’e cipher; this is the case, force of 

gra^ty is not taken into account, or^ which comes to the 
same thing, when the fixed point o is the centre of .?f 

the body, in which case a=0, j3 = 0, y=0. 

Equations (b) ore then reduced to 


I cdr + (b—= 0, V 

I Bdg + (a—=: 0 , ’ 

\ Adp + (c— b) qrdt =: 0. 


(<i) 


Now, if these be multiplied by r, y, p respectively, mid then 
added together, there results 


crdr + ^qdq + Apdp iz 0, 
and, by integrating, we obtain 

cr® + + Ap® =: A, ’ (o) 

h being an arbitrary constant. If after having multiplied the 
same equations by cr, Bgr, kp respectively, they ho added 
together, there results 


cVdr + B^qdq + i^dp = 0; 

from which we obtain, by integrating, 

cV’^ + bY + aV = A“; (f) 

A* being a second arbitrary constant, which must he positive, 
as well as the preceding. 

From equations (e) and (f) we con deduce 

3 ^ BA + (B--c)cr^ j -1^ (a— c) 

(a—b)a ’ ^ “ (b — a)b * 

By substituting these values ofp and j in the first equation (d), 
there results, by resolving it with respect to dt^ 

___ ± /ab cdr 

[A"*—BA-f(B-c)cr*]» X [aA—A“+ (^A)cr“]*' 

In this expression we shall consider the denominator as always 
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positive, consequently, the numerator must be affected with, 
the sign + or —, according as the differential dr is positive or; ^ 
negative^ in order that os the time always goes on increasing,! 
its differential may be always positive. 

By integrating this formula (g), the value of ^ will be ob- 
tiuned in a function of r, and, conversely, the value of r in a 
function of therefore, the values of the three quantities 
p, g, r, may be assumed to be known in functions of this vari¬ 
able, or at least they will depend on only one integral, which 
may be always reduced to a case of elliptic functions. 

When two of the three moments of inertia a, B, c, are' j ^ 
equal, or when the constant is equal to one of the three quan -1 
titles aA, nA, cA, this integal may be obtained in a finite forin,J 
without the aid of these functions(o). 

416. If the form of equations (d) be attentively considered, 
other equations, immediately integrable, may be deduced from 
them, by the aid of formulce (8) of No. 411. 

In fiict, if equations (d) be multipliedjy^^^o^ respectively, 
and then added together, there results 

\cdr + {aq — hp) rdt\ c + [Arfg + {cp — ar) qdt\ u 
+ \adp + (hr — cq)pdt\ a = 0, 

or, in consequence of the three first formulra (8 )(/j), 
cd.cr + Bd.ig + kd,ap = 0. 

We shall find in like manner, 


■ (h) 


cd.cV + Bd.A'g + kd.ofp = 0, 
cd,&^r 4 - Bd.¥q + kd.a^^p = 0 - 

Therefore, by integrating, we shall obtain 
crc + BgA + kpa = /, 
crd + Bgy + kpa! = Z', 

Z, Vy V\ being throe arbitrary constants. 
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TtTiese threo integrals are not independent of eacli otherj 
for if their squares be added together, we shall obtain> con¬ 
sequence of the equations of No, 377 (y )5 

cV* + + aV = Z" + \ 

from a comparison of this result with equation (f)» follows 
that there exists between the constants ft, Z, V^ Z", the relation 
p + p + k\ 

If in these equations (h), there be substituted in place of 
a, by &c., their values in functions of i//, 0, 0 , (No. 378 ), there 
will be obtained three equations between the six variables 
1 ^, 0, p, g, r, and the arbitrary constants /, Z', which 
must be the integrals of equations (7) of (No- 410); and 
this is, in fact, whatjnay easily veiified. As these three 
int egrals are only eq uivalent to two equations really^ distinct, 
it follows that th^e must be a th^ integrd of equations (7) ; 
ibnt previously to investigating it, it is necessary to examine 
I what equations (h) signify. 

416. Agreeably to what lias been observed in No. 409, 
they indicate that the quantities of motion of all the points of 
the body, with respect to the fixed axes om, ozy are con¬ 
stant and equal to Z, T, during the continuance of the mo¬ 
tion. If they he compared to formulae ( 6 ) of this number, 
and if it be observed that in virtue of equation (f), tlie prin¬ 
cipal moment a is equal to the constant ft regarded as positive, 
we shall have 

Z P V* 

cos moaj = cos wioy = cos moz = ^, 

by means of whimh, the direction of otm the axis of this mo- 
mentjjvhich w ^d also the plane per- 

pendicular t o tj^Jine, can be^etg;^^ The position of 
the axis om with respect to the moveable axes oaji, opi, oZi , 
changes every instant, hut it can be found at each instant, by 
means of formulsa (5) of 409, in which the quantities p, 7 , r, 
may be supposed to be know n. Therefore, we can assign at 
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any instant whatever, the point where this line meets the snr-^ 
fece of the body, and the line in which the moveable plane^ 
perpendicular to this axis intersects the surface. 

Hence, when a solid body turns about a fixed point, in^ 
virtue of one or more primitive impulsions, if no motive forcefl 
acts on its several points, there exists a plane passing through’ 
theJixed ^ppint, winch remains invariable during the motion,* 
and its position can be determined at each instant, with' 
respect to the moveable planes of the principal axes of th^' 
body. 

We will have occasion, in the sequel, to generalize tbig 
theorem; at present, we shall employ it in determining the 
third integral of equations (7). 

417- As the axis om is immoveable, it may be taken for| 
the fixed axis oz^ the direction of which is arbiti'ary; we shall ^ 
then have 

cosmoxi =: cosafOiBi = a", 
cos mopi = COB zoyi = i", 

COB mozi = cos zozi = c". 


Because g = ft, there wiU result in consequence of the 
formulflB of 409, 


a 


It 





hence, equations (c) will become 

Bin t7 Bin ^ sin 0cos^ cosfl (i) 

by virtue of equation (f), they will agree together, and will ,) 
enable us t o^ de termine the angles ^ and 0, in functions of the 
time, by means of the values of p, y, r, 

Now, if between the two first equations (7) of (No. 410), 
be eliminated, we shall obtain 

sin^ Odxjj = sin B sin tj>pdt -f sin 0 cos ^qdty 

hence there results, in virtue of the preceding equationB(r) 
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therefore, in consequence of equation (e), we shall have, 

A — cr“ 


(k) 


and by substituting formula (g) for dt, there will result n value of 
the integration of which is also reducible to elliptic func¬ 
tions, and which can be pbtmned in a finite form in the 
same cases as the integral of (U» In this manner, thorefore, 
the value of the tl urd a ngle jy!?^^11 be known in a function of 
r, and, consequently, in a function of t. As the quantities 
h — cr®, and A® — cV, are positive, in virtue of equations (c) 
and (f), and ^ A js ako a^poaitive quantity, it follows that 


^ the angular v elocity ^ will be always ui^tive and that the 


motion of the line on will always talce place in the same di- 
lection* Because the angle x(/ is measured in the direction 
indicated by the sagitta # (l5^o. 3T8), this motion will be per¬ 
formed in the contrary direction, that is to say, from the axis 
loar towards the axis oy 5 hence then it appears, that its con- 
\atant direction depends on that of the axis oy, which wo shall 
jdetermlne immediately. 

418. The values of the six variables p, gr, r, 0, 0, ro- 
sulting from our analysis, will be functions of the time, which 
will contain, besides, four arbitrary constants, namely h and 
A, aud the two constants introduced by the integration of 
formulss and (k) . The complete integrals of equations 
(7) and (d), on which these values depend, ought to contain 
six arbitrary constants 5 but the selection which wo linvc 
{made, of om the axis of the principal moment, for one of the 
I axes of the coordinates y, has caused two of these cori« 
atants to (fisappear; for as om coincides with oz, the angles 
mox and wioy are right, and it follows from the fonnuhe of 
No. 416, that in this case f = 0 and =: 0 . Therefore, in 



ABOUT A FIXED POINT. 


119 


order to effect the complete Bolution of the problem, it is only 
necessary to determine, by means of the inituil data of the 
motion, the^our remaining' constants, and the parts of the 
lines passing through o, to which, during the continuance of 
the motion, the variable angles refer. 

For this purpose, let the moveable whose rotatory motion 
is considered, be supposed to consist, as in No. 386, of two 
bodies, one of which is at rest, and retained by the £xed point 
o, and the other, being supposed to be actuated by a given 
velocity, impinges on the first, and remains attach^ to it after 
the impact. Let fx be the mass of the striking body, v the ve¬ 
locity common to all its points before the impact, fe (fig. 8) the 
initial direction of its centre of gravity, hbf a section of the 
moveable made by the plane passing through the line fe and the 
point 0, and y* the length of ol, a perpendicular let fall from 
this point on this line. The percussion which produces the 
motion of rotation, acts in the direction of fe, and is equal to 
fiv. By the principle of No. 363, if the quantities of motion 
of all the points of the moveable, which have place imme¬ 
diately after the impact, be taken in a direction opposite to that 
in which the bodies actually move, there should be an equili¬ 
brium between these finite quantities of motion, and the force 
fxv estimated in its proper direction; now, in order that this 
equilibrium may obtain, it is necessary (No. 282) that 
moment of this forcej should be equal to the principal monmnt 
of these quantities of motion, and that the yegg of these two 
moments should be the mutual production of one another. 
Since this principal moment, which has been denoted by g, is 
always equal to A (No. 416), it is immediately evident that the 
value of this positive quantity A is equaHo 

Moreover, if through the point o, there be drawn the axis 
of the moment fiv/, perpendi^culor to ehk the given flection of 
the moveable, this line will be likewise the axis of the prin¬ 
cipal moment, which has been assumetl to be the axis oz ; the 
directions oari, oy i, ozi , of the three principal axes of the move- 
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able, will^b^aJikewiae given at tlw ^commencement of the mo¬ 
tion, hence the angles which these lines make with 02 ? will be*, 
known; and, by the preceding number, we shall have 

Acos^oa:! Acos^rovi ico^zozx 

P=—Z— «=—5-^> ’■=—r-^> ® 

for the initial values of p, r. By substituting them in equa^ 
tion (e), we shaU have the value of the constant A. We are 
at liberty to take for the lines oaii, opi, o^i, such portions of 
the principal axes of the moveable that intersect in the point 
0 , as we please; hut after having once selected them, and 
fixed the points of the surface of the moveable where these por¬ 
tions tenninate, they should not afterwards be changed during 
the motion. 

The direction of the percussion made on the moveable, 
estimate along,the. line will determine that of the rotation 

about each of the axes oa:i, oyi, ozi, at the commencement of 
the motion, and, consequently, the signs of the initial values of 
p, 5 , r ( No, 409 ). We shall therefore likewise know, by 
means of the preceding equations, whether the angles 2 ioa;i, 
zoyifZOZi are acute or obtuse; and it will be sufficient to 
have regard to one of these angles, whether greater or less 
than 90 ®, in order to know the part of the perpendicular to 
the plane of the section hex, which should be talceu for the 
axis 02 ; or otw, and which will be, during the continuance of 
the motion, the axis of the principal moment of the quantities 
of motion of all the points of the moveable, 
i , non' the intersection of the plane of the section hbk, and 
I of the plane of the axes oiCi and opi, will be likewise known 
iat the commencement of the motion. In order to know on, 
the part of this line to which the angles \(j and 0 constantly 
refer, it will therefore be sufficient to ascertain, if at this epoch, 
^ or Nooii is an acute angle, or an acute angle iuci'eascd by 
180®, and as 

cofi^roA?! =s ^ sinO sin^, cos^ropi := ^ sin 0 cos 
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it will besuiScient to consider the sign of one of these coaiiieSy. 
or the initial value of one of the quantities p or q. The po-, 
sition of the fixed line ore in the plane of the section her is; 
entirely arbitrary. For greater simplicity, we shall suppose 
that it coincides with the initial position of on. By making 
i// = 0, in the values of o', S', & of No. 378, we shall have, at 
the commencement of the motion, 

cos^orci =: cosdsin^, cos^o^i cosOcos^, :z sind. 

Therefore, if at the commencement of the motion, it be known 
whether the initial values of the angles 0 and are acute or 
obtuse, it will be sufficient to consider the sign of cos^orri or 
cosyo^i, in order to know the part of the perpendicular to ore 
or ON, which should be taken for the fixed axis o^, and, conse¬ 
quently, the direction of the velocity which has place 

always fi'om on towai’ds oy, and remains unchanged duidng 
the continuance of the motion. 

Moreover, every thing else being supposed to remain the i 
same, if t^ direction of the primitive impact be the sole thing 
that is changed, the signs of the initial values of p, y, r will all j 
three be changed; if the primitive angles 0 and ^ were acute ■ 
previous to this change, tliey will become tt — 0 and tt + ^ > 
and the lines o^ and on will be clianged into^eirproc^ctions.J 
By substituting tt — 0 and tt + ^ in place of 0 and ^ in the 
preceding equations, the initial values of the angles yorci, 
yoyii yoziy will undergo no change. The line oy will there¬ 
fore remain the same; but as the angular velocity ^ is 

always negative, and directed from ore towards oy, the di¬ 
rection of this velocity will change with tliat of the primitive 
percussion, because ox now coincides with on'. 

Finally, the aihitrary constants which should be added to ^ ' 
tlie integrals of formulie (g) and (k), will be determined by 
making ^ = 0 and i/; = 0, at the commencement of the motion, 
that is to say, for the given initial value of r. 

VOL. n. 


R 
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419* We now proceed to take notice of some general prO" 
perties of the motion which has been determined. 

Ist By the formulae of No. 408, the expression for the 
square of the velocity of dm the element of the moveable, will 
he 

' - ry^y + (r®, - pz{f + (jty^ — qz^y. 

If this quantity be multiplied by dm^ the living force of this 
material point will be obtained (No. 361); and then, by inte¬ 
grating throughout the entire extent of the moss of the body, 
the sum of the living forces with which it is actuated at the 
end of the time t will be determined. Now, if the terms mul¬ 
tiplied by 5aJi2/id7n, \ziXxdm^ be suppressed, because 

the coordinates jci, Zj are referred to principal axes, and 
if we toJee into account the values of the moments of inertia 
A, B, c, we obtain for this Bum(5) 

kp^ + Bg* + cr*; 

hence it appears that, in virtue of equation (e), the sum of the 
living forces of all the points of the moveable, is constant 
during the continuEnce of the motion. 

2nd. If 0 denotes the angular velocity about the axis of 
the principal moment, which axis is supposed always to co¬ 
incide with oz, this component of the velocity w relative to 
^ instantimequs jxis, may be obtained from this last, by 
multiplying it by the cosine of the angle which the instan¬ 
taneous axis makes with the axis oz; therefore by No. 407, 
we shall have 

0 = o!'p + + d^T ; 

and if there be substituted for a", c", their values found in 

No. 417, we shall obtain(^), by having regard to equation (e). 



Therefore the angular velocity of the moveable, resolved 
parallel to the plane in which the primitive percussion was 
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made, is constant, and equal to the sum of the living forces of 1 
all the points of the body, divided by the moment of this per- ' 
cussion with respect to the fixed centre. 

3rd. If a;', y', a', be the coordinates of any point whatever 
of the instantaneous axis, referred to the axes oa?i, oyi, o^^i, 
and u the distance of this point from their origin o, then os 

- are the cosines of the angles which these lines make 

(ii (i> 

with the instantaneous axis (No. 40?), we shall have 


( 1 > U) 


5 

w 


if therefore equations (e) and (f) bo multiplied by —they 


will become 


Aaf* + By'* + czf* = 


Am* 

1?’ 


a.*®'* + bV + c*z« = ^; 

(D 

a 

and by eliminating between these equations, wo shall ob’^ ] 
tain 

a(A*— A/i)a/“ + b(^ — nA)y^ + c(A’* — = 0 ; 

hence it follows that the instantaneous axis of rotation exists 
always on the surfuceo^a cqne_qf the^secQnd degree, wliicli 
can be traced in the interior of the moveable, when the con¬ 
stants A and A are known. This cone is changed into a plane, 
when tlie square of A is equal to one of the products aA, dA, , 
cA; it becomes a right gon^ with a chcular base, the axis of| 
which is one of the throe principal axes relative to this point, j 
when two of the coefficients of the preceding equation are equal 
4th. om or oz^ the axis of the principal moment of the 
quantities of motion, being immoveable, the series of lines 
along which it travemes the body during the motion, will 
exist on a cone whoso summit is at the point o. Now this cone 
is of the second degree os well ds the preceding. In fact, if 
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y', a", be the three coordinates of any point whatever of tlio 
axis o»i referred to the axes oxn oyi, ozf, and if the distance 
of this point horn the origin o, be denoted by Wi, we shall have 

x"zza'%, y" zi 6"«i, z"zzd%, 


and, consequently, 

hd' W' hd' 

*p=v 

By subBtituting these valuee in equations (e) and (f)j there 

TCBUltS 


+ y"* 4- ; 


and by eliminating we obtain 

= 0 , 

whioh is the equation of the surface of the cone in question. 

1 6th, In order that this cone and the preceding bo not 
I imaginary, it is necessary that the three quantities — aA, 
\k^ — bA, — cA, should not be affected with the same sign. 
This being the case, if a be the greatest, and c the least of the 
Jthree principal moments of inertia, the two quantities A® — aA, 
and A* — cA, must be of opposite signs. Then, according tw 
the sign of the third quantity A* — bA is the some os that of 
A® — aA or A* cAj the sections of these two cones will be 
eUipses perpendicular to the axiB of the greatest or to the axis 
of the least moment of inertia. Consequently, during thi' 
continuance of the motion, the instantaneous axis of rotation 
will only deviate from one of these two principal axes by finite 
quantities, and, at the same time, this principal axis will not 
deviate except by finite quantities, from owj the axis which 
is perpendicular to the plane passing through the direction of 
the primitive percussion and the point o. 
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420. When oi, the instantaneous axis of rotation (fig. 3), 
deviates very little from one of the three principal axes, for ex¬ 
ample from the rxir oz^ during the entire continuance of the 
motion, its position and that of the moveable at any instant 
whatever, may be determined in a very simple manner, without 
having recourse to elliptic functions. Indeed, this other solu¬ 
tion of the problem, which we now propose to give, is only an 
approximation, but it may be carried to any degree of accuracy 
we please; and we advert to it here particularly, os it enables 
us to complete what has been stated in 'No. 389, respecting 
the mechanical properties of principal ELxes. 

We have (No. 406) 


sin lo^i = 




and since by hypothesis, the angle 102:1 is very small, p and ^ 
will be small fractions of r ; and if their product be neglected, 
the first of equations (d) becomes reduced to dr = 0 , and gives, 
by integi’ating, r = n, « being an arbitraiy constant, which 
expresses the velocity of rotation of the body, or tbe value of 
+ 2 ^ -h #*“5 the squares of p and q being also neglected. 
The two other equations (d) will become 

Bfii/ + (a — c) npdt = 0 , 

( 1 ) 

Adp + (c “ b) n(jdt = 0. J 

In order to integrate them, let ua assume 

jE) = /3 sin (n!t + y)) 7 = /3' cos {p/t + 7 ), 

j3, J3', y, being constant quantities. If these values of p and 
q be substituted in equations (1), and if the sine or cosine 
which occurs as a common factor to all their terms, bo buj>- - 
l)rGSBed, there results 

nj 3 V — (a — c) j3/i = 0 , a| 3 w' — (n — o') / 3 ' 7 i = 0 ; 
hence we obtain( 7 /) 
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AB 

j3'= O V^A (a — c)j 
|3 =: a V^B (b — c); 

a_beiiig a ccywtai^ whichj es well as y, lemains arbitrary. If, 
therefore, in order to abridge, we make 

a/ T^ c) (b - c) _ 

AB ’ 

there will result 

= a V^B (b — c) sin ( 8 n« + 7 ), 

7 = a V^A (a — c) cos ( 8 n^ + 7) ; 

tliese will bo the complete integrals of equations ( 1 ). 

If the instantaneous axis 01 be projected on the plane of 
the axes of Xy and yi, and if the angle which this projection 
makes with the axis of j/j be denoted by we shall have(v) 

('tang?=|;^ 

moreover, the value of mb io 2 ,,'when p® and 7 ® are neglected, 
with respect to »-®, becomes reduced to 

sin i 02 i ■v/jj® 4 . gf*. 

Consequently, the preceding values of p and y will make 
known immediately, at each instant, the position of the axis of 
rotation in the interior of the moveable. The following con- 
I sequences result from what haa been just established. 

421. If at the commencement of the motion, this line coin¬ 
cides exactly with the a xis 02 j, then we must have ^ = 0 luid 
(7 = 0 , when f = 0 ; in order that this may he the case, it is 
necessary that the constant a should be cipher. We shall 
then always have p = 0, y = 0, and the instantaneous axis 
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oi will coincidej during the continuance of the motion, with 
the axis oz ^, which will remain immoveable (No. 406). When,' 
therefore, a body retained by the fixed point o commenceB to 
turn about one of the three principal axes which intersect in . 
this point, it will continue indefinitely to turn about this axis, j 
as if it was entirely fixed; this property has been alreadyi 
established in No. 389 .(a?). 

But, if at the commencement of the motion, the axis oi 
deviates ever so little from o^i, the initial values ofand g, and, 
consequently, the constant a, will be only very small. Now, 
in order that the values of p and q may always continue very 
small quantities, the constant S must be real, for when it is 
imaginary, the sines and cosines contained in equations (2) 
become, by known formulse, real exponentials, and the values 
of p and y, which result from them, increase indefinitely with 
the time t{y). The reality of 8 requires that the principal 
moment c, should be the greatest or least of the three moments 
of inei'tia a, b, c. Therefore, when the instantaneous axis of 
rotation is made to deviate, ever so little, from the principal i 
axis, which refers to the mean moment of inertia, this deviation 
increases with the time, and does not continuewithin very narrow 
limits; and, on the contrary, when it is caused to deviate ever 
so little from the principal axis to which the greatest or least 
moment of inertia refem, its elongation from this axis is always 
a very small quantity, so that it makes only very small ex¬ 
cursions at each side of it, duiing the entire continuance of the , 
motion. 

There is, therefore, an essential difference between the 
three principal axes of the moveable which intersect at the 
fixed point o ; if a be the greatest and c the least of the three 
quantities a, n, c, the motion of rotation will be stable about 
the axes 02 ;| and o^i, and only instantaneous about the axis 
0 ^ 1 . If, for example, the moveable bo a homogeneous ellip¬ 
soid retained by its centre of figure, the motion of rotation is 
stable about the greatest or least of its three principal diame¬ 
ters, and instable about its mean diameter. 
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422. In the case of instable motion, formulie ( 2 ) will only 
express the approximate values of p and q dimng the first 
instants of^ tlm motion, and while they are very small, 19 . 
im ^ Ii ecl in equations ( 1 ), hum^whence they are deduced. In 
order to obtain the values of p, y, r, at any instant whatever, 
it is then nec^sary to recur to the rigorous solution of die 
problem. In the case of stability, the approximate values of 
p and q fui’nished by equations ( 2 ), will subsist during the 
entire continuance of the motion; those of the three angles 
1 /^, d, 0 , may be determined in the following manner. 

We shall suppose as in No. 418, that the motion has been 
produced by the impact of a mass p, ah whose points are 
actuated by a velocity v parallel to the line rn passing through 
the centre of gravity of /u, and comprised in the plane of 
the axes a and y* Equations (i) will constantly obtain, 
and if the distance of this line from the point o be denoted 
always by^ the quantity A which occurs in them, will be still 
equal to pvf the moment of the initial percussion. In conse¬ 
quence of r = w and of formulm ( 2 ), these equations(i) will 
become(2) 


sin 0 sin 0 = 
sin 0 cos ^ = 


A i/b (b - c) 
B a/a (a C) 




cos 6 = 


cn 


sin (Sni + 7), 
cos + 7), 


(3) 


As the angles 0 and ^ are given at the commencement of 
j the motion, the values of the two constants a and 7 can be 
obtained by making ^ iz: 0 in the two first of these equations. 
Then, if. the constant n det ermined ^ these two equations 
would make known the values of ^ and 0 at any instant what¬ 
ever. a shp^^^ a ye ry smalf quantity, 

, m order that the values of p and q furnished by equations ( 2 ), 
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may be very Bmall, as baa been supposed. This being the 
case, 0 jsdll be constantly a very small angle, and the principal 
iu\is ozij from which the instantaneous axis deviates very 
little, will itself deviate very little from the axis oz, which is 
perpendicular to fb the direction of the primitive percus- 
sioii(a'). 

If the square of 0 be neglected, the third equation (3), is 
reduced to(6') 

i cn ; 

by means of which the constant « will be known, this is very 
nearly equal to the angular velocity of the moveable about 
the instantaneous axis. 

In like manner, the tliird equation (7) of No. 410 will be 
reduced to 

ndt = dtj> — dip I 

from nhicli we obtain 

= C + 0 - 

ill which c is an arbitrary constant that can be determined fi'om \ 
knowing the initial values of ^ and i//. By means of this last | 
equation, the value of the angle p at any instant whatever can J 
be Icnown ; and this completes the solution of the problem. 

423. When the moveable is a solid of revolution, the axis 
of whose figure is b = a; and the first equation (d) be-' ^ 
comes rfy* = 0; r is ther3EoTe“"equal to an oi’bitrary constant 
n ; and all the formulae of No. 420, as also equations (3), 
rigorously obtain. 

It is dien no longer necessary that the angle 0 should he ' 
very smaJLi but, in virtue of the third equation (3), its value is 
constant during the motion, so that the axis of figure of the 
moveable describes about oz^ which is perpendicular to fe the 
direction of the primitive impact, a right cone with a circular) 
base. If the constant ^nd given value of this angle^^e^de-l 
noted by e, we shall have. 

/ii/cos £ =: c??, 


VOI., 11. 
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by mcQnB of 'which the constfiiit n can be determined. LlUi 
'wise, from the two first equations (3), we can deduce(r') 


sm^ € = a'* (a — c). 


which will enable us to determine the constant a; and in virrii*^ 
ofequHtions ( 2 ), w the angular velocity about theinstantaiuMiui 
axis will be (No. 406) 



from which it appears, that this velocity 'will be constunU 
that the moveable will revolve uniformly, as well about 
instantaneous axis, in virtue of this velocity, as about its um * 
of figure, in virtue of the velocity n. 

From the two first equations (3), we can also obtain 

tang ^ = tang ( 8 n^ + 7 )* 0 = 4 * 7. 

The third equation (7) of No. 410 becomes 
ndt = hidt — cos erfi//; 
from which we obtaiB(rf) 








(1 - 8 ) ^ tivf^ 

cos E A ’ 


in which c denotes an arbitrary constant introduced by tiu* in 
tegration; oonsequently, the angles ^ and ip, the first 
Bured on a plane perpendicular to the axis of figure, and 
second measured on a plane passing through the priuibi^^^ 
direction of the impact and the point o, vary uniformly. 

424, As the stability of the motion about the priiiripn^: 
axes of the greatest and least moments of inertia, has been iu 
ferred from equations ( 2 ), which, strictly speaking, are nuU 
approximations, some doubts may exist as to the accuru(*> 
this conclusion; but the stability in question may bo 
rously demonstrated by means of (e) and (f), the exact ini* 
j grals of the equations of the motion. 
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In fact, if tlie first multiplied by c be taken from the 
second, we obtain 

A (a- c)jp* + B (b - c)2^* = D ; (4) 

in which, for conciseness, the constant A® — cA is denoted 
by D. If, therefore the instantaneous axis deviates very 
little from the principal axis o^i, at the commencement of 
the motion, so that the quantities may be very small at this 
epoch, the^constent D^will be likewise very small; hence it 
follows, tha^jwhen the signs of the two differences a— c, b— c 
are the same, the values ofp and y must remain very small, 
while the motion continues; for in virtue of equations (4), It 
is necessary that their squares, multiplied by quantities having 
the same sign, and then added together, should give a sum 
which is always a very small quantity. We can also in this 
case, assign limits to the values of p and y, for it is evident that ' 
we shall always have 

Z. -7-r, Z -7- 

But if the differences (a— c) and (n — c) have contrary signs, 
then, though the constant d may still be supposed to be very 
small, it is easy to conceive that equation (4) may nevertheless 
be satisfied, without the necessity of supposing that the values 
ofp and q continue always very small; and in fact, it appears 
from the analysis of No. ^4,!^, that then these values cannot be 
supposed to be very small during the entire continuance of 
the motion. 

Finally, tim principal axes relative to the fixed point o are 
the only ones which can remain the same in the interior of 
movoal)le, and continue at rest, when they are not entirely 
fixed, as has been already observed in No. 389. This may, 
in point of fact, be deduced from equations (d). For, in order 
that the position of the instantaneous axis of rotation may ro-/ 
main always the same, it is n<3cessary that the three quaruities 
y, y should be constant. Tlieretbre we have dp zz 0, dq = 
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r: 0 ; by means of which, equations (d) become reduced 
to 

(u — \)pq = 0, (a — d)rp = 0, (c — Vi)(]r = 0. 

If the three moments of inertia a, n, c are unequal, two of 
the three quantities p, 5 , r must be equal to cipher, in order to 
satisfy these equations; and then the instantaneous axis will 
coincide with one of the three axes oa^i, o?/i, o;:i. If two of 
these three moments of inertia are equal, so that we may have 
u = A, for example, the first equation will disappear, and the 
two others will be satisfied by making r = 0. Consequently, 
the instantaneous axis will then be situated in the plane ot 
the two axes OiUi and otji ; but we know that in such a case, 
all lines existing in this plane, and passing through the point 
o, ai-e principal axes; therefore the immoveahle axis of rota¬ 
tion will be still a principal axis. Finally, when A r: n = 
these three equations oi’e identical, and the values of p, #/, /’ 
may be arbitrarily selected; but, in this particular case, all 
lines which pass through the point o are principal axes; in all 
cases, therefore, the axis of rotation must, if it remains iin- 
inovenble, be a principal axis. 

IIL Solution of a particular Case of the Motion of 11 otaii on 
of a hcaiyy Body. 

425. When the fixed point o is not the centre of gravity 
of the moveable, we have not hitherto been able, when the 
action of gravity is taken into account, to Integrate the system 
of equations ( 7 ) and (b), except in the case in which the 
moveable is a solid of revolution, on whose axis the point o 
exists. It is this particular case which we now proceed to 
1 consider- 

Let us suppose that the principal axis os, is the axis of 
figure, and that, consequently, b zz a. Likewise, let us sup¬ 
pose that G, the centre of gravity of the moveable (fig. {)), 
exists on the axis of the positive in wliich case (No- 
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413), a=: 0 , j3 = 0 , and 7 is a given positive quantity, 
that denotes the distance og. As the axis oz is vertical, 
and drawn in the direction in which the force of gravity 
acts, the angle 0 or , will be acute or obtuse according iis 
the point g exists below or above the horizontal plane drawn 
through the point o. In these two cases, equations (b) will 
become 


cdr = 0 , 

Kdq — (c — a) rpdt = yaf^Mgdt^ 
\dp +- (c — a) 7'qdt = — yl/'Mgdtj 


( 1 ) 


in which the quantities a" and //' are, by equations (c), equal 
to — sin 0 sin— sinGcos^, respectively. The section of 
the moveable perpendicular to its axis of figure, and passing 
through the point o, is termed its eqiiator. Let nbn'b' be 
this section, and non' the line in which it intersects the hori¬ 
zontal plane passing through this fixed point. As all lincs^ 
passing through this point and comprised in this section, are 
principal axes, the angle 0 may be referred to any one of them 
indlffercutly ; and, e being a determined point of the moveable, 
the angle nob may he assumed to be equal to 0 . The angle 
i//, the differential of wliich occurs in the third equation ( 7 ), 
will be the angle no;*? reckoned from the fixed line drawn ; 
arbitmrily in the horizontal plane. Therefore, at any instunt 
whatever, we sludl have 


zozi z=. 0, NOB — 0, Noa? i//; 

and it has been already sufficiently explained, in No. 378, 
liow tlic position of tlie moveable can be determined without 
any ambiguity, by means of the three angles t/;, 0 , 0 . 

42G. By the first equation ( 1 ), we shall have r zz n, in 
whicli 71 denotes an arbitrary constant. Hence it appeju's, that 
the motion of rotation, pariillel to its equator, will be uniform. 
In order to define the direction of this motion, we shall sup¬ 
pose that the point n is the cmuiiding node of the equator; so 
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that when the point e attains to the point n, its raclius bo will 
ascend above the horizontal plane, in virtue of the angular 
velocity w, which will be then a positive quantity. In fact, 
by the third equation (7) of No, 410, we shall have 

ndt -f cos ( 2 ) 

When the point Bis at n, the angle 0 is either cipher or a multiple 
of 27 r, and, in the follomng instant, it will ascend or descend, 
according os ^ increases or diminisheB (No. 378 ) ; therefore, 
in order that the point e may ascend, as it is supposed to do, 
the motion of the body parallel to its equator being solely 
taken into account, it is necessary that the first term of the 
value of dip should be positive. 

^ Tills being the case, if its second term is likewise positive, 

1 it will increase the value of d<p^ which will therefore be greater 
than if the node n was immoveable; consequently, its motion 
I projected on the equator will be retrograde^ or in a direction 
j contrary to that of the motion ofthehody parallel to this plane. 
> The contrary will be the case, and the motion of the node 
will be direct^ when the second term of the value of is ne- 
; gative. In this second case, if the second term surpasses the 
^ first, the complete value of dtp will be negative, and the point 
. E, after having arrived at n, Avill descend beneatli the hori- 
■ zontal plane, instead of ascending above it; hut this should not 
prevent us from considering the point n os always the ascend- 

,ing node, with respect to the motion of the body about its 
axis of figure. 

Hence then it appears, that the direction of the motion of 
the ascending node n, will depend on the sign of the product 
j of cosfi and d\^ at each instant; and tliis motion will he direct 
or retrograde, according as cos 0 and d]p have contrary or the 
>same signs. 

^ 427. If equations ( 1 ) be multiplied by c", b", a", respec¬ 
tively, and then added together, there results, as in No. 415, 
cd.rr" + .sd.qb" + Ml.pa" = 0; 
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lienee, as r = «, c" zz cos 0 , we shall obtain by substituting 
for a'' and 1/^ their values, and integrating, 

cncosfl —A(pBin 6 ain^ + ysinOcos^) = ^; (3) 

i being an arbitrary constant, which expresses, as in the number 
cited above, the moment of tlie quantities of motion of all the 
points of the body with respect to the axis oz. Therefore, in 
the motion which we are now considering, the moment of these 
quantities of motion is a constant quantity; however this 'is 
only the case with respect to the vertical axis, and not with 
respect to all axes passing through the point o. 

If the two last equations ( 1 ) be respectively multiplied by 
q and p, and then added together, we obtain 

A(jpdp + qdq) = '/(psinfl cos 0 — g'sinfl aii; 0 )Mgrf^. 

But it appears from the two first equations (7) of No. 410, 
that 

dff 

p sin0 cos ^ (ysin 0 sin 0 = — sin 0 ^; 

consequently wo shall have 

A (pdp + qdq) = — fAgy Bin0d0; 

and by integrating and denoting the arbitrary constant, in¬ 
troduced by the integration, by A, there will rosul t 

A [p^ + 7 ^) =2 Mgy cos 0 + A. (4) 

Moreover, by equations (7), cited above, we have(e') 

, , nnddj 

psinOsin^ + ysmOcos^ = sin 




by means of which, equations (3) and (4) can be changed into 
the following; 


. I 

CnGO30 — ABin^0^ = h 


i (siu®0^^+= 2 ugy cos 0 + A. 
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' The values of dt, d(j> will be funiiBlicd by equations (2) 
and (5), eacli of them will be of the form T^OdO ; therefore, in 
order to obtain the values of t, 0 in functions of 0, it will be 
only necessary to integiate these three difforential forinulu* ; 
and, in all cases, their three integrals are reducible to elliptic 
functions. But without having recoui'se to these functions^ 
we can also obtain approximate values of i/;, 0, 0 in functions 
of tj in the examples which will be given fartlier on, after that 
n, Z, /i, the three arbitrary constants contained in tlie tlirci* 
preceding equations, shall have been determined. The throe 
new constants which are introduced in those lost integrations, 
can be determined by the values of 0, 0, 0, when Z = 0; thul 
of 0 will be given; and the mitial values of t// and 0 may ln' 
assumed to be, if we please, 0 zz 0, 0 = 0. 

428. Whatever the quantities of motion wdth which the 
points of the body are actuated at the commcnceincnt of tin* 
motion may be, their principal moment relative to the point n, 
and the direction of its axis will be known, by incuufl of tin* 
percussions impressed on the moveable at this instant, with 
wliich these unknown quantities of motion, estimated in a 
direction opposite to that in which they actually move, slioiibl 
constitute an equilibrium (No. 353). If by the rule of No. 
281, this principal moment be decomposed into three otbor 
moments, whose rectangular axes may be the part oj^i of tiu* 
axis of figure, which contains the centre of gravity G, a riglil 
line perpendicular to and comprised in a vorticid platu* 
posing through os and o«i, and a horizontal line perpen¬ 
dicular to this plane; as these three lines are principal axu^, 
the value of the moment with respect to o^i, will be cr or rn 
(No. 409); it would therefore make known the value of // ; 
but we, on the contrary, will suppose that this velocity is 
given directly, and assume this moment to be equal to c«. 

If the moments of the forces, with respect to the sccoiul 
and third axes, be denoted by fj, and m respectively, then tin* 
initial value of the principal moment will be ; 
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and because b zz a aud r iz Wj its squarcj at any instant what¬ 
ever, will be a 2 (p“ + q^) + cV (No. 409) 5 therefore if the 
initial value of the angle 0 be denoted by a, we shall have, in 
virtue of equation (4), 

(2Mgy cosa -f- A) A zz 

at the commencement of the motion; from which we obtain 


A = 


A 


2ugy cos a. 


The axis of the moment denoted by /i will make with oz an 
angle equal to a + 90 ; and aa the axis of the moment ni' is 
perpendicular to this vertical, this moment will not affect the 
value of /, the moment relative to oz ; therefore by the general 
expression of e of No. 281, we shall have simply^') 


I = cncosa — /Ltsina. 

The angle a which occurs in these values of h and Z, will 
be acute or obtuse, according as g, the centre of gravity of 
the moveable, is at the commencement of the motion, below 
or above the horizontal plane passing through the point o. 

429. In order to verify these different formulae, let m, the 
mass of the moveable, be supposed to be condensed into its ' ' 
centre of gravity, by which means it is changed into a simple 
pendulum the length of which is y. 

In this case, it will not be necessary to consider the angle 
^5 and the motion will depend solely on the angles i// and 6 . If 
at the commencement, the material point g is actuated by a 
velocity k' perpendicular to go and directed in the plane ooz^ 
and by a velocity k perpendicular to this plane, we shall have 

fx = Myky m = Myh\ 

We shall likewise have 

c z: 0, A = My*; 


VOL. IT. 


T 
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iroin which there will result 


Az= (Ji^ 4- — 2^'yC09a)M, Zzz — M 7 Asina; 

equations (5) will become 

78 in® 6 ^ z: Asina, 

r* ^ ^ ) r= /t»+ft"+ 2^7 (cos 0 - C 08 a); 

and it is easy to niEike them to coincide with equations (5) and 
( 6 ) of No» 206. 

The first multiplied by indicates that the area de- 
Bcribed about the point o during the instant dt^ by the hori¬ 
zontal projection of go the radius vector of the moveable, is 
constant and equal to its initial value | 7 /iaina(< 7 ^. The first 
member of the second equation is the squai'e of the velocity of 
this material point at the end of the time t ; and as + A'*'^ is 
J the square of the velocity at the commencement of the motion, 

1 this equation is in fact the formula of No. 159. 

430. In the case of a body which is not reduced to a mate¬ 
rial point, if the moveable is made to deviate fri)m its position 
of equilibrium, and if after a velocity of rotation is impressed 
on it about its axis of figure, it is then remitted to itself, the 
two quantities /x and 7n will be cipher, and we shall have 


Z=cwco 3 a, 2 M^ 7 COSa; 


by substituting these values of I and A in equations ( 6 ), they 
will become 


• 3 A cw 

dt A 


(cos 0 — cos a), 


® ^^2 + — I — (cos 0 — cos a). 


(«) 


It appears from the second, that the difference cos 0 --- 
eo 9 a is always positive, and from the first, that the differential 



OF nOTATION OF A HBAVT BODY. 


139 


(l\p is so likewise; consequently (No. 426), the motion of the 
ascending node N will be direct when cos 0 is negative, which 
implies that a the centre of gravity is above the horizontal 
plane passing through the point o ; and this motion will be 
retrogi’ode, when a is below this plane, in which case cos 9 is 
positive. 

When n is cipher, the differential rfi//, and, consequently, 
the differential d<ji given by equation (2), will be cipher; 
therefore, the angles ^ and ^ will be constant and may be 
assumed to be equal to zero; the motion will be changed into 
that of the common pendulum about an horizontal axis, rela¬ 
tively to which tlie moment of inertia is a ; and in fiicfc, if dxfj 
be made equal to cipher in the second equation (6), it is re¬ 
duced to equation (a) of No. 394, wlien in this last, the initial 
velocity is supposed to be cipher. 

If be eliminated between the two equations (6), there 
results 

sin^fl ^ ^ [sin“ 6 — 2 j3® (cob 0 — cos a)] (cos 0 — cos a), (7) 

dt A 

in which, for conciseness, we make(A') 

My _ 1 ^ 4^|3“ 

rf0® 

in this value of sin*^ ^ ^ length of the simple pen¬ 
dulum, which would perform its oscillations in the same time 
Jia the moveable, if the velocity n was cipher. At the same 
time, the first equation (6) will become 



in which /3 must be regarded as a given positive quantity. 

The approximate values of 0 and t which are deduced from 
these equations (7) and (8), and that of 0 which results from 
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equation (2), may be easily expressed in a finite form, m tbe 
two cases that have been discusBed. 

431. If in the first place, 02^1 the, part of the axis of figure 
which contains a the centre of gravity, is supposed to deviate 
by a veiy small quantity from the vertical oz at the com¬ 
mencement of the motion, so that the angle a may be very 
small, then the angle B will be also very small, for we have 
always cos B > cos a; hence, if the fourth powers of a and 0 
be neglected in the expansions of cos a and cos 0, equations 
(T) and (8) will become(f) 

It appears from the first of these equations, that B, which 
must be always a positive quantity (No. 378), can never be 

greater than a, or less than — — , By resolving it with 

respect to dty we obtain 



^^[(1 + p") i3V] (a^- ey 


and as the denominator is to be always regEurded as a positive 
quantity, the numerator must be affected with the infeiior or 
superior sign, according as 6 increases or decreases. 

Let us assume, in order to facilitate the integration, 

0 = a sin dB = a cos udu ; 

there results by substituting these values in the preceding 
equation, 

d.coau 

^ v'I —(1 + /S’*) COB* u' 

Therefore, by integrating, we shall have(A') 
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t 



+ zz c±fiVQ (sin = VI + |3^ cos w); 


c being an arbititiry constant introduced by the integration. 
When ^ = 0, we have 0 = a and cos m = 0 ; the angle which 
correspondB to the sine ' cipher, is either cipher or some mul¬ 
tiple of tt; therefore, we have c =: tV, in which i denotes an 
integral number either positive, negative, or cipher; by sub¬ 
stituting in the preceding expressiou for cos u its value, we 
shall have 

t V^- 1 +]3*=: iV ± arc ^sin = “ 0*^ 


Ba 

As the angle 0 decreases first from 0 = a to 0 == —— 


we should take the superior sign in the preceding equation, 
and make 1 = 0 ; and as it then increases from this last value 
to 0 = a, we should take the inferior sign, and malce 2 = 1; as 

it again decreases from 0 a to 0 =: , the superior 

sign should be taken and i made = 2, and so on. It is in 
this manner that we should determine the arbitrary constant, 
which should be added to an arc of the circle which is sup¬ 
posed to be a function of its sine, but it is simpler to pass 
from the arc to the sine, previously to tliis determination. 

We shall have at any instant whatever, by means of the 
preceding equation(f), 


:= a 


1 + 13 ^ 


; Bin® t 


V^£(L+^). 


Denoting by t tlie time in which the angle 0 pusses from 
its greatest value a to the least value that immediately follows 
it, or in which it returns from tlic least to tho greatest, wo obtain 


T 



X 
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By means of this value of 0^ that of d\p, which is given 
hy the second equation (9), will be( 7 n') 


/3® + COB* t \/ 



We obtain by integrating and assuming xpzizO when 0, 




ai*c 



A 

VfT? 



ty means of this formulsj the retrograde motion of the asceiid- 
iug node n, on the horizontal plane passing through the point 
0 , can be deterniined(M'), If the constant j3 is not cipher, the 
values of the arc comprised in this formula will be 


arc (tang = x) = ^ir, arc (tang = 0 ) = tt, 
arc (tang = — x) = | 7 r, &c., 

at the end of the first, second, third, &c., intervals of time t ; 
consequently, the arc described by the point n during 'J’, the 
first interval of time, will be 


l// = iTT — 


iir(3 


during the two first intervals t, it will be 


= TT 


7r)3 


at the end of the three first, we shall have 


and so on. 




a/I + /3^’ 


It appeal's from what has been now established, that the 
arcs described by the node n during the successive iutervnls 
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T, will be all equal to each other, and that their common 
value will be 

__ 

04- + j3*’ 

whicli will always be so much smaUer, as the constant |3 is a 
greater number. 

With respect to the value of it appears that if the square 
of 0 be neglected in equation ( 2 ), and if ^ = 0 when ^ = 0 , 
we shall have 

tj) ~ fit I 

the value of ^ being thus known, the position of the move- 
able at any instant whatever^ will be completely determined. 

432. Whatever he the magnitude of the angle a, let us sup¬ 
pose that the angle 0 continues very nearly constant, and, 
consequently, that it differs very little from a during the mo¬ 
tion ; tlxen if we make 

0 == a — M, d0= ^ du; 


the angle u must be considered as a very small variable. By 
negloctiiig all powei'S of u higher than the square, we shall 
have (o^ 

sin® 0 = sin® a — w sin 2o + cos 2a, 
cos 0 — cosa = ?«sina — iw® cos ai 


and at this degree of approximation, equation (7) gives 

- ^ = 22 « sin a — (cos a + 4/3®); 

gd^ 

hence we obtain (p') 



du _ 

\/ 2 w sin a — (cob a + 4|3®)’ 


By integrating, and observing that w = 0 when t = 0 , 
there re 8 ults( 2'0 
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t ^ (cos a + 4j3“) =: wc [^cos = 0 ^* 


and, consequently, 


w=- “ ,j 3 fl -- cos t Y (coBa + 4j3^)T 

In order that the variable u may be always n very small 
quantity, as has been supposed, it is necessary that j3 should 
be very great, and this, in general, requires that there be 
impressed on the moveable a very great rotatory velocity 
about its aads of figure. We can then substitute 4j3® for 
cos a + 4j3*, and we shall have more Bimply(?''), 



If in equation (8), a — m be substituted in place 0, we shall 
obtain, by neglecting the square of m, and assuming that the 
angle a is not cipher, in which case the Victor sin^ a, common 
to both members, may be Buppre33ed(^'), 



We shall have at the same time, in virtue of equation (2), 
and by assuming that the angles ^ and are cipher at the 
commencement of the motion, 

^ n + ‘i^coBa; 

A 

and thus the position of the moveable, at any instant whatever, 
will be completely determined. 

From the equation 0 o — w, and from this value of it 
may be inferred, Ist, that when the moveable on which a very 
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considerable rotatory motion has been impressed about its «-Tiq 
of figure, is made to deviate from the vertical direction, the 
inclination of its equator on the horizontal plane passing 
through the point o, remains very nearly constant, during the 
entire continuance of the motion which results; 2Ddly, that 
at the same time the intersection of these two planes acquires a 
motion very nearly uniform, and very slow relatively to the ro¬ 
tation of the moveable, which, as has been stated in No. 430, 
is direct or retrograde, according as the centre of gravity of 
the body is above or below the horizontal plane. Unless in 
the case when the angle a is cipher, the angle \fj and the mo¬ 
tion of the node ai’e independent of its magnitude; u the in¬ 
equality of the inclination of the equator, and the inequality 
which has place in the motion of the node, are always less sen¬ 
sible, as the rotation is more rapid, and the quantity J3 more 
considerable. 

Most of the lecture rooms of natural philosophers, are now 
furnished with the machine invented by Bohnenberger, by 
moans of which the various circumstances of this motion of 
rotation are accurately represented, in like manner as all 
the phenomena of the motion of heavy bodies are exhibited 
by Atwood’s machine. The rotatory motion is produced by 
menus of a thread wrapped round the equator of the moveable, 
and attached to one of its points, which is rapidly unrolled, 
os when a humming top is mode to spin. 

It may be remarked that when a is cipher, 0 is so likewise, 
this renders equation (8) an identical one, and the angle in¬ 
determinate ; in tliis case, the angle ^ that is equal to 
?itj represents the motion of the body about its azis of figure, 
which continues always vertical. 
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CHAPTER V. 


OP THE MOTION OP A SOLID BODY ENTIRELY l-’RKE- 



433. In order that the motion of n solid body in Hpact* 
may be more easily understoodj philosophers substitute two 
other motions for it, one of rotation about of t he point,a of 
the moveable, and the other of translation^ in which all its 
points participate. This is evidently tlie same thing, na if, 
jat any instant whatever, the velocity of each point was con¬ 
sidered to he the resultant of two other velocities, one of 
'which is equal and parallel to that of the point which lias 
.been taken as the centre of the motion of rotation, and of 
;which the other is peculiar to each point of the moveable; liy 
[means of these particular velocities, the body turns about llic 
centre, as about a fixed point; and, in virtue of the common 
velocity, all its points are transferred in space, with u motion 
,in which they all participate, but which does not in any inan- 
‘ner'affect the motion of rotation. 

The motion of translation may be in point of feet one of 
.revolution about another body, which last may he either itself 
lat rest or in motion. (Jf a given fece or section of the move! - 
1 able remains constantly poroUel to itself, the body has no in<i- 
tion.of rotation if the moveable presents always the aiiine 
“ fece towards the central body, the rotation is performed in tho 
some time as the revolution about this central body. Tliirt 
second case obtains in the motion of the satellites about thoir 
wspectiveprimaTyplanets. The moon presents always the aiune 

I f drawnfrom tho contni 

I o the to the ^ntre of the moon, meets the surfoco of 
e satelhte always in the same point (No. 141)(a); hence it 
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follows, that the rotation of the moon on its axis, and its re¬ 
volution about the eai’th, are performed in the same time, 
namely, 27*^,32166. It is demonstrated in the Mechanique 
Celeste^ that this equality between the two motions will always 
subsist, although the motion of revolution should be accele¬ 
rated from one century to another (No. 244); so that the 
motion of rotation must participate in this acceleration, the j 
caiwe of which has been assigned by Laplace. 

If it be merely proposed to decompose the motion of a 
body into two motions which are simpler and more easily 
conceived, the centre of the motion of rotation may be as¬ 
sumed to be any point we please; but when our object is to 
determine each of these two motions in particular, we should 
assume this point to bo the centre of gravity of the moveable, 
because then, in the first instant, these two motions may be j 
determined independently of each other, and in several in- 
Btoces, this will be also the dming the entire continu¬ 
ance of the motion; the selection of this point, as the centre 
of rotation, will always render the differential equations of 
the two motions much simpler, as wo now proceed to show. 

434. Let the centi’e of gravity of the body be denoted by 
G, its mass by m, and any element whatevei* of w by dm. Let 
oj, 2 ; be the three rectangular coordinates of this material 
point at the end of the time whicli is supposed to be ^req- 
koned from the commencement of the motion, and a?i, Sj 
those of the point a with respect to the same axes; we shall 
have 

MXi = Jajdm, Mj/i = Jydm, 

in which the integration is supposed to extend to the enliro 
mass. If these equations he diffemneed with respectito the 
o£eration can be effected under the sign^J. By this means, 
wo shall have 


« 
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BBcIi in order to obtain the oompononts of tbo initial ydocity 
of the centre of gravityi it will be sofficient to know dio vnluos 
of these last integrals at the oommenoement of the motion. 

For this purpose, let us suppoae that at this cpocli, 

&C., the constituent parts of are actuated by tbo vulocitien 
V, t/, i/\ &c., and that these velocities oro tlie sonio for all 
the pobtj of which each of these parts consists, so tliiit tli(*y 
! would acquire the quantities of motion fiVi &c., if 

they were free. By the principle of No. 363, thcro fihonld 1n« 
an equilibrium between theee quantities of motion, cBtimntiHl 
In a direction opposite to that in which tho motion tukes pliK *09 
and those which all the points of the moveable actually ocqulro 
in the first moment, which ta ken in a direction parallel to tlu^ 
axes of y, z respectively, will be, rolativcly to ifrn, tliu 
(Jsc dz 

initial values of ^ iliroetioiiB 

of the velocities u, o', o", &c. are given, we can rcsolvo llio 
quantities of motion which correspond to them, in a dircutioii 
parallel to these axes. Bence if the sums of theso cumpd- 
nents, taken in the diieotioiia of the positive ht? 

denoted by p, q, b, we shall have, in order to tho equilibrium 
in question, as the motion Is supposed to be entirely froc, 

= S|*' = a. S§<*» = i*, 


for the pBiticalai T glne < a p. Therefine, at the comnoiicu- 
ment of the motion, equations (1) will become 





BJ 


(a) 


from these eqnatioiu it appears, that the initiiil velocity of the 
centre of g^vity will be the same, in mag^nitade and directloii* 
u if u, mtira mass of the moveable, was condensed into 
It, and all the quantities of motion fiv, /^V, &c., nr 

their emp^ents p, q, b, were applied to it, paxaUel to thoir 
rapective directions. 
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436. We may suppose that /i, /i', \i!*^ &c. denote the masses 
of bodies, \ 7 hich, actuated by the velocities v, u', v'', &c,,* im¬ 
pinge simultaneously on another body at rest, and that they 
then remain attached to it, so as to constitute a total mass m, 
of which G the centre of gravity has acquired a velocity, the 


values of whose three components, namely, 


dxx dyx dzx 
dt^ dt^ dt^ 


are 


furnished by equations (2). 

The problem would be different if the impinging bodies do 
not remain attached to the struck body after the impact. Let 
a moss M at rest, be struck by another body in motion, which 
touches M in only one point b of its surface (fig, 10), then if the 
bodies d o not slid e on eacli other, during the continuance of 
the shock, or at least, if they only do so to a small extent, it 
is not necessary to take into account the inconsiderable friction 
to which it can give rise (No. 363); and if, finally, we suppose 
that EF is the normal to the surface of m at the point b, and 
comprised in the interior of this body, it will be shown in afol-j 
lowing chapter, that the motion of m will be the same, as if /i, a j 
certain part of its mass, whose centre of gravity is situated on | 
BF, should receive in this direction a certain velocity v com-j 
its points. Hence it follows, that bf is the direc-- 
tion of the impact, and its intensity, that is to say, tlie quantity 
of motion will be determined, in that chapter, when the 
motion of the impinging body, and form of the two bodies, 
whether elastic or non-elastic, arc given. 

This being agreed on, if v be tho velocity with which a 
the centre of gravity of m is actuated, its direction will be 
along tho lino gd, parallel to bf, and its value will he equal to 
fiv divided by m, so tliat we shall have 


MV = fJLV. 

Conversely, if v the velocity of the centre of gravity is 
given by observation, tho quantity of motion impressed on 
tho struck body, in tlio direction of the interior part of the 
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normal to the surface erected at e, the point where the impact 
is made, will he obtained, by multiplying v by m ; this pro- 
' perty belongs exdusiyely to o the centre of gravity, and in 
! general, will not have place for the velocity with which the 
point B or any other point of M, situated or not on the direction 
. of the line of impact, is actuated. 

436. In order that we may more clearly perceive how the 
motion of rotation of a body is simplified, when it is referred to 
its centre of gravity, let us first suppose that it is proposed to 
determine this motion about c, a determinate point (fig. 11) of 
this body, which we will then cause to coincide with a, ita 
centre of gravity. 

Let CA denote the velocity o^ the point c, in magnitude 
and direction, and bd that of b any other point whatever of 
the moveable. Through the point b, let the lino be he drawn 
equal and parallel to ca, and let the parallellograni bede bo 
completed. We can substitute for the velocity bd ita com¬ 
ponents BE and BF, and if the velocity of all the points of the 
moveable be decomposed in the same manner, they will nil 
have a common velocity, equal and parallel to ca, and each t>f 
them will have, besides, a velocity peculiar to itself. Now, if 
a velocity equal, parallel, and contrary to ca, be impressed on 
the pomt B and all the other points of the body, tho point <; 
will be reduced to a state of rest, without any chungo heiiif^ 
produced in the motion of rotation about this point, which 
arises fi^or^ejpaitie^^ velodtiea of the other points, for 
example, bf for the point b. Therefore, in order to determine 
this motion, we may consider the pomt c as fixed, after havinjL? 
impressed on all the elements of the body, quantities of mo- 
tion equal to the product of their masses and of the velocity 
'CA, estimated in a direction contrary to ca. But as these' 
forces are pw^el and p roportional tq jtheij masscH, 

their resultant will be equal to their sum, and vriil paas throng-li 
the centre of gravity, like the resultant offerees which ariRc 
from gravity; consequently, if we denote the velocity ca by 
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u, and the mass of the moveable by M as before, it ^ill be 
sufficient to add to the given quantities of motion impressed 
simultaneously on the different parts of m, another quantity of 
motion, namely, mu acting in the direction of the line oa', 
parallel and contrary to ca* The motion of rotation about 
the point c, can then be determined by the rules of the pre¬ 
ceding chapter, as if c was a fixed point- This determinationi 
therefore requires that we should know u the velocity of the! 
point c 5 but if the centre of gravity coincided with this point,, 
it is evident that when the quantity of motion mu, the direc¬ 
tion of which passes through the point g, is applied to it, we 
need not take it into account, for any force whatever whicli 
passes through the centre of the motion of rotation, cannot 
influence in any manner this motion, since it cannot make thei 
body Jo turn about this point, ip, one dirccUoii?„rj^ej;,thftn in' 
^^oTjrary. 

It follows, therefore, that when quantities of motion’given 
in magnitude and direction, are simultaneously impressed on 
different ports of any solid body, the moveable will commence 
to turn about the centre of gravity, os about a fixed point, and 
witliouh our being obliged to add any other quantity of motion, 
to those whicli are given. 

437. By combining this theorem with that which pi*e- 
cedes, we can completely determine t he initia l mo t ion of a 
solid body of any form, whatever be the maimer in which it 
has been produced. 

For greater cleoraess, let us suppose that the moveable, 
whoso mass is M, and centre'of gravity G (fig. 10), is struck at 
the point s of its surface by another body, which after tlie 
impact is detached from it. By taking for its motion of trans¬ 
lation tliat of the point a, and having regard to this motion 
solely, all tlio points of the moveable will in the first instant 
describe lines parallel to the normal ef ; we can always, os 
has been just stated, determine their common velocity, which 
will be tlie entire velocity of tlie point g ; but, for greater 
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simplidty, we shall suppose that it is given by obs^ation, 
and denote it by v. Independently of this motion of ti‘ansla^ 
f tion, the body will turn about the point o as if it was fixed, 
and a quantity of motion equal to mv was impressed on a part 
of the mass m, the centre of gravity of which was in the line 
BF, Consequently, in the first instant, the direction of the 
instantaneous axis of rotation and the angular motion of the 
body about this axis, will be determined by equations (1) of 
- No. 418, in which we diall make 

lift = Mx/*;* 

y*denoting the perpendficular gl let fall ficom the point g ou 
the line bf. 

For this purpose, let this angulBLTvelocity be denoted by oi, 
and the angles which the instantaneous axis of rotation molcea 
with the three principal axes that intersect at the point G, by 
ajj3, y; likewise, let hbk be the section of the moveable 
made by the plane passing through the point g, and the lino 
BF; through^G let^jperpendicular tqtim jlane be drawn, and 
let a, h, c, be the angles which thjs Ime npikes Trith tiie axes 
tojwhich the ^angles a, (3, y, ai'e referred; by formulse (3) of 
No, 406, and equations (1), we shall have 

Aa)C0Sa =^cos^, B<t) cos/3 = coa 6, ca)COSy = Acosc; 


in which a, d, c, denote the three moments of inertia of the 
moveable, with respect to the same axes. By talcing the 
squares of each of these equations, and then adding them to- 
' gether, we shall obtain, as cos^ a + coe^ j3 4- cos® y = 1 j 




+ ‘ + — 


^ the valut^ of a, will ^ ^venjbi each particular 
case, the velocity ti) will be known, and thus, by means of the 
preceding equations, the angles a, |3, y, can be determined, 
that is to say, the direction of the instantaneous axis% 
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If the perpendicular to the section hek coincides with one 
of the three principal axes, so that we may have, for example, 
a = 90°, b zz 90°, c zz 0, there will result a =z 90°, J3 = 90°, 
7 = 0, and the instantaneous axis will coincide with the prin¬ 
cipal axis; hence it follows, that if a body entirely free, ia struck 
in the plane of two of the three principal axes relative to its 
centre of gravity, it will commence to turn about the third 
axis. If we substitute for k its value, that of the initial ve¬ 
locity of rotation will be, in tliis case(i), 


MV/* ■ . 

ii) = --• ^ . * 

C . ^ 

Conyers_ely, it is easy to show by means of the preceding 
equations, that the moveable cannot commence to turn about 
the perpendicular to the piano of the section her, bo that 
a, j3, 7 , may be equal to the angles a, c, or to their supple¬ 
ments, unless this perpendicular Ib one of the principal axes 
wliich intersect at the point o(c'). 

When the moveable is either a homogeneous sphere, or! 
one composed of con centrical strata, the perpeiidiculoi* ep will! 
pass through tlie point o, which will be its centre of figure. 
We shall, therefore, have/= 0, /c = 0, w = 0; consequently,! 
the moveable will acquire no motion of rotation by the im-j! 
pact. When, as is sometimes the case, a sphere entirely free,! 
is made, by the percussion of another body, to turn on itselfj 
the reason of this is always because the impinging body s lides ] 
more or less on this spberc, and the motion of rotation is then 
produced by the friction wliich talces place during the conti-| 
nuance of the impact. 

Whatever may be the form of the sti’uck body, if the striking 
body remains attached to it, the preceding formulm will atillj 
obtain, by substituting for mv, the quantity of motion which 
the second had before the shock, and by taking for^ the per-| 
pendicular let fall from the centre of gravity of tlie two masses,', 
on the primitive direction of the centre of gravity of the second’ 
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body; a, B} c, will then be the priumpol nioments of inertia of 
the body, composed of the two nnited moBsee. 

438. We now proceed to diacuBB the motion of the innss bi, 
at the e nd of any, time and for greater cloameBS, we ahiill 
consider, successiyely, its motions of translation and rotation, 
each of them being referred to its centre of gnivity. 

Ist. At this instant, let x, T, z, be tho (components of tlio 
given accelerating force, which acts on any clomont cfoi, ro- 
Bolved parallel to the axes of the ibreoa lost during^ 

the instant A, by this material point will bo (No. 3{)1), when 
estimated in directions parallel to these axes, 

(s- 

As the moveable is entirely free, it is necessary, in order to 
the equilibrium of the finces lost by all its elemonts, that tlio 
int^rals of these quantities extended to the entire muss, should 
be equal to cipher; consequently, we ahall havo 

5^dra=jTiiM, JJdin=Js5d»M. 


But by differentiating equations (1) a second time, wo obtaiu 



hence there will result 


(3 

. whi^ it appeals, that during the continuofice qftJic mo 

fion, o the centre of gravity of the moveable, moves in tli. 

bb™ manna, as if the entire mass m was ooncentretod in it 

jmd tim mohve for^ which act on aU ite points, or their com 

ponmts, were apphed to it, parallel to their rospeetivo tli 
recnous. ^ 

2iidly. It after the initial 


motion of translation is duH-i 
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troyed, ns in No. 436, we suppose that at each instaat, there 
is communicated to all its points, infinitely small increments 
of velocity, equal and directly contrary to that by which the 
point G is actuated at the same instant, this point will bo' 
reduced to a state of rest, during the entire continuance of 
the motion; and the rotation about this point will not be 
altered. But, this is evidently the same thing, as if there 
was applied during the entire continuance of the motion to all 
the elements of the moveable, accelerating forces equal and 
contrary to that of the centre of gravity; as the corresponding 
motive forces are poi'aUel, and proportional to the masses of 
these material points, their resultant will pass through tlic 
centre of gravity g, therefore, they need not be taken into 
account, in determining the motion of rotation about this 
centre. Consequently, this motion will he the same at each 
instant, as if g was a fixed point, and the forces which act, at 
this instant, on the moveable, were not changed. 

These two theorems correspond to those of Nos. 434 and 
43(5, which refer to the commencement of the motion; but it' 
docs not follow, that during its entire continuance, the mo-| 
tiou of translation of the moveable, and its motion of rotation 
about tlie centre of gravity, are independent of each other, 
aiud can be determined separately, as at this commencement. 
Equations (3) will be those of the motion of translation, and 
equations (Y) and (a) of Nos. 410 and 412, those of the mo¬ 
tion of rotation, the origin of the coordinates in these last, 
being supposed to be at g, the centre of gravity, ^ow, when 
the motive forcos applied to the different points of t^ move¬ 
able depend on thou* absolutB positions in space, the coordi¬ 
nates of these points, of which these forces axe given functions, 
will occur at the same time in these two systems of differential 
oquatioiiB, which can no longer be integrated sepamtely, and 
the two motions that depend on tliese equations, will mutually 
influence each other. Wc cannot, in general, integrate these 
HiinultaiieouB dift'erential equations, and determine the two 
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motions of the moveable, except by approximation, never- 
thdess, they mil be independent of each other in fhp two pnr^ 
tieular cases which we now proceed to consider, 

439. If the moveable is only subjected to the solo action 
qf^avity, equations (3) will be those of a heavy material 
point, in a vacuum; whatever be the form of the solid body, 
and its motion about its centre of gravity, this point will 
describe in space a parabola, to wbich tlio direction of the 
initial velocity is a tangent; the parameter of tliia curve de¬ 
pends on the magnitude of this velocity, and its motion on 
this curve will be the same as that of a detached material 
point (No. 208). On the other hand, as the weight of tlm 
body is a force coi^jmtiy applied tojit^qeritre of gravity, it 
will not affect the motion of rotation about this point, wliioh 
is entirely produced by the initial percussions, and is the samo, 
aa if the centre of gravity was not displaced. 

Let us suppose, for example, that the body is a 
geneous elhpsoid, struck by another body that touches it at 
the point b of its surface (fig. 10); the luie gd, parallel to tin* 
normal ef^ willbe^ tangent to the parabola that the 2 ioint <; 
commences to describe; and this curve can be easily con¬ 
structed when the initial velocity of the point G, whicli wc 
shall denote by v, is given. Moreover, let iibk, tho section 
formed by the plane passing through the point a and tlio linn 
EP, be supposed to comprise two of the axes of figure of tln^ 
elhpsoid, then, if 2a and 2h denote these two axes, c the 
moment of inertia with respect to the fliird axis, and M the 
mass of the body, we shall have (No. 370) 




1 e of gravity, and had no motion whatever; but in tliis 

IT T to the section hbk should romuin 

"3?); and its angular 
elocity of rotation should be furnished by the formula reUitivv 
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to the initial motion of a solid body about a fixed axis. There¬ 
fore, if we denote it by w as before, we shall have, (gl the per¬ 
pendicular let fall &om the point a on ef being denoted by^ 
and the quantity of motion impressed on the moveable being 
equivalent to mv,) by formula (1) of No. 386, 



or, by substituting for c its value, 

6v/ 

Thus the two velocities o) and v are connected together,^ 
since each of them results &om the same percussion. \ 

Hence it appears, that the points of the moveable will de¬ 
scribe parabolas parallel to the trajectory described by its 
centre of figui’e; and, at the some time, the body will turn 
unifonnly about the axis perpendicular to the section hek, , 
which remains constantly parallel to itself while it is trans-j 
feiTcd in space. 

440. If the moveable is a homogeneous sphere, or one 
composed of concentrical strata, all whose points are attracted, 
or repelled, in the inverse ratio of the square of the distances, 
by points of other bo dies which are either at rest, or in mo¬ 
tion, the resultant of all these forces will he the same, as if 
tho entire mass of the moveable was condensed in its centre 
of gravity, for each of them will be equal and contrary to the 
reaction of the sphere on the centre from which it emanates.j 
Consequently, the centre of gravity will move as a detached 
point, subjected to given attractions or repulsions; and the 
motion of rotation of the moveable will be independent of 
these forces, and the same as if the centre of gravity remained 
at rest, so that in this case, the two motions of rotation and 
translation are independent of each other. 

Therefore, if we do not take mto account the circumstance 
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of the earth not being perfeotly spherical, it will turn con¬ 
stantly and nnifbrmly abont one of its diamaters, which will 
he always the same, and will remain constantly parallel to 
• itself; at the same time, the elliptic motion of Its centre of 
gravity about the sun, though deranged by the action of the 
other planets, wUl he rigorously independent of the mot^n of 

ffiSftliaa- ... 

441. This however is no longer the cose, when the com¬ 
pression of the terrestrial spheroid is taken into account* For, 
in the first place, if the oxIb of rotation does not, at the oom- 
mancement of the motion, coincide with the ^tih of figwo, the 
instantaneous azis of rotation will oscillate about thiH lino 
(No. 421), and will meet the earth successively in difierent 
points of its suiiace. Hierefiire the poles and egnator will be 
displaced on the suriace of the globe, so that the geographical 
latitudes of places on the earth will be changed. The ampli- 
tode of these oedllatioiis will he arhitrory, hut their duration 
will depend on the diffeirences between the moznentB of in¬ 
ertia of the earth; and, from what we know of these diffo- 
rmoe&(d), this duration will he a little less than a year. Now, 
in this interval of time, the most precise observations do not 
indicate any variation in the zenith distance of a determinato 
place on the earth from the point where the production of tho 
azia of rotation meets the concave sui&oe. It follows thero- 
fbre, that if the osoiUationB in question were formerly of a 
sensible magmtude, they have now become altogether inson- 
sible so that at present the only forces which flan cause the 
direction of the ass of rotation of the earth to vary, are the 
permantni forces which arise from the attractione of the san, 
moon, and planets on the teireetrisl spheroid. 

Now as tho strata of the earth, though not spherical, differ 
^ litde fiom this fonn, the part of those fo direc¬ 

tion of which does not pass constantly through the centre of 
gravity of the spheroid, is very small, with respect to the at¬ 
tractions on the entire spheroid. It is this part which pro- 
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duces the perturbations of the motion of rotationj namely, ^Afi| 
j) recession of the equinoxes^ and the nutation of the axis of the i 
earths 

In virtue of the precession, the annual retrogradation of 
the equinoxes on the ecliptic, the position of which was fixed 
at 1800, is about 50^^, 36482; the annual retrogradation ou 
the plane of the orbit of the earth, which is itself in motion in 
consequence of the action of the other planets, that is to say, 
on the true ecliptic, is a little less, and equal to 60",23427, as 
has been already stated in a former chapter (No. 219). 

The nutation is on oscillation of the axis of the earth, in 
consequence of which it alternately approaches to and recedes 
from the peipendicular to the plane of the ecliptic; it arisesi 
from the attraction of the moon, and its period is the same as 
tliat of the motion of the nodes of the lunar orbit, or about' 
eighteen years; its amplitude amounts to 9",40 (No. 223), on j 
the supposition that the mass of the moon is equal to a, 
seventy-fifth part of that of the earth. 

The actions of the sun and moon on the terrestrial spheroid 
produce only a vciy slow variation (which will not be sensible 
except after a long series of years), in the inclination of the, 
equator to the ecliptic; the annual diminution of the obliquity, 
of the ecliptic, which at the commencement of the present' 
century amounted to 0", 46714, arises from the actions of the \ 
planets, which produce a change in the plane of the orbit of! 
the earth (No. 244), 

IL appears from a careful discussion of the question, that 
tlio same forces which produce the variations adverted to 
above, in the absolute direction of the axis of rotation of the 
earth, or referred to fixed lines, are altogether incapable of 
displacing tliis axis in the interior of the spheroid, or of pro¬ 
ducing any variation in its velocity of rotation. Therefore 
the earth turns constantly about the same diameter, which in 
its axis of figure; and its motion is uniform about this move¬ 
able line, tlie dhection of which, in space, is continually 
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dhangin^- H6iice the sidereal day is constant 3 and conse¬ 
quently, the mean day also (No. Ill), or, at least, it is only 
subject to a variation altogether insensible; and either of these 
periods may be assumed as the unit of time. 

As the principal results of this important theory can only 
be farieflj^ indicated here, the reader, for their fuller exposition, 
is referred to a memoii' of the author on the Motion of the 
Earth about its Centre (f Grmity^ inserted in the seventh 
volume of the Memoirs of the Academy of Sciences. 

442. The invariahility of the day is confirmed by the most 
ancient observations, from which it appears that its duration 
has not altered the one-hundredth part of a second, for ex¬ 
ample, for the last 2500 years, as we now proceed to show- 
If the duration of the day was variable, the longitudes and 
latitudes of the sun, the moon, and the other celestial bodies, 
computed on the supposition that it was constant, would 
not agree with the observed longitudes and latitudes; the 
motion of the moon about the earth would, in consequence of 
its rapidity, be the fittest to throw light on this point; and, if 
the variation of the day was progressive, the differences be¬ 
tween the results of computation and observation would be bo 
much the greater, as the epochs at which the observations 
were made, were more remote from the present day. 

This being agreed on, let I and V be the true longitudes of 
^the sun and moon at a determined epoch, then if an eclipse of 
the sun or moon is recorded to have occurred at this epoch, 
^their difference I V must differ fi‘om a multiple of 180'^, 
!by a quantity less than the semisum of the diameters of the 
Isun and moon; if, therefore, abstracting from the multiple 
of 180*^, which this difference may contain, we denote it by S, 
it is evid^t .that it cEmnot exceed the mean value of this 
sjmisum^^^. Jialf a^degree, and that, in general, it must bo 
much less tiiau this limit. Now, in the Connaissance des 
Terns for 1800, the values of 8 in the case of twenty-seven 
eclipses observed by the Chaldeans, Greeks, and Arabians, have 
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been computed, and the results which arc in some cases plus, 
and in other minus, are invariably very small. The greatest, 
which amounts to -- 27', 41'', is in the cose of an eclipse 
observed 382 years before the Christian era; for tlie most 
ancient eclipse observed by the Chaldeans, 720 years be¬ 
fore our era, the value of 8 is only 2", This comparison 
evinces at tlie same time the accuracy of our present lunar 
tables, and also the necessity of the secular inequalities intro¬ 
duced by Laplace. It likewise proves, that the duration of 
the day which was suppose'dto be constant in the computation 
of the longitudes of the sun and moon, is not, in fact, subject 
to any progressive variation. But in order to remove eveiy 
doubt on this important point, we will compute the value of 8 
con’esponding to the most ancient observed eclipse, which 
would result from such a variation, if it really existed. 

443. Let the interval of time wliich at present constitutes 
the mean day be taken as the unit of time, and lot us suppose 
that, irom a very remote epoch, this duration has diminished 
fi:om one day to the following, by a constant qinmtity a. Let 
n be the mean motion of the moon, that is to say, the number 
of degrees which it describes in each unit of time, abstracting 
from the inequalities of its true motion ; the arcs described in 
the day when ^^Ls determined and the preceding ones will be w, 
w(l -f n), w(l + 2a), + 3a), &c.; and the arc described 

in a gi’cat number of days such as t will be 1), or 

nt +^ aiif very nearly(^/). The term nt is iilready comprised in 
the value of Z, which is comjiuted from the tables, on the sujv 
position that the day is constant; therefore, in consequence of 
the vaiiation of the day, tlie true longitude of the moon will 

be increased by at an epoch distant from us by a number 

of days represented by t. 'J'hat of the sun at the same c])ocli 
would be increased by n' denoting the mean diurnal 

motion of the sun; iberefore wc filiall have at this epoch, if 
tlie variation of tluj day be solely considered, 

VOL. II. 


y 



162 OF THE MOTION OF A. SOLID BODY ENTlllKLY FIIEI5. 

= ^5 (*) 

and, %Yith respect to the eclipse observed 720 yeiu’s be tore tho 
Christian era, this will be the entire value of the differeiico cri 
the longitudes of the sun and moou, since this diiforonco, coiit- 
puted on the supposition that the day is constant, is only 2^^ 
or very nearly cipher. 

If i be the number of centuries contained in t days, \vi‘ 
shall have 

^ = (36525) i. 

Likewise let J3 = (36525)a, m =: (36526)», =: (3()525)w^; 

then equation (1) will be changed into(e) 
in which |3 will now be the secular diminution of the clay, iiiul 
m and w'will represent the secular motions of the sun anil 
moon. From their values determined by modem observations, 
it appears that, neglecting fractions of degrees, 

446268®. 

Now, if we suppose that the day has diminished a ti'n 
jinillioneth part since the most ancient eclipse recorded l)y tin* 
Chaldeans, we shall have = 0,0000001, % = 25,32, from 
' which there would result S = 34', a value of the differeneo 
ioF longitudes tliat would render the observed eclipse impoH- 
sible{/). 

Therefore the duration of the day cannot have diminirthoil 
by this fraction, which is a Uttle less than the hundredth part 
of a second, in an interval of time which is greater tliun 
twenty-five centuries. If there were any periodic variations 
in the duration of the day, there would result from them iIlu-» 
flions in the measure of time, which would produce apparent 
inequalities in the motions of the stars. It would bo easy to 
dis tinguUh these inequoUties, since they aU follow the same law, 
for the sun, the moon, and the planets, and their magnitudes 
w-ould, m the case of each of these bodies, be proportiomil (o 
t e rapi ity of its motion. But astronomers have not rccog’-' 
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nized any inequality of this kind in the motions of the hea¬ 
venly bodies. Thus then it appears that observation agroos j 
with theory in proving that the duration of the mean day is I 
not subject to any valuation, either periodic or progressive, j 
the magnitude of which is sensible. 

444. Let us now return to the particular object of this 
chapter. 

When a solid body moves in the air or any other fluid, the 
resistances exerted on all the points of its surface must bo 
transferred, parallel to themselves, together with tho weight of 
the body, to its centre of gravity; and the motion of this centre 
is that of a heavy material point, in a resisting medium; tho ; 
mass of this point being that of the body, and its motive force ; 
arising from the resistance, which is a force whose components I 
will depend on the form of the moveable, on the velocities of 
the different elements of its suiface, and on the condensatioiml 
or dilatations of the fluid in contact with these elements. At 
the same time the moveable will turn about its centre of gra¬ 
vity, as if the velocity of tliis point was cipher, and the velo¬ 
cities of the points of its surface were, nevertheless, those 
whidi really have place at each instant. It follows from this, 
that the resistance of the medium will affect, at once, both tho 
motion of ti’anslation and the motion of rotation of the move¬ 
able, and tliat in the case of a body of any form whatever, 
those two motions will mutually depend on each other, and 
cannot be determined separately. 

If the moveable is a homogeneous spliere, or ono composed 
of eonccntrical strata, on which no velocity of rotation is im¬ 
pressed at the commencement, tlien no motion of this kind 
will arise during the continuance of this motion, which will 
be merely one of translation, in which all the ])oints of tlio 
moveable will be actuated at each instant with equal and pa¬ 
rallel velocities. In fact, if there be drawn through the centre 
of the sphere, a tangent to the ciuwe which it (Icscribes, it is 
cvklent that every thing will be similar about this line, with 
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Toapeot both to the velocities of the points of its surfiioey wnl 
also to the condenBatione or dilatations of the Burronndinij 
fluid. Consequejitly, the resultant of the resistances exer¬ 
cised on all the points of the surfiice, will constantly pass 
through the centre of figurey which is also tho centre of gra¬ 
vity, so that it cannot produce any motion of rotation. T. he 
condensotions or dilatations of tho fluid in contact with tho 


elements of tho surface, will depend on the velocity common 
I to all the points of the moveable, and will, moreover, be diffc- 
;rent for the different sectioDs perpendicular to the tangent, 
.which wo have supposed to bo drawn through the centre. 
Consequently, the resultant of the exterior resistances which 
wUl coincide with this tangent^ can only depend on this velocity, 
on tiie extent of the surfiice, and on the natural dastic force 


of the fluid; and the motion of the centre of gravity will bo 
that of a detached material point, whose moss is that of tho 
body, and to which is applied the resultant in question, in a 
direction contrary to that of its velocity, and also tho weight 
ofthebody. Thishasbeen assumedin No. 210, withrespoctto 
bodies projected in artillery practice, which are olways sup¬ 
posed to be homogeneous, and perfectly aphencal. 

In this case, the centre of the bullet cannot deviate fironi 
the vertical plane passing through the direction of its initial 
velocity, and relatively to which every thing is alike on all 
odes. But if the projectile deviates a little from the sphoridil 
form, or if it has not the some density throughout its eutiro 
extent, the resultant of the exterior resistoncei which aris 
normal to its surfiice, will not pass constantljf through ito 
ceutre of gravity; it will consequently produce a motion ol 
rotation; and if it is not always comprised in the vertical plums 
in which the centre of gravity commences to move, it will causi.' 
h to deviate from this plane; so that the tr^ectory of the pro¬ 
jectile, referred to its centre of gravity, wlU no longer be ii 
plme curve* It is easy to conceive all thia when the projectile 
is neither perfectly spheiiool or homogeneous; but it may In* 
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remarked that, even though the defect of perfect Bphcricity or 
of non-homogeneity be not taken into account, still if the bul¬ 
let is actuated by any velocity of rotation at the mouth of the 
Ciuiuon, the friction of its surface against the air dui’ing the 
motion, may still cause its centre of gravity and of figure to 
deviate from the vertical plane. 

445, In order to show this, let g (fig. 12) bo the centime of 
gravity and figure of a spherical homogeneous body, and agd 
the diameter which is a tangent to the trajectory described by 
G. Let us suppose, for greater simplicity, that the axis of 
rotation which passes through the point g, is perpendicular to 
this diameter. Let abdb be tlie section of the moveable, per¬ 
pendicular to this axis, and dgb a diameter of this section, at 
right angles to agb. Likewise let the motion of the point g 
be fi:om a to D, in the direction indicated by the sagittn «, and 
the motion of rotation in the direction indicated by the sogittm 
placed at a, d, n, e. The friction of each clement of the sur¬ 
face against the air, which aiises from the motion of rotation, 
will be a force acting along the tangent to the surface in a di¬ 
rection contrary to this motion. On each section parallel to 
ADUE, it will vary from one point to another, in consequence of 
tlie difference of density of the fluid. The fluid will be con¬ 
densed hejbre the projectile, and it will be dilated behind it; 
consequently, the friction will be greatest on the side of the 
point n, imd least on that of the point a. Hence it follows, 
that if all the forces arising from the friction exerted against 
the surface, be transferred parallel to their directions, to the 
point G, there will result a force acting along the part gu of 
tho diameter dge. Let this force be denoted by f, the weight 
of the body by p, the resistance of the medium transferred to 
the point g, and acting in the direction of ga, a part of tho 
diameter agb, by r. The motive force of the point g will be 
the resultant of the three forces f, p, ii, and its accelemting 
force will be equal to this resultant, divided by the mass of 
the projectile. 
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1 This being established, if the axis of rotation bo vortieiil, 
and consequently, comprised in the plane of the two forooH i' 
and n, on the direction of the force f will be perpoudicMliir t*> 
this plane; it will therefore cause the moveable to ilevialo 
from this vertical plane, by urging it on the side of the jioiiit. 
n; and, in this case, the trajectory of the point a, will be a 
curve of double curvature. If, on the contrary, the axis of 
rotation is horizontal, on the direction of the force v, will bo 
I comprised in the vertical plane of the forces r and a, wlrieli 
will be that of the section adbe, consequently, the poirrt cr will 
not deviate from this plane, and its trajectory will be a plain* 
curve. 


446. It appears that in this last case, tire vertical corrijro- 
nent of the force f will increase or diminish the woig^ht r, 
according as the direction of the sagitta a is upwards or dowii- 
Maids. Ihe force f will be vertical, and this dinriimtion or 

increase of weight will be a jjiazmwm when the directioir ai» 

is horizontal. Thus, in the horizontal level, if the hrillot In* 
supposed to turn about a horizontal axis, perpendicular to tlu* 
direction of the level, the friction of the projectile against tiiir 
air will increase its weight and diminish the range, when the 
anterior part of this body turns upwards from the horizon, 
an when this part turns towards the horizon, the friction will 
dimmish the weight and increase the range. It may evt'ii 
happen, in this second case, that the trajectory becomes con¬ 
vex to the horizon, for in order that this should take placo, if. 
wou e only necessary for the rotation to be sufficiently 

■ aprd to render ffie force f greater than the weight r; I,„ t 

thr^w ^ the velocity of rotation, 

when 'decrease, and eventuaUy become loss tliaii i*, 

■ gi-ound as towards llu* 

rhe.e considerations, combined with those of the precodiim- 
numbor, show that, independently of the defect of sphcrilily 
and homogeneity of the buUet, the friction of J suiXc^ 
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against the air, arising from the motion of rotation, which it 
may acquire in moving in the interior of the cannon, may 
aifect the accuracy(^) of the aim, hecause this friction may 
cause the centre of die bullet to deviate from the vertical 
plane of projection, and also produce an inequality in the 
ranges, as this force may increase or diminish the weight of 
the moveable. Howe ver, none of these effects takes place, if 
the buUet tunis about the diameter ab, in the direction in 
which it moves; for then die friction is equal and contrary 
for two opposite elements of each secdon of the surface per¬ 
pendicular to the axis of rotation; hence it follows, that the 
forces arising from the fnetion exercised on all the elements, 
destroy one another two by two, when transferred to its centre 
of gravity; so that the motion of this point will not ho de¬ 
ranged by the total fiiction aidsing from the rotation. 
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OP THE MOTION OP A HEAVY SOLID BODY ON A GIVEN PLANl?. 

I. Case in which the Friction is not taken into Accomit^ 

447. Ton greater simplicityj we shall suppose that tho 
moveable touches the given plane only in one point, which 
we shall denote by k, and which, in general, may vary both ou 
its surface and on the plane. As the forces lost in each infi¬ 
nitely small instant constitute an equilibrium, they must ho 
i*educible to a single force, passing through the point k, nor¬ 
mal to the given plane, and so directed, that it may always 
tend to press the moveable against this plane. This resuUant 
will be the pi-essure that the plane sustains, and which will 
he destroyed by its ih&sistance denoted by n. If to the weight 
of the body, this force r of an unknown magnitude he joined, 
we need not consider the given plane at all, but regard the 
moveable as entirely free. 

Hence it follows, that the motion of its centre of gi'avity 
G will be the same as that of an isolated material point, whosti 
mass is that of the moveable, and to which there is applied, the 
weight of this body and the force R, parallel to their respectivo 
directions. At the end of the time^, let aJi, yi, he the co- 
‘ ordinates of a referred to fixed rectangular axes, and X, fc, v, 
the angles which the direction of the force r makes with linoH 
di*awn parallel to these axes, through the point K. If tho 
axis of the positive coordinates of Zi , be supposed to be ver¬ 
tical, and directed upwards from the horizon, we shall havo 
for the three differential equations of the motion of the point g. 



Motion of a body on a given plane, etc. 169 


M = n cos A, 


M 


rfjt* — 


<PZi 

M Z= R COB V — Mf7, 


0 ) 


ff denoting as usual tlie gravity, and m the mass of the body. 
If the given plane is fixed, the angles X, /u, v, will be constant 
and given ; if it is in motion, we shall suppose this motion to 
be known, and that it cannot be modified by that of the body; 
X, fit 1 /, will tlien be given functions of L As the moveable is 
u heavy body, in order that it may never be detached from 
this plane, whether fixed or in motion, it should be always 
Bituuted above it, consequently, ncos v the vertical component 
of the resistanco of the plane will be always positive, and v 
will bo always an acute angle; the other two given angles X 
and fi may be either acute or obtuse* At the same time, the 
body in virtue of the forces ii and m^, applied to the points k 
and G, win turn about g ns about a fixed point (No. 438); 
but ns the weight will not influence this motion of rota¬ 
tion, the differential equations of this motion will depend 
solely on the force u. In order to obtain them, we shall take 
for the second members of equations (a) of No. 412, the mo- 
moiitfl of the force u with respect to the three principal axes 
of tlio movcablo, which intersect at the point o, multiplied 
rcHpcctivoly by di. Denoting the coordinates of the point k 
referred to these axes, by a, ) 3 , 7 , and the angles which the 
direction of the force r makes with lines drawn parallel to 
these saino axes through k, by X', /u', v', these moments will be 


oRcos/i' — jSucosX', 
yii cos X' — aR cos v', 
jSn cos 1 / yR cos ju', 
and equations (a) will become 

VOTi. II, 


z 
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C 6 &' + (b — a) pqdt =: R (a C09 — j3 cos X') dt^ 

'Bdq 4 - (a ^ c) rpdt = E (*y cos X' — a cos v') dt^ ^ ( 2 ) 
hdp 4 - (c — b) qrdt = R ()3 cos i/ — y cos i/)dt\ . 

ill wliLch A, U 5 c, denote tlie moments of inertia tliat refer to 
tlia same axes respectively, as the angles X', /x', v\ and jj, 7 , r, 
the components of the angular velocity of rotation (No> 407). 

To these we must join equations (7) of No. 410, namely, 

pdt m sin 0’Bin — cos 0d0, 

qdt = sin 0 cos <pd\fj 4 - sin <j>d9j ^ i^) 

rdt Od^jj. 

We shall suppose that the nine cosines a, 6 , Sic., whose 
values in functions of ip, 0, have been given in No. 37H, 
are those of the angles which the fixed axes of iCi, 2 ^ 1 , the 
coordinates of the point g, make with lines parallel to the 
principal axes relative to this point, drawn through the origin 
of these coordinates; then it is evident from equation ( 2 ) of 
No. 9, that 

cos X' zr a cos X 4 " cos p 4 " cos v, 

cos g' = 6 COB X 4 - 6' cos g + ¥ cos v, ^ (4) 

cos :z c cos X + c' COB 4 - ¥ cos v, 

will be the values of cos X', cos p\ cos v', which should be sub¬ 
stituted in equations ( 2 ). 

The position of the moveable at any instant whatever, witli 
respect to the fixed planes of the axes of oi], yj, Zi^ will be com¬ 
pletely determined by means of these coordinates and of the 
three angles 1 ^, 0 , already defined (No. 378); the position 
of the instantaneous axis of rotation in the interior of the 
moveable, and its velocity about this axis will depend, more¬ 
over, on the three quantities p, q, r : the solution of the pro¬ 
blem ^vill, therefore, consist in om- deducing from the nine 
equation (1), (2), (3), the values of those nine unknown 
quantities in functions of t ; but ns these equations contain 
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o^'Cq n, and tlie three coordinates aj fi, y, which are also 
four more equations arc required, which tnay be 
in the following manner. 

'tQ- Let L be a given function of a,]3, y, and let ua re- 
jTit; the equation of the aurfixee of the moveable, referred 
J pi'incipol axes which pass through the point g, by l = 0 - 
0 inahe 

’=[(£)’+C|)'+(^)T: 

lisxll have (No. 21 ), 

cos X' = V ^ , C03 = V cos i/ =: v ( 5 ) 

Ixicla the sign of the quantity v must be such, that the 
lea X'> jtt', may respect the interior part of the normal to 
s'Cir'ffice of tlie moveable, which will he the superior part 
Ixo normal to the givep plane. As one of these equations 
- l>o deduced from the two remaining, by substituting for- 
OQ ( 4 ), in place of cos X', cos cos v', the resulting cqmw 
togetlier with the equation l ^ 0 , will furnish tliree 
lio four required equations. 

If cOf y, iSy be the coordinates of any point of the given plane, 
rvoci to the same fixed axes as aii, i/i, and X, fi, vj the 
Igs 'which the normal to this piano makes with these axes, 
bIiixII obtain, for its equation, 


a: cos X + y cos ju + 2 ! cos V = ?; 


oing a given quantity, which will bo constant when the 
01:1 jilanc is fixed, and, generally, a given function ot L 
jvoover, if a?, y, 2?, are the coordmates of the point k, which 
btsfs in tills plane, wo shall have, by the formula of No. 1177, 


(V = iTi + «o + ?>j 3 + Cy, 
ij=::?ji+a'a + l/l3 + c'y9 
z=:Zi + a'^a + fy'P + c"y^ 


■ 

^ («) 



172 


MOTIOH OP A BOOT ON A QIVKN PLANB, 


The Tfllues of ®, y, z, ghould therefore setiafy the pre¬ 
ceding equation; by substitating them in this equation, there 
will reBult(a) in consequence of formula (4), 

®i cmX+ yi cosju +^1 cos V+acosX'+/3 cosju,' + y cos(t) 


which will be the fourth equation that is requisite to determine 
the unknown quantities of No. 447. 

If the moTeable be terminated by a point, and olwayti 
touches the given plane with its extremity, a, j3, y, the coor¬ 
dinates of the pobt X, will be constant, and they oau bo de¬ 
termined by means of the position of this point on the surfiiue, 
and its distances from the planes of the piindpol axes of tlio 
moveable, which intersect at the point o. But equations (/i) 
will not obtain in a point of this natore j however, equation 
(7), which expresses that this point appertains to tho givuii 
plane, will always sabsist; and it is only neoessniy to join it 
to^ the equations of the preceding number, in order to deter¬ 
mine the nine unknown quantities of the problem, mid the 
magnitude of the force n which these equations contnin(i). 

449. men the given plane is fixed and horissontid, by 

it for that of the coordinates m and w, tiioro will 
result " 

cosXssO, ooB/isO, cosvsl, ?=r 05 
which will reduce formula (4) to 

ooS|a'=6«, co8v' = c". 


‘JT (1). the horizontal ino- 

went of the motion. ‘apenences at the commcnco- 

The third equation (1) will give 
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by means of which the value of n will be known, when that 
of shall have been determined. At the same time, equa¬ 
tions ( 2 ) will become 


c tZ/- + (d — a) pqdt = M (ab" — j3a") dt, 

udij + (a ^ c) )pdt = M (~ + gj (ya" - ac") dt, 
Adp + (C - u) qrdt = M (^ + f/) (I3c"- yb") dt ; 



and equation ( 7 ) will be changed into the following, viz.: 


Zi+a"a + b"P^c''y = 0, (9) 


from which tlie value of Zi may be deduced, in order to sub^ 
stitute it in the preceding equations. 

Thus, in this case, the probleih will depend on equations 
(3) and ( 8 ), by means of which, /?, t/;, 0, can be deter¬ 

mined in functions of as in the motion of solid body about 
a fixed point. If the position of the point K changes on the 
surface of tlie moveable, the quantities «, /3, 7, should 1)g eli¬ 
minated from these equations by means of l = 0 , and formula) 
(5), which will in this case be 


a 


11^ 


di 

da 


V — 



( 10 ) 


If, on tlio contrary, the position of the point k on the sur- 
fttco of the moveable is always the same, the constant and 
given coordinates of this point should be substituted in equa¬ 
tions ( 8 ), in place of a, ]3, 7 . This second case, is tliat of the 
motion of a top on a horizontal plane, in which the friction of 
die point K against this plane is not tidten into account. 

In the state of equilibrium of a heavy body on a fixed hori¬ 
zontal plane, the line gk will be vertical; if this state is stable, 
wlieii the moveable is caused to deviate from it by a sma]! 
quantity, and is then remitted to itself, it will make very small 
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oBcillations, which we may determine to any degree of approxi¬ 
mation we please, by means of the preceding equations. Wo 
sliaJl restrict ourselves here to point out this example, as an ex¬ 
ercise of the calculus. We may suppose^ for greater clearness, 
and in order to simplify the question, that the moveahlo is a 
homogeneous ellipsoid, or a sphere whose centi'c of gravity 
does not coincide with the centre of figure. 

450. It is easy to obtain the two first integrals of equa¬ 
tions (8); for by multiplying them by respectively, 

and then adding them together, their second members dis¬ 
appear, and, if we then integrate, we obtain, as in No. 415, 

= /; 

I being an arbitrary constant, which expresses the sum of the 
moments of the quantities of motion of all the points of the 
body, with respect to a vertical axis passing through tlie 
point G. 

In order to obtain a second integral of these same equa¬ 
tions (8), let them be multiplied by r, g', p, respectively, mid 
then added together, this gives 

erdr + Bqdq + kpdp = m [« 

+ |3 (c"j9 — fl'V) + 7 (a"g — 

which, in consequence of the three last equations (8) of No. 
411, is equal to 

erdr + T^qdq -1- hpdp = m (ada"+ j3^"+ yd&^). 

By differentiating equation (9) with respect to tf we obtain 

dzi + flda"+ (3d6" + ydc" = — (a!^da + 

Now, when k is always the same point of the surface of 
the moveable, the second member of tliis equation is cipher, 
because its coordinates a, jS, y, are in this case constant. 1 1 
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is also cipher, when k is tlisplncecl on this surface^ for, in 
virtue of equations (10), we have 

a"da + + o"dy = ^ ^ dj3 + ^ dy) = vdL; 

which is cipher, hecauso l 0 , during the continuance of the 
motion, and, therefore, dL = 0. Consequently, in these two 
coses, we shall have 

cida" + — dz^\ 

hence tliere results, 

+ dzy— 0 , 

and, by integrating, 

cr® + B|/® + Ap® + M = h; 

h being on arhitroi'y constant. 

These two integrals will be sufficient to enable us to re¬ 
solve the problem, when the question is respecting a homoge¬ 
neous solid, terminated by a surface of revolution; this is wliut 
has place, for example, in the case of a top. The axis of figure 
is the right line gk; and if c be the moment of inci’tia with 
respect to this axis, we shall have 

n = A, a =05 J3 = 03 

y will be the longtli of gk ; and, from equation (9) and 
COS0, we shall have 

=r — y cos 0 

for the value of the vertical ordinate of the point G. The 
first equation ( 8 ) will give r = w, n being an arbitrary con¬ 
stant, denoting the velocity of rotation of the moveable about 
its axis of figure. But, by the values of a" and (No. 378), 
and the two first equations (3), wo have 

a!'p + l/’q - - 8m®0 p“ + q* = ^ \ 
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consequentlyj the two integrals which we have obtained will 
become 


cwcos 0 — Asin*0 


+ S 2Yi7C08fl) = h, 

in whltjh — cn* is comprised in the constant quantity h (cl). 

These two last equations will moke known, by means of 
elliptic functions, the values of ^ and t in functions of 0 ; the 
third equation (3) will then give the value of <pi and the 
problem will be resolved in the same manner as that of Nn- 
425, the solution of which has been already given in detail. 

451. The moveable being always a homogeneous Kolid 
of revolution terminated by a point, and k, the extremitj'' of 
this point, being constantly supposed to touch the givtui 
plane, let now this plane be in motion, so that the anglos 
X, /X, V, and the quantity Z inay he given functions of t. The 
moment of inertia belonging to the of figure beingf c, tho 
two other moments a and b will be equal, the coordiimtos a 
and p will be cipher, andy will express the length of gk. T1h‘ 
first equation will in this case give r = w, n denoting an arhi-' 
trary constant; so that the angular velocity of the moveabli' 
about the axis of figure WiU be constant, as in the case when 
the plane is fixed. And, in consequence of formulos (4), tlu^ 
two other equations (2) will become 

Adj + (a— c)n/?di=R'y(acosX+a'co8/x+a"co8v) dt, 

hdp — (a— c) nqdt= — Ry{b cosX + v) dt. 

In like manner equation (7) will become 

^TlCOsX + J/iCOS/i + 2fiCOSv+'y(ccosX+C^C08jU+c"C0Si;) J ( I 

and equations (1) and (3) will not undergo any change* T'lie 
system of equations (1), (3), (11), (12) should therofoiv 
enable us to determine the nine coefficients 
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OD, y, R; but the rigorous iategi*ation of these equations is 
impossible in the present state of the science; and, in order 
to obtain approximate values of the unknown, which are not 
very complicated, we aro obliged to restrict the generality of 
the question by different hypotheses wliich we will state ac¬ 
cording os they will be necessary. 

452. We shall suppose, in the firet place, that the rotation 
of the moveable about its axis of figure is very rapid, and that 
the different motions of the given plane are very slow relatively 
to this rotation; so that if, for example, the perpendicular to tlie 
given plane erected at the point K, oscillates on each side of 
the vertical which passes tlirough this point, or turns about 
this line, the duration of each oscillation or each revolution 
may be very great, relatively to a revolution of the moveable 
about tlie axis kg ; and that the same will bo the case, if the 
given plane performs osciUations parallel to itself- 

We shall suppose, secondly, that the angles 0 and \fj vary 
very slowly with respect to the angle 0; a supposition which 
should bo confirmed d postcHori^ by the values which will be 
obtained for these three angles. 

If in a first approximation, the differential dxj^ wliich occurs 
in the third c(piation (3) be neglected, and if we suppose 
that 0 = 0 when ^ = 0, we shall have 0 = at any instant 
whatever. 

By means of the formulos of No. 378, vve shall then have 
acosX + tt'cosju + f£"co8v usiiui^ Qoos^i^, 

/^eosX + + //'eoHv r: pcobw^ — Qsiuw^ ; 

in wliich, for the sake of abridging, wo inakc(c) 

V “ cosX cos Osin i// + cos/i cos 0 cost//— cosi; sin0, 
ci= eosXcosi// — eos/isin0; 
and equations (11) will l»ceoine 

Ailq + (a — = 117(1* sin 74^ + Qcos? 4 ^)ri^, 

Arf/3 — (a —C)7l(ifd^ = Il7(QHinW< — PCOH^l^)d^ 

2a 
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Now, in tlie second hypotheBis, the quontitieB p and q will 
vary very slowly, this will be also the case with respect to ii, 
as we shall see immediately; therefore In the integration of 
these equations, we may consider, in a first approximation, 
that p, Q, H are constant quantities, and, consequently, only 
take into account the variation of sinn^ and cosw^ in their se¬ 
cond members. If 7n be a very small fraction of w, and if the 
coeiBcient of sinw^ contains, for example, a term which has 
coawif for a factor, mint should be replaced by ^sin(« + ?«■) ^ 
+ ^ ain(n—wj) t ; hence as the coefficient of sinn^ is considered 
as constant, mt must be neglected with respect to nt, at least 
in the first approximation(jQ. 

In this manner, the complete integrals of the preceding 
equations will be(^) 

p=D sin +B ^ (Q cos ni+P sin n^), 

y = D cos j E sin ^ (q sin nf —p cob nt), 

D and B being two arbitrary constants. In order to determine 
them, let the instantaneous axis of rotation coincide with the 
axis of figure at the commencement of the motion ; we sliall 
then have p =: 0 and 0, when ^ 0; and if p', q', be 

the values of p, q, h, at this same epoch, there will result 


£ 


^ yBfo! 
^ cn ‘ 


yll'p' 

cn 


Therefore, at any instant whatever, we shall have 


P 


JL 

cn 


^p' sin nt + q' cos (— j-) 

— E ^psiuMf + Qcosni^^, 


2 


^ [r' (p' cos nt - Q' sin nt 

— R cos nt — Q sin 
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If we suppose, that in the two first equations (3), ^ = nty 
we obtain from them(//) 

sin = (p sin nt q cos nt') dty 
dO =: {q sin nt ^ p cos n£) dt ; 

and by substituting for ja and q their values given above, there 
results 

sin Od^j/ = cos ~ + of sin — npj, 

dO = sill — — q'cob^^ 

c« U \ A A / -J 

Now, if c is not a very small fraction of a, it is necessary, 
in order that 0 and \fj may vary very slowly, as has been sup- 

ent ent 

posed, that the terns depending on sin — and cos — should 

disappear fi’om these foiTnulm; which condition will be always 
fulfilled, by supposing that at the commencement of the motion, 
RG the axis of figm'e coincides with the perpendicular to the 
given plane. 

In fact, if at the commencement of the motion, £ is the 
angle that the perpendicular to the given plane makes with the 
vertical, and e' the angle that its horizoiital projection malcos 
with tlio line from which the angle is meaiiurcd; at this 
epoch, wc shall have {No. 8), 

cos V = cos fi, cos p =r sin e cos e', cos X = sin e sin s', 


and, if i// and 0' be the initial values of and 0, tlierc will 
reault(i) 

p' = cos 0' sin £ cos (c' ^ i//) — sin 0' cos e, 
q'z: sine sin (e'— i/;'). 

Now, if the axis of figure was perpendicular to the given 
plane, when the motion commenced, we shall have \p*zzt\ 
and 0' e, henco there will result p^ = 0, a' 0 ; in conse¬ 
quence of which, the preceding formulm arc reduced to 
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= 0=^^ (13) 

^ cn cn 

463. Now, it is necessary still to suppose that the perpen¬ 
dicular to the given plane and the axis of figure of the move¬ 
able, deviate very little from the vertical direction during the 
contmuance of the motion, the supplement of the angle 6 will, 
consequently, be constantly very small; for 6 is the obtuse 
angle comprised between the vertical di’awn through the point 
G upwards, and the line drawn from g towards the point K, 
which is below G. We shall, therefore, neglect the square of 
sin Of and assume cos 0 =: — 1 (A). The quantities cos X, cos /t, 
will be very small, and if their squares be neglected we shall 
have cos v == l(i). Moreover, we have (No. 378) 

c = sin 6 sin c' zz sin 6 cos i//, c" cos 0 = ^ 1 - 

Hence, if the products siii 6 cos X, sin 0 cos be neglected, 
equation (12) will give 

= 7 — a?! cos X — yi cos fjL. 

If, therefore, independently of the smaUnesa of cos X and 
COB fly the vertical oscillations of the given plane are lilccwiscj 
supposed to be very small, the variations of Zi will be ho 
likewise; the value of e famished by the third equation (1), 
namely 

R=iMg+u^y 

will differ very little from Mg; and if the products of 

and of each of the quantities cos X, cos fiy sin 0, be neglected, 
it will be sufficient to substitute in place of e, in equations 
(13), Also, by substituting the values of p and q, those 
equations will become(wi) 

em Qdijj = (sin 0 — cos X sin -- cos fi cos \p) dty 

dO = (cob X cos — cos ju sin y\i) dt. 
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The two first equations (1) will become, at the same time, 

— = gco^\ -^ = g cos fi. (14) 

By differentiating the values of c and & with respect to ty 
aiul substituting dO in place of rf.sin 0, we obtain 

dc = sin ^dO + cos sin 6d\fj, 
d&=. cosi/;dfl — sin ^ sin 6d\l ^; 

and if, in these formulae, there be substituted in place of sin Odip 
and dO, their values given above, there results 

dc — dmdt zz — m cos }xdt^ 
dd + cmdt — m cos \dt^ 

in which, for the sake of abridging, we molce — -—zzm. Thus 

the question is finally reduced to the integration of those linear 
equations which are of the first order with respect to the un¬ 
known quantities c and dy and have constant coefficients. It 
may be observed, that it was by employing these same unknown 
quantities, namely, sin 0 sin p and sin 0 cos p, in the problem 
of the motion of the moon about its centre of gravity, that 
Lagmngc succeeded in reducing the differential equations of 
this problem to tlie linear form; and this enabled him com¬ 
pletely to explain the phenomenon of lihrationy which he was 
not able to accomplish in his first investigations on this subject. 

454. By integrating equations (15) in the usual manner, 
'SVQ obtain, by Bubstitiiting for c and d what these letters de- 
notc(«), 

sin 0sim^=A sin int +A' cos mt 

—m sin mt J (cos fi sin mt^ cos X cos ini') dt 
— m . cos 5 (cos/i cos +cos X sin mt) dty 

Hin 0 COB p—k cos mt^k sin mt 

—m COS int\{ cos ju flin mt — cos X cos mt) dt 
. sin 5 (cos/i cos +cos X sin mi) dty 

in which A, A', denote two arbitrary constants. 
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If the integrals indicated in these fomiuljB be supposed to 
commence with and if 6 and yj/ denote, as before, the initial 
values of B and we shall obtain, by making # = 0, 

k = sin 9' coa\/f', A' — sin 0' sinip^ 

for the values of A and h\ which will be cipher, when the axis 
of the figure of the moveable is vertical at the commencement 
of the motion, in which case we shall have B* = 0. 

When the actual values of coaX and cosjn are given in 
functions of by performing the requisite integrations, equa^ 
tions (16) will make known the values of 6 and i//, and conse¬ 
quently, the position of the axis of figure^'of the moveable at 
any instant whatever. At the same time, we shall have, by 
the third equation (3), 

(^zznt-^ip + 

by making cos0 = — 1, and assuming ^ = 0, when ^ 0. 

The two first equations (3), in which tp is made simply equal 
to nr, will give the values of^ and which, with the equa¬ 
tion r ^ n, will enable us to determine the axis of rotation and 
the angular velocity of the moveable about this axis, at any 
instant whatever. Finally, the values of aji and in functions 
oft can be obtained by two successive mtegrationa of equa¬ 
tion (14) I from which those of and n may be immediately 
deduced. 

Hence then it appears, that approximate values of all tbo 
unknown quantities of the problem can be determined, by 
means of the given values of cosX and cosfi. By means of 
values, those of the quantities neglected in 
IS first approximatioa may be computed; then if in a second 
approximation, the quantities thus computed be taken into ac¬ 
count, we shall arrive at other values of the unknown quan- 
due, more accmite thm tl. fai, mj, ^ pMeeding- in flus 
.hall obtoio, by tbe gea^l nelhod of sLoossi™ 

•pponmiM, ojpresmnsof tlsootnowi, qonodto. to oiiy 

dogroo of toctoooy pW l„ 
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values of these quantities were not determined beyond a first 
approximation, there would be no other difficulty attending a 
second or third approximation, but what arises from their 
length. 

465. n the velocity of rotation, impressed on the moveable 
about its axis of figure, being supposed to be very great, the 
quantity m will be generally very small. It follows therefore 
from formulas (16), that the variations of cosX and cos^, 
aiising from the small oscillations of the normal to the given 
plane on which the moveable presses, will bo very inconside¬ 
rable in the value of 0. Consequently, if the movciible is termi¬ 
nated at its superior part by a plane surfiice, perpendicular to its 
axis of figure, and if at the commencement of the motion, this 
surface was horizontal, and the axis vertical, which would 
cause the teims multiplied by k and to disappcar(o), this 
surface would sensibly preserve its horizonlality during tbo 
continuance of the motion, notwitlistanding the small oscil¬ 
lations of the given plane, and this so much tbo more accu¬ 
rately, as the velocity of rotaLion impressod on the niovctible 
is more considerable. This is llio principle of the method 
which has been proposed for obtaining at soa, iiidcpoiidently 
of the dipping and rolling of tlie vessel, an artificial horizon 
which may be used in making astronomicnl observations. 

Li consequence of the smallnosa of 772 , sin 72?.^ and cos 
may be regarded os constant quantities in the integrals wliicli 
formulte (IG) contain. Thus, for example, by integrating by 
parts, we shall obtain Q)) 

JeosX conmidt = co^mtlco^Xdt + ?nsin7n^SScosXfZ^^ -1- &c.; 

and if the variations of cosX are veiy rapid relatively to tlioso 
of mxmt and cos^nif, although very slow vdili respect to the 
rotation of tlio moveable, this series will be very convergent, 
and may be reduced to its first term; tliis comes to coiiaidei^ 
ing coswf as constant in the integral JeosX co^7ntdt. 

In this way, and by supposing /t, /*' respectively equal to 
cipher, formulm (16) will be reduced to 
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Bin0 Bin i/; = — fnlco&fidt, sin 0cosif/~m^cosXdt. 

Likewise, if the centre of gravity of the moveable has not 
received any horizontal velocity at the commencement of the 

motion, so that ^ — ^ when t — 0, equations (14) 

will give 

^ z=!/^coBXd^, ^z=ff^co9fidi; 

in which the integrnlfl commence with as in the preceding 
equations. Therefore by eliminating them, and Bubstituting 
for m its value, we shall have 


sin0Bini/» =: — 


C7l dt ’ 


sind coBi/f 


M'y dxi 
cn dt 


The difference of sign in these two formulee arises from this, 
that as the angle \p is increased by 90°, the axis of the poaitivo 
abscissfio falls on the axis of the negative ordinates, and this 
last, on the axis of the positive abscissse (No. 378) ; so tlial. 
by putting +9^° fori^ in the first formula, we must, at the 
same time, change into — Xi ; which gives the second formula. 

By dividing these equations the one by the other, tlieni 
results 

Now, if through the point g a plane be drawn perpendicular 
to GK the axis of figure, is the angle, which the interaectam 
of this equator of the moveable, and of the horizontal piano ul 
the axes of Xi and makes with the axis of ; moreovta*, 
the variables and yi are the coordinates of the projection ol 
the point G on this horizontal plane; it follows therefore that 
this intersection is constantly parallel to the tangent to I ho 
curve described by the horizontal projection of the centre of 
gravity of the moveable. If the horizontal velocity of thiH 
point be denoted by m, so that we may have 
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ISO 


“ “ d? ’ 

we flliall also have ( 7 ) 

, - M7?^ 

sinfl = —i -3 

C72 

for the sine of the inclination of the moveable on the horizon tel 
plane, which inclination is the supplement of the angle 0 . 

These different formulse, and the consequences which may 
be deduced from them, will subsist us long os n the velocity of 
rotation of the moveable about its axis of figure is very great; 
but the resistance of the air and the friction of the point K 
against the plane on which the moveable presses, will con¬ 
tinually diminish this velocity, and when it ceases to be very 
great, the axis gk will deviate more and more from the ver¬ 
tical direction, and the moveable will at length fall on this 
plane, as in the case of a common spinning top. 

It should likewise be observed, that the vertical oscillations 
of the given plane, from which the reciprocal variations of 
the quantity Z aiuse, do not affect the valuations of the angles 
Tp and 0. But if the given plime rises or falls vertically with a 
motion uniformly accelerated, the quantity^ which is comprised 
in its equation (No, 448), will contain a term ± iw which 
g' denotes a positive coiisUnt quantity. The valuo of R made 
use of in No. 453, iiistcad of being m//, will be then M(^±i/'), 
therefore we siiould substitute {g^g*) for^/in the value of^w; 
so that a motion of this kind will influence the variations of Q 
and If the given piano dosceiulH, in wliich ctiso g^ should 
be affected with a negative sign, it is necessary that g^ should 
be loss than g^ otherwise the value of n would become nega¬ 
tive, wliich implies that the moveable ceased to press on the 
given ])lane, which would fall quicker than this licavy body, 
and must consequently be detaelied from it. 


2 a 


von. ir. 
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II. Cewfi in which theFriction is taken intoAccounL 


456, In the present state of the scienco, the IftXVK of the 
friction of bodies in motion, can only be determined by oxju»- 
riment; therefore, previously to our taking into noeount this 
force, xFhich is of a peculiar kind, in the oquutionH of llie mo¬ 
tion of a body which presses on a given plane, it is noc^obsury 
to state the general results, whi(^ have beon fumishinl by 
observation on this subject. 

1st. The^friction of one solid body on another in iudc')K*H- 
dent of the velocity of the moveable. 

2ndly. It is also independent of the extent of aurfuct: of 
the rubbing body. 

3rdly, It is proportional to the total pressure exorted un 
this Bui&ce. 

These two last laws also obtain in a state of rest (No. SCI)), 
at the instant that the eqnUibriam gives way, and when tlu* 
contact of the bodies has continued sufficiently long to oiJiihh* 
the inction to attain its fflaanmum, 

When a fluid flows over a solid body, the laws of its fiir- 
tion are different- For in this case it appears from cuqKuiiuont, 
that it is proportional to the velocity of the fluid, and to tin' 
extent of surface, and that it does not depend on the presHiircs 
In the^ cose of an aeriflnm fluid, there is reaaon to suppose tbti I. 
the. friction increafies or duninishes with the density, an 1ms 
been assumed in No. 444; so that at equal temporaturea, it 

is found to depend bdueedy on the mognitude of tbo piv^^- 
•une. 


457. Let us now suppose that a solid body, whoso Imihu is 
aplanesuifice of any extent whatever, is laid on a fixed hori- 
rontrf plane, and that the vertical drawn through ite contn^ of 
^Vjty o (figvis) meets the fixed plane within the area of 
thisbaw, wWch weWfa the condition that ia iiocossary 
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noted by m, and its weight by p. To any point a of its sur¬ 
face which ift situated in the horizontal pluuo drawn through 
the point G, let a cord be attached which may pass over the 
fixed pulley in such a manner that BAmay be thciiroduction 
of (rA. At c the other extremity of this cord, let another body 
whose mass is denoted by m', and weight by i*', bo suspended, 
in Bucli a manner that o' its centre of gravity may exist on 
the vertical drawn tlirough the pouit c. 

The equilibrium will subsist us long as the weight i>', in¬ 
creased by the weight of the vertical part of the cord, is less 
than the friction of M on the fixcnl jdanc, and of the cord on 
the pulley n ; and if p' be gi’iulually increased, the equiliijrium 
will give way, iiL tlie instant that v* surpiissos the sum of these 
frictions, diminished liy the woiglit of the vertical coitl. If 
this last quantity be iiogloeted relatively to p', and if Uie 
frictions of m against the fixed plane, and of the cord against 
the fixed pulley, which obtain immediately before the equili¬ 
brium gives nay, 1 k' dcmolod by f and f' respectively, wc 
shall have 

P' " F + 

As the pivsHiirc I'xorted on the base of m is i* the weight of 
this body, the irictioii f is proportional to v. Also, l)y what 
has been observed in No. Ii()2, the friction / is propoiluonal 
to the force f ; consequently, we luiv^ 

F=/P, F'=/'F, 

y’nnd/' denoting two fractionHimlcpcndcnL of the magnitudes 
of p and F. By mcanH of those values, the procciliiig equation 
becomes 

v'-A+fA; 

from which wo (d)tain 


As the value of the weight p', at tlio instant that the equi- 
lihriura gives Avuy, can l)c known, tluR equation will determine 
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the value of/*with respect to the body m and to the liorizontJil 
plane on which it is laid, when the value ofwith respect to 
the cord and the throat of the pulley is known. The means 
pointed out in No. 269 will make known this value inde¬ 
pendently of any other quantity of the same nature, when the 
angle at which tlie moveable commences to slide down a plane, 
that is gradually inclined, is Itnown. 

468. At the instant that the weight p', increased by the 
weight of the vertical cord, exceeds ever so little the quantity 
F + p', the equilibrium will give way, and d fortiori when tho 
weight p' is still greater. The body m will slide on the hori¬ 
zontal plane, and m' will descend vertically. If the friction of 
M against this plane, during the motion, be denoted by h, it 
will be a given fraction of the pressure p. With respect to 
the pulley b, we may either suppose that it is entirely fixed, 
and remains immoveable, or, that it turns about an horizontal 
axis, perpendicular tQ the plane of the cord adc. In the first 
case, there will he, during the motion, a certain frdetion against 
the pulley, which will be different from f', and wliich should 
ho added to h ; in the second case, if the cord does not slide 
on the pulley, there will be no friction of the one against the 
other; but the motion communicated to the pulley, by the 
intervention of the cord, should he talten into account, ns if it 
was attached to it. We shall suppose that the second of these 
two cases is the one that has place. 

In order to obtain the equation of motion, let the hori¬ 
zontal and vertical parts of the cord abc at the end of any 
time f, be denoted by z and nf respectively, and their miisscs 

by II and The velocities of m and m' at this instant, will 
. dz ^ dz^ 

be — ^ and and the resistances of the air exerted against 

their surfaces, may be denoted ^ ^ ^piTJ ® 

being two constant quantitieB, depending on their form aiitl 
extent. Therefore, if the gravity be denoted by the motive 
forces applied to the system will he the Weight (m' + 
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iliminishecl by the resistance d and the horizontal force 

dz^ 

u, increiifled by the resistance a Their momenta ^ith re¬ 
spect to the axis of the pulley b, should be subtracted the one 
from the other; and if the radius of this circular pulley be de¬ 
noted by c, their difiFerence will be equal to 

[(M' +/*')»- - ° “ “S' 

The motive forces which actually have place, ai*e 

(jPz • 

in the vertical direction, — (m + /x) ^ in the horizontal di¬ 
rection, and those of all the points of the pulley. As the mo¬ 
ments of these last forces with respect to the axis of the pulley, 

must be added to the vertical motive forceB(r), and as the 

1 dz* 

angular velocity of the pulley is - if we denote its mass 

by w, and its moment of inertia with respect to this axis by 
mli?^ it follows, from wbat has been established in No. 392, 
that the moment of these last forces with respect to this axis, 

consequently, tho sum of the moments of the 
eflfective forces, with respect to this same axis, will bo 

Now, in order that the motive forces applied to the system 
may bo in equilibrio, by means of the axis of the pulley, with 
the effective forces Uiken in a direction opposite to that in 
which tliey act, it is necessary that the two expressions (a) 
and (b) should be equal to each other; hence there results, 

(m + /i + — ( + m) 

(Pzf fPz 
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If tho cord ABC be aappoeed to bo iiicxtenBible, the aum of 
ita parta ^rill be conatant, therefore, if tho entire leu^rth bu 
denoted by we ahall hare 

da/ dz d*s^ <^z 
z + t=l, -^ = - 5 ^. 


Let the weight of the entire cord be donotod by luul the 
weight of m the mass of the pulley by we shiill likcwiao 
have 

wz , wz 

— gin ^pi 


\Ye have alao 

f^ = p, sfMfzzv*; 

and aince the friction h is proportional to tho weight wo 
have, besides 

u = At, 


in which A denotes a constant coefficient indopcndciit of i*- 
By means of these different valoes, the equation of motion 
will become(«) 


(p+p'+to+^ ^ = p [ap-p'-ip+ 


tos 

I 


+ 



459 . It cannot be integ^rated in a finite form, uuIl'MJ tlio 
terniB which anae from the reeiatanoe of the air bo neglected, 
in which caae it ia lednced to(t) 

d*2 0 

gfz + ga = 0, 

by making, in order to abridge, 

P'—Ap + to 

i‘ + P'+io + ^ P + p'+U,^.^” 

Ita complete mtegral will be then 
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c and c' being two arbitrary constants introduced by the inte¬ 
gration, and e the base of the Naperian system of logarithms. 

If this value of z be substituted in the terms of the equa¬ 
tion of motion, which arise from the resistance of the air, and 
if this equation be bitegrated again, a more exact value of z 
will be obtained; however, as the preceding is sufficiently ac¬ 
curate for our purpose, it is not necessary to continue the ap¬ 
proximation farther; and, in order to determine the constants 

c and c', if 'y be the initial value of s, we shall have z zzy 
dz 

and = 0 when ^ 0; hence there reBult8(M) 

c-l-c'-f-'^ii'y, c — c^=0; 
from wliich we obtain 

and, consequently, 



at any instant whatever. 

If 0 be the time that the weight p takes to reach tlie pulley 
B, that is to say, to traverse the distance y, we shall have at 
the same time, ^ = 0 and 2 = 0; hence we infer 

{al - (iy) c ' + ' ) = 2aZ. 

When 0 is given by observation, tliis equation will enable 
us to determine the value of a, and, consequently, that of h 
the coefficient relative to the friction of the weight p, when it 
moves on the horizontal plane. In this experiment, the value of 
p' may be assumed to be what we please, provided it exceeds 
the friction which has place in the state of equilibrium. If tlie 
weight w is very small relatively to the weights p and p', /3 
will be a very small fraction, and the exponentials may be de- 
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veloped into very convergent series, according to the powers of 
j3. In this manner, we shall have(v) 

and if the quantity j3 be entirely neglected, we shall have 
simply 

7 = 

wldch, in fact, we know ought to be the value of 7 , for the 
motion of the weight p is then unifoimly accelerated. 

Whatever be the motion of the system under consideration, 
the tension of the horizontal part of the cord abc is constantly 
equal to the least of the two forces which act at its extremities 
(No, 362), that is to say, to the friction h increased by tlie 
resistance that the air exerts against the surface of m. Thei’e- 
fore, if the resistance of the air is not taken into account, it 
is constant, and equal to h or Ap, during the entire continuance 
of the motion; and its value, measured by the extension of n 
spiing placed in the direction of this cord, will enable us to de¬ 
termine the coefl&cient A. 

460.^The values of this coefficient may be determined, as 
has been just observed, either by observing 0 , the time tliat 
the weight p takes to reach the pulley, or by measuriag the 
tension of tke cord. They depend in general on the degree of 
smoothness of the surfaces which rub against one another, and 
on the material of which they are composed; they do not 
vary like those of the coefficient /(No. 269 ), with the time 
during which the bodies have been in contact, before they 
slide the one on the other. When they attain to their maxi^ 
mum^ they always surpass the corresponding values of A; so 
that, in the state of motion, the friction h is always less than 
the friction denoted by r, that has place at the instant in 
which the equilibrium gives way; and the tension of the cord, 
when in motion, is also less than that which obtains at the 
last instant of the equilibrium* 
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The weight p being supposed to be at rest, the equilibrium 
subsists as long as the weight p' is less than p 5 but it has been 
remarked that if p', although less than f, considerably exceeds 
H, it is merely sufficient, by means of slight pei’cussions, to 
agitate the horizontal plane a little, in order that the weight p 
may commence to move. 

When the coefficient h is known, it is easy to determine 
the motion of the weight p on an indined plane. Let t de¬ 
note the inclination of this plane to the horizon; it must 
always be greater than the angle, at which the equilibrium 
begins to give way, or, in other words, it must be such that 
tangi >/(No. 269). psini and pcoai will be the components 
of p, respectively parallel and perpendicular to this plane. 
The first diminished by the firiction h, will be the motive force 
of the moveable whose mass is m ; therefoi'e if z be the space 
traversed at the end of the time we shall have 

(Pz . . 

= psmi — H. 


Moreover, as the pressure on this plane is the other compo¬ 
nent pcosf, we shall also have 


1) 


H=; Ap cost; 


and as p rz M^, the preceding equation will consequently be¬ 
come 


d^z 


( 1 —Acoti )£7 sin*; 


from which it appears that the motion will be uniformly acce¬ 
lerated, and the same as if, there being no friction, the sine of 
inclination was diminished in the ratio of 1 —h coti to unity. 
This quantity 1 —Acoti is positive, since by hypothesis, we 
have h Zy’and^cott Z 1. 

461. As the friction h is proportional to the pressure, and 
independent of the extent of the rubbing surfece, it follows 
that, the weights p and p' of No. 467 remaining the same, the 
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motion of p on the horizontal plane will not be changed, what¬ 
ever be the extent of its base, provided that it always has the 
same degree of smoothneas. Thus, if this body is a rect¬ 
angular parallelopiped, consisting of homogeneous matter, 
all whose faces have the same degree of smoothness, its 
horizontal motion will be always the same, on whichever of its 
feces it is placed, and this will be also the case when tlie 
body descends down an inclined plane, in which case the 
weight p' is not required to set it in motion. 

Finally, t.hifl proposition, that, the friction is independent 
of the extent and contour of the base of p, and simply propor¬ 
tional to the weight p, implies, that at each point of this base, 
the friction is proportional to the pressure relative to this 
point. In fectj if we denote this base by i, one of its difFcreii- 
tial elements by and the vertical pressure which this ele¬ 
ment sustains by pder, p being the pressure referred to the 
unit of surface, the resultant of the pressures exerted on all the 
elements of &, should reproduce the weight p, applied to the 
centre of gravity g ; we should therefore have 

Sprfffsp; (a) 

and if through the projection of the point g on the fixed plane, 
two rectangular horizontal axes he drawn, of which one may 
he, for example, the projection of the line gb, and if x be the 
distance of da from this projection, and y its distance from the 
other axis, we should likewise have 

\wpda = 0, \ypda = 0; (b) 

in both these equations and also in equation (a), the inte¬ 
gration must extend to the entire base &. This being agreed 
on, if we suppose that the friction of the element da on the 
fixed plane, is proportional to pda the pressure which it expe¬ 
riences, and equal to hpda^ h denoting a coefficient indepen¬ 
dent of p, and relative to the nature of the suifece da^ we shall 
have 


H = Ihpda , 
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for the value of the entire friction; and as the frictions of all 
the elements are parallel to gb the direction of the motion, if 
be the distance of h their resultant, from the vertical plane 
passing through the line gb, we shall also have 

Ha;j= \lixpd<T. 

Now, if the hose of the moveable has the same degree of 
smoothness throughout its entire extent, the coefficient A will 
be constant, and there wiU result 

H =: ASpdcx = Ap, tsjXx = h\xpd<x = 0; 

consequently, the entire friction will depend solely on tlie 
weight p, whatever may be the extent and contour of its base; 
and since X\ zz 0(aj), the direction of this force must exist in 
the vertical plane passing through the line gb, so that it can¬ 
not impress any motion of rotation on the moveable, and its 
motion must consequently be parallel to this plane, as we 
have supposed. 

When the centres of gravity of the weight p and of the 
base b are situated on the same perpendicular to this base, as 
in the case of a prism or vertical cylinder, equations (a) and 
(b) may be satisfied by supposing that the pressure is con- 

■p 

stant and equal to —. Conversely, when the value of p is 
constant, equations (b) give(y) 

lxdv=0, Syd(r = 0; 

it is evident from these equations that the centre of gravity of 
b coincides with the horizontal projection of the point g ; con¬ 
sequently, when this condition is not satisfied, the pressure p 
necessarily varies fi-om one point to another of the base of the 
moveable. The determination of its value at any point what¬ 
ever, is then an exti-emely difficult problem, which cannot he 
resolved without taking into account the flexibility of the 
material of which the moveable consists, and also that of the 
horizontal plane on which it rests, for without this reference. 
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thero would bo an apparent indetomuDation m the voIdc of 
as in the case of the problem of No. 270* 

If the two centres of gravity be supposed to exist on the 
same vertical, we ahnlJ have at once, whatever the cocllicioiit 
h may he(z)i 

Hs^SAdff, x^lhda =: lltxda. 

Conse(]uently,.the base beiiig supposed to remain tho saniOy 
the entire finedon h will be propordooal to tlio weight i*» just 
as if the degree of smoothness was the same throughout the 
entire extent of this base; but in general, os we slinll have iC| 
no longer equal to cipher, the direction of tho forou ii will luv 
longer coincide with the horisontal projection of tho line aii» 
so that when the weight ^ draws the weight f on tho hori- 
xontal plane, the friction will cause the moveable to turn 
about the verdcal, which passes through the centre of grur- 
vity a. 

462. The wdghtp being supposed to be laid on a ilxod hori-* 
sontal plane, and the horisontal projection of the point g to coin¬ 
cide with the centre of gravity of the base A, if, by any iucmuik 
whatever, there be impressed on this body qnantitioe of motion 
parallel to the fixed plane, such, however, os not to clotaeli ilH 
base from this plane, the moveable will be ootuatoil by two 
horizontal modons, the one of translation, which will bu that 
of its centre of gravity o, and the other of rotation about tins 
vertical passing through this point. Let ns now oxumino 
how the friction affects these two different motions* 

Let the friotion experienced by der the element of tbo 
direction of which is oontrary to that of tho velocity of tliia 

element, be denoted by ^ do. Let r be its distance from 

^ the axis of rotation, x and y the rectangular coordinates of the 
centre of gravity of J at the end of any time whatever^ rcforrocl 
to fixed axes drawn arbitrarily in the horizontal plane, and lot 
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0 be tbe angle which r makes with the production of a?. The 
coordinates of dor at the same instant, will be a? + rcosS and 
y + r sin0, and if its velocity be denoted by u, and the angles 
which its direction makes with lines drawn parallel to the 
axes of X and y by a and |3, we shall have 


dx • 

u cos a = — r Bin t7 

n 1 

vcoB j3 =-^ + rcos0-^, 


(0 


for the two components of this velocity. Those of the friction 
will be, at the same time, 


Ap , Ap q t 

-=-C0Baa(r, -=-cospaff. 

0 o 


Now, since the motion of the centre of gravity is the same, 
as if, the mass of the moveable being supposed to be concen¬ 
trated in it, the motive forces of all its points were applied to 
it parallel to their respective directions, we shall have for the 
equations of this motion(a') 




in which, as g denotes the gravity, ^ is equal to the mass m, 
and the coefficient h is supposed to be constant throughout 
the extent of 6. 

At the aampi time, the moveable will turn about the vertical 

passing through the point o, as if this line was fixed, and the 
forces which act on this body were not changed. As the 
moment of the friction of da is equal to the difference of the 
moments of its two components, its value will be 


_*£i2!^,rcos0 + 
b 


Ap cos ada 


sin 0, 


b 
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the rotation being supposed to talce place in the direction in 
which the angle 0 increases, that is to say, from the axis of 
the positive a:s towards that of the positive ys- This being 
agreed on, if the angular velocity of the moveable at the end 
of the time t be denoted by cj, and its moment of inei'da with 

respect to the axis of rotation by —, we shall have (No. 392) 

— ‘^S(cos3coafl—cosa8in0)»-(fff, (3) 


which will be the equation of motion about this axis, and 
when the integration is performed, we should make w 

and extend the integral to b the entire base of the moveable* 
As in these equations (2) and (3), the variables x, y, 0, ore 
not separated, the motions of translation and rotation depend, 
the one on the other, and, in general, can only be determined 
by approximation. There are, however, two cases that can 
he easily resolved, which we now proceed to cousidei'. 

463. If G the centre of gravity is at rest, we shall have 
^ ^ 0; and equations (1) will give(6') 

cos a = — sin 9, cos J3 ^ cos 0, v ^ r~i 

at 

and, in order that equations (2) may be satisfied, it is neces¬ 
sary that the integrals J sin Odo and J cos Oda should be cipher*; 
this depends only on the contour of J, and will be the case, for 
example, when it is symmetrical about the centre of gravity 
of this base. 

Equation (3) will become 


dt 




from which we ohtain(c^) 


dui _ heg 
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the constant ^rdo- being denoted by c. Therefore, the motion 
of rotation will be uniformly retarded; and if the initial angu¬ 
lar velocity be denoted by £2, we shall have, at any instant 
whatever, 




from which it appears, that this motion will cease after the 

lapse of a time expressed byfor which we have 0, 
and the body will be at rest. 

On the other hand, when the velocity of rotation is very 
slow with respect to that of the motion of translation, equa- 

vdQ 

tions (1) will give (the square of being neglected) 


= w* — 



|co»«) 


rdO 


in -which « denotes the velocity of the point a, and, conse¬ 
quently, 




By means of this and the same equations '(1), wo can 
obtain(d') 

" = - + -3 (-57-Bm0 — -r^cosei-TT^ 

u u \dt dt Jdt 

\dx 1 /dao n . 

GOBa = -5 VjTCob 0 + ■:#sm 0) 

u dt vr \dt dt idtdt 

^ 1 dy 1 (doo /I , dy - d® >*^0 

^ udt w \dt * dt / dt dt 


Moreover, as the origin of the polar coordinates r and 0 is 
at the centre of gravity of the base 6, we have 

5?'sin 0d(r = 0, Jr cosOdtr = 0. 

This being so, if these values of cos a and cos (i be substituted 
in equations (2), they will become, as J da r: 6(60, 
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(Px ^ hgdx 

u dt^ u dt* 


( 4 ) 


For greater Bimplicity, we shall suppose that the base is 
symmetiically disposed about its centre of gravity, in which 
case 

cos 6 ain ddtr =; 0, 5^® sin® Od(T zz Jr® cos® dda zz by% 

y being a given line; and if, in equation (3) the values of cos 
cos j3 be substituted, it will be reduced in this case to 


hgy^dO 
^ dp u dt^ 

in which ^ is substituted for its value 

dr dt^ ' 


(p) 


The complete integrals of equations (4) are (g'') 


^ = (fl — hgt) cose, ^ (a — hgt) sin e; 


a and e being two arbitrary constants. By means of them we 
obtain 

u =: a — hgti 

from which it appears, that the motion of the point g will be 
uniformly retarded, and that the initial velocity, and the angle 
which its direction makes with the axis of aj, are respectively 
denoted by a and e. Elquation (6) becomes 

]P{a^hg£) dt^ 

its complete integral is therefore (A') 



in which Q denotes the arbitrary constant that expresses the 

initial angular velocity. The values of u and ^ or o), will be 

dt 

8Q much the more accurate, according as the product of £2 
and of the greatest value of r is a snoaller fraction of the velo- 
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city u ; it appears from an inspection of thenij that the motions 
of translation and rotation terminate together, after tlie lapse 

of a time equal to 

% 

When a solid body moves on a fixed plane, which it touches 
in only one point of its surface, a variety of coses may -arise, 
which it is important to distinguish. 

Ist. The body may roll, without sliding, on the fixed plane, 
in such a manner, that the two curves traced, on this plane and 
on the surface of the moveable, which eu'e tlie geometric loci 
of their successive points of contact, may have constantly 
equal lengths. 

2ndly. The moveable may turn on itself, while it con¬ 
stantly touches the fixed plane, in the same point of this 
plane. 

Srdly. The body may slide without turning, in such a 
manner, that the point of contact may constantly be the same 
point of its surface. 

4thly. Finally, it may slide and turn at the same time. 

In the second and third coses, the friction of the moveable 
against the fixed plane is the same as if the contact was of any 
extent whatever; its magnitude is proportional to the pres¬ 
sure at the point of contact, and its direction is contrary to 
that of the velocity at this point. If it be denoted by h, and 
the pressure by p, we have h = Ap ; the coefficient h being 
the same as in No, 468. This law follows from the circum¬ 
stance of the friction being independent of the extent of the 
contact; it will be, however, necessary to verify it by direct 
experiment. The force h is what is termed a friction of the 
Hrst species. 

In the first cose, the friction of the moveable against the 
fixed plane is termed a friction of the second species. It ap¬ 
pears from observation that this force is in general veiy small, 
and may therefore be neglected. 

In the last case, the two kinds of friction obtain at the 

VOL. II. 2d' 
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same time; that of the second species may be neglected rela¬ 
tively to the friction of the first species, which, at each instant, 
acts in a direction contrary to that of the velocity of the point 
of contact, and is always proportional to the pressure at this 
point. 

These results do not obtain, in the case in which the point 
of contact is the extremity of a point, or when it appertains to a 
sharp edge; they will, however, have place when the moveable 
is a cylinder, which touches the fixed plane in a right lino; 
and, as often as its surface has neither points nor sharp edges, 
they will be sufficient to enable us to form the differential 
equations of the motions of translation and rotation. Ihc 
following example will show how they ought to be employ cm I 
for this object, 

464. Let the moveable be a homogeneous sphere, plnced 
on a fixed horizontal plane, and let there be impressed on tins 
body a motion of rotation about a horizontal diameter, and on 
its centre a horizontal velocity, perpendicular to this diameter. 

It is evident that the moveable wiU turn about this diamel cr, 
which will be transferred parallel to itself and to the fix(»d 
plane, and that the centre of figure and gravity will describe a 
horizontal line, in the vertical plane perpendicular to the ilxh 
of rotation. It is proposed to determine, at any instant what¬ 
ever, the velocities of these two motions. 

Figure 14 represents a section of the moveable, perpen¬ 
dicular to its axis of rotation, and passing through its cenin* 
G. The line akb is the section of the fixed plane; the pa¬ 
rallel CGD is the line described by the point g, and the contact 
at the end of any time is supposed to take place at the poiiif. 

K. At this instant, let cg, the distance from the fixed point c*, 

d(c 

be denoted by a?, the velocity of the pomt a by and tln^ 

angular velocity of the moveable about its axis of rotation by 
w; this last will be regarded as positive or negative, accor*!*- 
ing os the rotation has place in the direction indicated by tlu; 



XVllRN THE FRICTION IB TAKEN INTO ACCOUNT. 

SRgitta 8 or in the contrary direction. If, at the same instant, 
the absolute velocity of the point k be denoted by u, and gr 
the radius of the sphere by c, we shall have 

dx , 

According as this quantity is positive or negative, the point 
K will advance towards b or towards a ; and the friction which 
has place in this point k in a contrary direction to v, will act 
in the direction ka or kb. When u = 0, the body rolls with¬ 
out sliding, and the friction is only of the second species. 

This being established, let, as before, the weight of the 
body be denoted by p, its gravity by g, the moment of inertia 

with respect to the axis of rotation by —, and the friction at 

the point K by Ap ; then if the velocity v be supposed to be po¬ 
sitive, and, consequently, the friction to act in the direction 
KA, the differential equations of the motions of translation and 
rotation will he 

(a) 

p 

for G the centre of gravity should move os if - the mass of 

the moveable being concentrated in it, the fidction was applied 
to it parallel to its direction i and the moveable should, at the 
same time, turn about its axis of rotation, as if this axis was 
fixed, and the point of application of the friction and the di¬ 
rection of this force were not changed(i). If the moveable 
was a sphere, we would have also 



and if this body was a solid of revolution, or a right cylinder 
with a circular base, the preceding equations would likewise 
obtain, if, in each case, the body turned about its axis of 
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figure; Kowever, the value of A* would in these cases be different 
from what it is in the sphere. 

The coeffident h being supposed to be constant, we obtain 
by integrating equations (a) 

a and a being two arbitrary constants which denote tlie initial 

dsc • 

velocities — and We shall have, at the same time, 
at 

v = a + ca- 

The constant quantity a -f ca is positive by hypothesis; 
therefore, the velocity v is so likewise, for 0 an interval of 
time, the value of which is 

a ^ (fl + Ca)k ^ _ f a + cd \ 

{(^ + k^)gh " \ / 


in the case of a sphere; at the end of this time t; = 0. Dimiig 
this interval, the preceding values of — and to will subsist, 

Ov 

and the two motions of the moveable will be uniformly re- 
tarded. The value of ^ will be cipher after the lapse of a 

time equal 5 if therefore this time be less than 0, which 
will he the case if 


t ft 

the velocity of — will become negative beyond t = fiinl 

the centre of the sphere will retrograde. This is the case, for 
example, when a billiard ball is struck in such a manner as to 


be made to turn rapidly about a horizontal diameter, while at 
the same time its centre advances with a leas velocity, so that 
the quantities a and a may be both positive, and satisfy the 
preceding inequality, The motion of translation is very soon 
destroyed by the friction against the cloth rbut, as the motion 
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of rotation still subsists, the friction continues to act in a di¬ 
rection contrary to this lost motion ; and it is this force, which, 
transferred to the centre of gravity, causes it to return towards 
its point of departure. 

If, at the commencement of the motion, the sphere did not 
turn, in which case we would have a :r 0, or, more generally, 
if we had 


the velocity ^ would not become cipher before the velocity 


v, and the centre g would not retrograde. But in all cases, as 
K, the point in which the moveable meets the plane, has no 
longer any velocity after the end of the time 0, Ap the friction 
of the first species will disappear, the sphere will continue to 
roll without sliding, and it will only produce a friction of the 

dtO ■ 

second species. The velocities ^ and a>will become constant, 
or will only decrease very slowly; their values will be those of 
formula (b), when ^ = 0, namely, 


dx 5a—2ca _ 2ca—5a 
dt^ 7 ^ 7c ^ 


Thus, the general effect of the ordinary friction, or of that of 
the first species, is to reduce to a state of rest bodies which slide 
without turning, and to reduce solely to a state of uniformity 
and equality, in opposite directions, the two motions of bodies 
which slide and roll at the same time. In a perfect vacuum, the 
rolling of the moveable which results from these two motions, 
wQl subsist indefinitely, and the friction of the second species 
Avill maintain the velocity v continually equal to cipher, and 

diX 

cause the two velocities and w to be always equal and 

contrary. But the resistance of the air deranges this equality; 
the friction of the first species has place again, and the com¬ 
bined effect of these two forces eveiitually reduces the move- 
able to a state of rest. 
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, CHAPTER VII. / , - 

OF THU IMPACT OF DODIBS OF ANY FOUM WHATEVlfill. 

466. The poaitioii and state of a solid body in motion, aro 
completely determined at any given instant, when the coonli- 
1 n ates of its cen tre of gravity, the components of the vcloc‘ilY 
j of this point, the dkectionfl of the three prmcipal axes which 
} intersect in this same point, and the components of tie augnlu* 
j velocity of rotation about these three axes, are known at fin** 
I same instant. If this body is met by another moveable, all 
the circumstances of whose state are equally known, flic 
components of their velocities of rotation and translation will 
be changed by the impact, but, both the jpositions of their 
centres of gravity, and also the directions of ^heir, prin<‘ijial 
axes, will be the same ^ before the impact; for, although (In* 

I shock is not instantaneous, BtUl the duration of this phenome¬ 
non is always suflBciently short to permit us to neglect the 
displacement of the different points of the two moveuhli*^* 
while it is taking place, and, consequently, we are justified in 
considering their centres of gravity and the points of the two 
moveables which appertain to their principal axes, as sensibly 
immoveable- Therefore in. the problem of the impact of twi* 
bodies, the object will be to determine in magnitude and di¬ 
rection, their velocities of translation and rotation after I ho 
I impact, from knowing the values of these same quantities ho- 
\fore the impact, emdalso the iplatlyeJbgnaandp.Q of tho 
tpioveables. 

We proceed now to give the general solution of this [)ro- 
blem, in the two extreme cases, in which the moveables arc 
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Soft and destitute of elasticity, and in ’which, on the other 
hand, these bodies ore perfectly elastic. 

466. First, let us suppose that there are only two move¬ 
ables which touch in one sole point, and that they are entirely 
free. Let m and m' denote their masses, a and g' (fig. 16) 
their centres of gravity, k their point of contact, hkh' the 
normal to their surfiices at this point; likewise, let ax, ay, qz 
be the principal axes of M, and ax', Qy\ az' those of m'. Let 
UyVyfv be the components of the velocity of a in the direction f 
of the axes Ga?, ay, qz immediately before the impact, at the ^ 
same time let the angular velocity of m about the instan¬ 
taneous axis of rotation passing through the point g, be de¬ 
noted by <u, and the three components of this velocity about 

the same axes gx, gu, qz, by p, ff, r- so that , — may be 

0) <0 (O 

the cosines of the angles which the instantaneous axis makes 
with these lines (No. 407), and also 

= p® + 7'®. 

This being agreed on, if x, p, z he the three coordinates of 
any point M referred to the axes gx, gj/, gx, the components 
of its velocity parallel to these axes, and arising from the mo¬ 
tion of rotation of the moveable (No. 418), wiU be 

qz — ry, rx — pz^ py ^qx\ 

consequently, we shall have those of its absolute velocity, by 
adding to them respectively u, the components of the 
velocity of the point g, which ore therefore relatively to the 
axes of X, p, 

u^qz^ry, w + rx — px, lo -^py — yx. 

Let Ml, Vi, Wy, pi, ^1, ri denote what m, v, w^p, j, r be¬ 
come immediately after the impact. Then, as the point, whose 
coordinates are x, p, x, does not sensibly change its position 
during the impact, the three preceding components will be¬ 
come 
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Wi + 2i3 — Vi + riX^piZ, Wi + p\y — yi® \ 

and as the axes go:, Gy, G^;, to which they are parallel, are also 
supposed to be immoveable during the impact, the velocities 
lost by this point, estimated in the directions of these axes, 
will be obtained by talcing these last quantities from the pre¬ 
ceding. If, therefore, the element of the mass m, whose 
coordinates are re, y, 2 ?, be denoted by dm^ the components 
parallel to the axes gj?, gj/, gz, of the quantity of motion lost 
during the continuance of the impact, will be 


“ Ml + (g - q^si - 
[w — Ui + (r - ri)a;- {p ^px)z]dm^ 
— m;i + ( 1 ? -- pi)y - (? — qA)x\dm. 


In virtue of the general principle of dynamics (No. 353), 
the quantities of motion thus lost by m and m' ought to be in 
equilibrio; and, by what has been observed in No. 265, the 
equations of equilibrium of these two solid bodies which press, 
the one against the other, con be formed, by considering each 
of them by itself, when there is added to the forces relative to 
M an unknown force n, acting in the direction ku, and to the 
forces applied to m', the same force n acting at the point k in 
the direction kh\ 

j These forces n, acting in the directions kh and kh', will 
\he the quantities of motion impressed by the impact on the 
i masses m and and, previously to describing the equations 
lof equilibrium, it may be remarked that the effects of the im- 
S pact which they will enable us to determine, will be the same 
I for the mass m, for example, as if ju an arbitrary part of this 
.“mass, having its centre of gravity in the line k.h, was applietl 
'to it, actuated by such a velocity ft^jp^llel to_.Kr][| that 
. juA = N ; for it is evident that the resultant of the quantities 
' of motion of p will be equal to n, both in magnitude and di- 
;rection; therefore tho percussion exerted on m, in the direction 
|kh, is always equivalent, as has been stated in No. 435, to 
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equal velocities impressed parallel to this normal kh, on all 
the points of a part of m, whose centre of gravity exists on 
this line. 

467. This being established, let a, 6 , c be the three co¬ 
ordinates of K, refeiTed to the axes oa?, oy, gz, and a, /Sj 7 , 
the angles which the line kh makes with lines drawn parallel 
to these axes through the point k ; the six equations of equHi- 
brium of the quantities of motion lost by all the points of m, 
will be 

N cosa + l\u — «i + (g^ — ?i) 2? — (r — ri)y}dm =: 0, 
ncob|3 + S[t; — Wi + (r ——(p—pi)is]d»i=0, 
NCOB7 + Wi+ (p —Pi)y — (? “ qi)ai]dm = 0, 

N (a cos j3 — 6 COB a) + S [v-^Vi+{r^ri)x^{p^p^z]{vd7n 

N (ccosa — OCO87) +S[m—«!+(?— 

S [m;—W i+(p—(? -g i)aj]a!cfm= 0 , 

N (6 cos 7 — c COB j3) + 5 [w—Wi+(P'-Pi)y — (g--qi)x]zdin 

--l[v-^Vi+(r‘^ri)x^(ji—pi)z]zdm::zOj 

in which the integrations are supposed to extend to the entire 
mass M. 

As G is the centre of gravity of m, and g®, oy, G^r, are 
principal axes, we have 

= 0, lydm =r 0, ^zdm =0, 

lyzdm = 0 , ^zxdm = 0 , ^wydm =: 0 . 

Moreover, let a, d, c, denote the moments of inertia of m 
with respect to these same axes, so that 

A = + z^) dm, B = c = S(a*+ y*) dm ; 

then as = m, the six preceding equations of equilibrium 
will be reduced to 

2 H 
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N COS a + M {u — tti) = 0, 

N cos j3 + M (» — T7i) = 0, 

N COS 7 + M W]) = Oj 
N (a COS j3 -- i cos a) + c {r — ?*i) = 
N (c cos a — a COS 7 ) + d (ff “170“ 
H ( 6 CO 87 — CCOBjS) + 


(1) 


J 


With respect to and its principal axcP 
the quantities which occur in the preceding cquatioiiR be {Un¬ 
noted by the same letters, with a stroke above each ot them, 
so that, for example, a', j 3 ', y', may be tlic angles wliicli llu' 
line kh' makes with lines drawn through k purullol to these 
axes, and a', c', may be the coordinates ot this point, re¬ 

ferred to these same axes. As the magnitude of n must bo the 
same in the case of the two bodies m and m', the equaLions of 
equilibrium of the quantities of motion lost by m', will bo 


N cos o' + m' («' — Ui) = 0, 

N cos j3' + m' (y* — Vi') = 0, 

N cos 7 ' + m' (m;'— W]') = 0, 

N {a* COB j 3 '— 1 / cos of) + c' (r' — r/) = 0 , 
N (c' cos a' — fl'coB y') + b' (y'— < 71 ') = 0, 
N ( 6 'cos 7 '— e'eos | 3 ') -f a'(p'—|) i') = 0 . 


(‘i) 


^ Besides the twelve unknown quantities Mi, Ui, W[ 9 ^h *9 ^ 

7 ij ^]iP\i q \9 »Vj which these twelve equations (I) an<l ( 2 ) 
j contain, they also involve the unknown quantity n, eon so- 
fquently they are not sufficient to determine these thirtooii un- 
Iknown quantities; a thirteenth equation must therefoTo ho 
j joined to them, which, in the case of bodies destitute of das 
:ticity, may be obtained by the following consideration. 

468. If the two moveables were considered to be perfectly 
hard, and if the compression which they experience duriTifjj* tlu‘ 
continuance of the impact, was not token into account, tlio ho- 
lution of the problem would, in point of fact, be indetermiTiatC);- 
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But, if Uiifl compression, (however Bmall we may suppose it 
to be), be taken into account, then it may be''conceived to 
?£i§ejr 03 ®_thip, namely, that those points in which the two^ 
moveables ore in contact, have not the same velocity in the > 
direction of the common normal to their surfaces. In conse-j 
quence of the difference of the normal velocities of these tW 0 | 
points, the two bodies lean and gradually press the one against' 
the other; at the same time, this difference diminishes by insen- * 
Bible degrees until it entirely ceases; and when the two bodies j 
are destitute of elasticity, the phenomenon of the Impact is com¬ 
pleted at the instant in which this difference becomes cipher, and 
t^se two bodies retain the form which they assume at the in- 
stan^f th^ greatest compression. It is this equality o f the 
normal velocities of the two points of contact, at the end of the 
impact, which furnishes the thirteenth required equation, and 
which consequently causes the indetermination, that would be 
otherwise in the problem, to disappear. Inasmuch os the 
point K appertains to the body m, its coordinates referred to 
the axes g®, g?/, qz, are a, 6 , c ; by substituting them in place 
of oj, y, 2 , in the formulae of No. 466, we have immediately 
after the impact Wi + g^iC — riS, Vi-by^ia — piC, Wi-f-pi 6 —JiOf? 
for the values of the components of its velocity parallel to 
those throe axes, and os a, j 3 , 7 are the angles, which the line 
KH makes with the directions of these components, the value 
of the final velocity of this point in the direction of this line, 
will be 

(mj+JiC— riJ)co 8 a+(Vi+ria—pic)coBj 3 +(« 4 ^i10)0037. 

If the same point K be considered as constituting a part of 
the body m', its velocity after the impact in the direction of 
Ku', will be 

(mi'+ j/c'— r/ft')cofla'+ (Vi'+ f3iV)coB/3' 

+ (w/+Pi'6'- cos y'- 

Now, in order that in the two cases, the normal velocity 
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of the point k. may he the same, and have the some direction, 
these two last quantities should be equal and aflPected witli 
contrary signs, or in other words, their sum should he cipher, 
consequently, we shall have 


(vi + qic — r,6) cos a + («/+ cos a' 

+ (wi + Pic)cos/3 + WO co9^' 

+ {^\+Pih-^qia)QQSy‘^{wi'+pi'l/^q\af)cosY=^0. . 


( 3 ) 


As equations (1), (2), (3), are all of thejBrst degree, with 
respect to the unlcnown quantities n, Wi, Ui, &c-j determiunto 
values of these quontitieB may be obtained by means of these 
equations, which values will make known the state of the two 
moveables after the impact, and also the equal and opposite 
quantities of motion which are impressed on them by the pei^ 
cuBsion in* the direction of the common normal to their sur¬ 
faces. 

469. If now, the two bodies are elastic, there are three 
^ successive epochs to he distinguished in the phenomenon of 
, the impact; the first respects the instant at which the two 
' moveables commence to touch at the point K of their surfaces; 

^ ' the second will be that of their greatest compression, when 
the normal velocities of the point k will be equal and directed 
0 the same way for the two bodies; the third will be the termi- 
; nation of the impact, at which instant the two moveables will 
separate, the one from the other, and will exactly resume tlieir 
' primitive forms, if they he perfectly elastic. 

From the first to the second epoch, the phenomenon will 
be the same as if the bodies were destitute of elasticity. 
Therefore we can determine by means of the preceding equa¬ 
tions, the twelve components Wn V\, &c., of the velocities 
of translation and rotation of the moveables at the instant of 
their greatest compression, and n the quantity of motion whicli 
will he impressed on each of these bodies in the direction of 
KH for M, and of ku' for m'. From the second to the tliird 
epoch, these two bodies, in reverting to their original forms. 
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will receive, along these directions, anew quantity of motion, 
which, in the case of perfect elasticity, will he also equal to n. 
Consequently, this second pai’t of the phenomenon ought to* ’ 

be considered as a second percussion identical with the first, f 
but exerted on bodies actuated by the velocities of translation j 
and rotation, which obtain at the end of the first port. 

Therefore, by this principle, agreeably to what has been 
already explained in No. 360, if, at the third epoch, u, v, w, be 
the components of the velocity of the point a in the direction of 
the axes g®, ay, gs, and p, q, n, the components of the angular 
velocity of m, about the same axes, we shall have, in oider to 
determine these six unknown quantities, these six equations 
N cos a + M (tti— u) = 0, 

N cos j3 + M (Uj —. v) = 0, 

N cosy + M (Wi — w) = 0, 

N (a cos j3 — i cos a) + c (r, — b) = 0, 
n(c cob a—acosy) +b( 5 i— ft)z=0, 

N (6 cos y — c cos j3) + A (pj— p) = 0, 
which are obtained ficom equations (1), by substituting u, v'^^ 
w, p, Q, B, in place of tti, Ui, w?], Pu ri, also these last 
quantities in place of m, u, to, p, r, and retaining the quan¬ 
tity N. 

If each of these six equations be added to the equation (1) 
which corresponds to it, the intermediate unknown quantities 
Ml, Oi, toupi, ji, Ti, will disappear, and there will result 
2n cob a + M (m — u) =; 0, 

2n cos J3 + M (o — v) =: 0, 

2NC06y + m(«o— w) =: 0, 

2n (a C08/3 —6 cos a) + c(r —ii) = 0, 

2n (c cos a — acosy) + B(g—a) = 0, 

2n (b cosy— c cos /3) + a(p — p) z= 0. 

These equations (4) are those of the equilibiium of the quan¬ 
tities of motion lost by m during the entire continuance of the 
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impacts joined to the quantity of motion 2 n, wliich is im¬ 
pressed on tliis mass, in the direction kh, during this sarao 
percussion. The value of n, which can be obtained from 
equation (3), after having substituted in it the values of tlio 
unknown quantities Ujy Vi^ &c., u\, &c., which are fur¬ 

nished by equations ( 1 ) and ( 2 ), should be put instead of it in 
this equation (4); however, as the general expression of tliis 
quantity n is extremely complicated, and as its numerical 
value can be calculated without any difficulty, in each particu¬ 
lar case, we shall not write it down at length. If tlie two i 

moveables were not perfectly elastic, n will be less in the so 
cond port of the impact than in the first, we should then assume 
^ for its value in the second part, a certain fraction, such as^ of 
(its value deduced from equations ( 1 ), ( 2 ), ( 3 ), and then sub¬ 
stitute in place of 2n in equations (4). This frao- 

tion^will depend on the degree of elasticity of the two move¬ 
ables, and can only be determined by means of experiments 
instituted on bodies consisting of the same kind of matter, and 
in the simplest case, with respect to their primitive form and 
initial motion. We shall restrict ourselves to the consideration 
of the case of perfect elasticity, observing, however, at tlio 
some time, that the concluding remark made in No- 4C6, 
obtains equals, whatever be the degree of el^tici^- 

With respect to the body m', uf u', v^, w', be tlie compo¬ 
nents of the velocity of g' in the direction of the axes gV, 

Gy, g'js:', at the end of the impact, and p's q', b', the compo- ^ 

nents of the angular velocity of m' about these axes, we shall 
obtain equations similar to equations ( 4 ), namely, 

2 Ncosa' + = 0, 

2 NcosjS' + — v') = 0, 

2 N COS 7 ' + m'(io' — w') 0 , 

2 N(n'co8^' — 6'cosaO + c'(r' — tL') — 0, 

2 n(c'cobo'- rt'cosy) + B\q' ^ q') = 0, 

2 N (J'cosy"— c'cobJ3') + a'(p' - pO = 0; 
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By means of which these six unknown quantities may be 
ilctennined. 

The complete and general solution of the problem of tlie 
impact, in the case of two bodies entirely free, which ai*e either 
destitute of all elasticity, or perfectly elastic, is obtained in 
this manner. It may without difficulty be extended to the] 
impact of three or a greater number of moveables; we shall [ 
give farther on an example of this. 

470, From the preceding equations it appears, that in the 
impact of the bodies m and m^, the velocities of their centres of 
gravity a and estimated in a direction parallel to the plane 
which is a common tangent at k, to their surfaces, is not 
changed. 

In fact, if through the point g, a line be drawn parallel to 
this plane, maldng tho angles X, ju, v, with the axes go;, ay, gz, 
we shall have, os this line is perpendicular to tho parallel to 
RH drawn tlirough the same point g, 

cosa cosX + cos (3 cosju. + COB7 cosV 0; 

and, therefore, if after having multiplied the Uircc first equa¬ 
tions (1) or (4) by cosX, cos jit, cos v, respectively, they be 
tlicn added together, there will result 


ttcoaX + ^coB/ti + wcoBv r: «icosX + t;icos// + m^iCOsv 

+ VCOB/ti + WCOBv, 


From which it appears, that tlie velocity of g estimated in^ 
any direction whatever, parallel to tho tangent plane at k, 
will be the same before and after the impact, whotlicr the 
bodies be soft or elastic. Therefore, in order to obtain the 
final velocity of g, it mil be sufficient to determine, in each 
c^e, the velocity of tills,point after the impact parallel to the 
imrmal rh, and to take the resultant of it and the velocity of 
G parallel to the tangent piano, wliieh it had previously, and 
which is not changed doling the percussion. The some will be 
the case relatively to g' the centre of gravity of m'. 
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If, after having multiplied the three last equations (1) or 
(4), by cosy, C08j3, cos a, they be added together, there results 

crcosy+ Bycosj3 + A;?coBa = c^i cosy + 'Bqi cob^ + aj^i cosa 
= CR cosy+ BQ cos J3 + APCOfla. 

' Now, thMe three equal quantities are the moments relative 
to the axis kh (No. ?D9), of the quantities of motion, with 
which all the points of m are actuated, before the impact, at 
) the instant of its greatest compression, and at the end of the 
impact; hence it follows, that the magnitude of this moment 
)for the moveable m, is not at all affected by the impact, and 
the same is the case, for the moveable M^, and this obtains 
whether the bodies be soft or elastic. 

471. We now proceed to apply the general equations 
which have been obtained to several examples. 

First, we shall suppose that rh, the normal at tlic point of 
contact of the two moveables, passes through a the centre of 
gravity of m, so that it may coincide with the line kgii (fig. 
16). It is evident ftom a consideration of what tlio letters 
jSy y) a, by c signify, that in this case we have 

acosjS = &coBa, 
ccosazz acosy, 

6 cosy =: ccosjS; 

and then the three last equations (1) and (4) will give 

Pi=Py = = p = y), nz=r; 

from which it appears, that the direction of the instantaneous 
axis of M, and the velocity of rotation immediately before and 
after the impact, are the same. Therefore, whenever the normal 
at the point of contact passes through the centre of gravity of 
one of the two moveables, the impact does not at all affect the 
rotatory motion of this body, it only influences the motion of 
translation, and this is the case whether the bodies be soft or 
elastic. 
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If the BRine normal passes also through the centre of gra¬ 
vity of m', in which case we have likewise 

a'coBjS' = &'cosa', 
o'cos a' = et'cosy', 

^0037' = c'cosjS', 

the velocities of rotation will disappear irom equation (3), 
which will be reduced to 


U\ cosa + V\ cosj 3 + Ml0037 -h U\ cosa' 

+ Vx COB j 3 ' + Wi CO87' = 0 ; 

but from the three first equations ( 1 ) and ( 2 ), we obtain(a) 


N=M COB v) COB j3 + (wi“eij) coa 7 ], 

N=:M'[(tti'—2«^cosa'+(vi'-'t/)cos]3'+(tt?/—ii/)cos 7*]; 


( 6 ) 


and by dividing each of these equations by m and re¬ 
spectively, and then adding them to the preceding, there results 

N N 

— j-; + M cos a + v cos B+w cos 7 + cos a' 

TUT * TUf' ' * 


+ v' coa | 3 ' + cos 7 ' =: 0 . 


Now, if GL and g'l' are the directiona of g and g' brfQ^je 
the impact, and 0 and O' their initial velocities, we shall have 

flcOBHGL =:ttCOSa + UCOS/3 + 2 i;COB 7 , 
fl'cos h'g'L' =: tt'cos o' + COS j3^ + COB y, 

OS is evident from a consideration of what is denoted by the 
letters u, v, w, a, (3, 7 , u', i/, m/, a', (3', 7 '. Consequently, we 
shall have( 6 ) 

MM^ ((9 coa HGL + 6' cos h'o'l') 

^ M + M' ' 

for the value of n, which must be essentially positive, for if it 
was negative there would evidently be no impact between the 
two moveables M and m'. 
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In like manneT, if qI and be the directions of o and o' 
at the instant of the j^atest compression of the two move¬ 
ables, and 01 and 0/ their velocities at the same instant, we 
shall also have 


01 COB hqI = tti cos a + cos j3 + cos 75 
0i'cos h'g'Z' zz tti'coB a' + t^i'cos j3^ + Wicos 7 '; 


and from these several equations we obtain(c), 

- , M0 cos HGL — M'0' cos h'g'l' 

HGI =-. 

m'0'cOBH'g'l'—M0COSHGL 
Ol'cOB H'g7' = -;- i -, 

for the components of the velocities of g and g' in the di¬ 
rections gh and gh', at the instant in question. They ore 
(as appears from inspection) equal and contrary; hence it 
follows, that at the instant of the greatest compression the 
velocities of the centres of gravity of the two moveables, esti¬ 
mated in the direction of the normal at the point of contact k, 
are equal. In the case of soft bodies, this normal velocity 
wUl be that which obtains after the impact. When the two 
moveables ai‘e perfectly elastic, we shall have 


01 cos hgZ = u cob a + V cos /3 + w cos 7 , 

0/ cos h'g'Z' =: u' cos a + v' cos j3' + w'cos y ; 

the velocities 0i and 0i', and the directions gZ and g'Z' being- 
supposed to be those which have place at the end of the im¬ 
pact. Hence, in virtue of the three first equations (4) and 
(6), and of the value found above for n, we shall have(eZ) 


(M — mO 0 cos HGL — 2 m' 0'cos H'g'l 

01 COB HGZ = ii;---, 


M + M' 


0/cos H'G'? = 

M +M' 


2m0CO3HOL 


( 8 ) 


which will be the components of the final velocities of G and 
g' in the directions gh and g'h'. 
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472. In the particular case, in which the points g and a* 
move, before the impact, in the direction of the normal hkh', 
theii* velocities estimated in a direction perpendicular to this 
line will be cipher, and they will be likewise so after the im¬ 
pact j BO that we shall have 

COB HGL ± 1, COB EG/ = ± 1, 

C03H'g'l':=: ± 1, coshgZ'= ± 1, 

the sign depends on their directions, the velocities 0, 0', 0i, 0/, 
bemg^ always regarded as positive. 

If Gt and g' move in the same direction before the impact, ,, f, 
as for example from ii' towards h, the angle hgl wlU be 
cipher, and the angle h'g'l' equal to two right angles; there¬ 
fore, in virtue of equations (7), we shall have 

COB hgZ = 1, cos n'GT = — 1, 01 = 01 =-:—r-. 

M + M' 

If, on the contrary, g and g' move in opposite directions 
before the impact, in such a manner that the point o proceeds 
from II towards ii', and the point g' from h' towards h, we 
shall have cos iigl := cos h'g'l'=: — 1, and equations (7) will 
give 

cos IIGZ = qz 1, COB U'g'Z' = ± 1, 01 = 0/ = ± 

in which, the superior or inferior sign should be taken, ac- 
cording as the difference m0 — m' 0' ia positive or negative. 
Formulae (8) may, in the same manner, be applied to these 
two hypotheses. 

These results coincide with those obtained in Nos. 36l' 
and 362, relatively to the impact of homogeneous spherical 
bodies ; but it appears, from what has been just established, < 
that they are independent of the form of these bodies, and of ' 
their motion of rotation, and tliat they only suppose that 
tlio centres of gravity of the two moveables move, before the 
impact, along the normal to the point of contact. 
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473. If we suppose m'=M 5 equations (8) become 

0i cos rgI = — 6' COB h'g'l'j 0i cos h'g'/' = — 0 cos iig Io 

from whence it follows, that in the impact of two perfectly 
elastic bodies whose masses are equal, the centres of gravity 
of the two moveables interchange their velocities estimated 
in a direction parallel to the normal at the point of contact, 
y^en this normal, which is common to the two surfaces at 
this point, passes at the same time through these two ccntim 
If the point g' is at rest before the impact, in which case 
0, and if, moreover, the mass m, on account of its clonsity, 
is so small that it may he neglected with respect to m', we shall 
have, in virtue of equations (7)(e). 

6i cos hgZ = 0, 0/ COB h'g7' = 0 ; 

so that when the bodies are soft, theh* centres of gravity g and 
g' will not, in this case, have any normal velocity after the 
impact. But if, on the contraiy, the bodies are perfectly elastic, 
we shall have, in virtue of equations (8), 

0/cO8 H'gT = 0, 01 cos HgZ = — 0 cos IIGL ; 


from which it appears, that the centre of gravity g' will not 
be actuated by any velocity, and that g will acquire, after 
the impact, a normal velocity equal and contrary to that which 
it had before. 

J It is easy to infei', that the centre of gravity g will bo re- 
; fleeted, making with the normal at the point of contact of the 
j two moveables, the angle of reflexion equal to the angle of 
I incidence. In fact, let there be assumed on the production of 
GL (fig. 17) apart such os ga to represent the velocity of 
which moves from g towards g, before the impact; and let on 
be the normal to the point of contact of the two moveables, 
which passes by hypothesis through the point G; if tho velo¬ 
city gG be resolved into two others, the one aa acting in tlu* 
direction of this normal, the other &g parallel to the tangential 
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plane, the second will not be affected by the impact, and the 
first will bo changed into a velocity cq equal and contrary to 
flG. Consequently, if the rectangle abdc be completed, and 
if the diagonal ad be prolonged, so that gI may be equal to 
od, the velocity of the point g after the impact will be repre¬ 
sented in magnitude and direction by gZ; hence the angle of 
reflexion HG^will be equal to the angle of incidence hg^/, and, 
moreover, the magnitude of the velocity of the moveable be¬ 
fore and after the impact, will be die same. This case is that 
of an elastic body that meets with a fixed obstacle, which is 
itself also endowed with a perfect elasticity. 

474. When the moveables arc homogeneous spheres, the 
condition that the nomal hkii^ (fig. 16) passes dirough their 
ccnti’es of gravity g and o', is always satisfied. Conse-i 
quently, if these bodies are perfectiy elastic, when they im-1 
pinge they will interchange their veloddes in the direction of i 
the line drawn from ono centre to the other, and they will re- j 
tain without any change, their velocities perpendicular to this, 
line; and when they strike a fixed obstacle, which is itself per-^ 
fectly elastic, they will be reflected, making the angle of inci-i 
dence equal to the angle of reflexion. It is on these principles 
that the game of billiards is founded; but it is necessary to ob¬ 
serve, that not only the balls and sides of the tables are sup¬ 
posed to be perfectly elastic, but likewise, that the fact of the 
velocity of the moveables, when estimated either in a direction 
parallel to their common tangential plane, or in a dii'ection pa¬ 
rallel to the sides which they meet, not being affected by the 
impact, is only true on the supposition that tlie friction arising 
from their rotation, and from the sliding of one surface on the 
other, is not talcen into account. We proceed to show, for 
example, that the angle of reflexion depends on the rotation 
of the ball, and that it is not equal to the angle of incidence, 
when tlic friction of the ball against the side is taken into ac¬ 
count. The Biune is the case in rocket firing, when a bullet 
hops on the earth; the friction of this projectile against the 
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ground and its velocity of rotation likewise affect the ♦; 
reflexioHj which may, on this account, be different from lii. 
angle of incidence. 

This question will enable us to explain in what maniu'r ili» 
friction should be taken into account in the impact of bodii 
and thus complete what has been stated, in the second imh;. 
gi’aph of the preceding chapter, respecting this kind ol 
sistances. We now therefore proceed to detail the principh » 
whicli ore to guide us in this delicate matter; we havi* 
conducted to them by analogy, but they, as well as thr 
sequences which follow from them, should be confirmed It*. 
direct experiments. 

475, When the equations of equilibrium of the quaiiliH' ^ 
of motion lost in the impact, by the two masses m ami , 
were formed, the quantities of motion produced by the 
of these bodies during the continuance of the percussion, 
not taken into account, because as this duration was \ i ^ 
short, these quantities, which are proportional to it, are hi * 
wise very small, and may be neglected relatively to 
which the moveables receive from their mutual impact, lo * 
this is not the case, as has been already remarked (No. II. • » ^ 
with respect to the friction which takes place during tlio iinp.o 
when the surfaces of the two moveables in contact sliilo iK 
one against the other. Although no observations havi* In 
|made on the intensity of this friction, it may be supposed !*- 
iinduction, that it follows the general laws of the friclion 
'bodies subjected to pressures properly so called, since llii‘ p* 
cussion is only a pressure of very great intensity, acting b*B * 
jvery short interval of time. It may therefore be adiniifi 
that during the continuance of the impact, the friction, iil int* * 
instant, is proportional to the magnitude of the normal j»r« - 
jsure, which at this instant causes the two moveables to jih't' 
jagamst one another, and that, in the case of each moveabb''. 
^acta in a direction contrary to that of the relative vebu 
(with which this moveable slides on the other, being at the 
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time independent of tlie magnitude of tliis velocity; also tlint 
when the friction is changed into a simple rolling of one body' 
on the other, it disappears, or may be neglected. 

Now, the entire quantity of motion impressed on M in the 
direction of the normal kh (fig. 16), has been denoted by n, 
when these two moveables are destitute of elasticity, and by 
2 N 5 when they are perfectly elastic. If, therefore, during the' 
continuance of the impact, the surface of m slides in one and 
the some direction on that of m', and if q be the quantity of 
motion impressed on m by the friction, estimated in a sense 
opposite to that direction, we shall have Q =: /in, in the case of 
bodies destitute of elasticity, and q = 2 An in the case of per-^ 
fectly elastic bodies; K being a coefficient which depends on 
the nature of the surfaces of m and at the point of contact 
1C, and for which that value may be assumed which has been 
determined by experiment, relatively to ordinary pressures, 
(No. 469). If the sliding takes place in one direction during, 
one pai't of the impact, and in the opposite direction during 
the other part, we shall have q = 7a(n'— in which n' and 
n" demote the quantities of motion produced by the percussion 
during theso respective pEU'ts of the impact, so that their sum 
n' + n" may be equal to n or 2n, n' being supposed > 

If, at the end of the first part, the sliding is changed into a 
simple rolling, we should assume q zz An', the friction of the 
second species, which has place during the second part, being [ 
neglected. 

If a' denotes what Q becomes relatively to m', it is evident 
that, in all cases, q' will be a quantity of motion equal and di¬ 
rectly opposed to Q, for the normal pressure that in' exercises 
on M during the continuance of the impact, is of the same 
magnitude as that of m on m', and the relative velocity of the 
sliding of m' on m, is always equal and contrary to that of m 
oil m'. 

It follows from this, that in order to obtain the equation 
of equilibrium of the quantities of motion lost during the im- 
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pact by the body m, the eflFect of the friction being taken into 
, account, it will be sufficient to join to the quantity of motion 
N or 2 N, impressed on the normal in the direction of the nor- 
: mal KH, another quantity of motion q, acting in a direction 
contrary to kh, and expressed in the manner just stated 
' above; and that, in order, at the same time, to obtain the 
j equations relative to m', there should be joined to the quan- 
(tity of motion n or 2n, acting in the direction kh', a quaii- 
' tity of motion o' equal and contrary to q* This is what wo 
! now proceed to do in the case of the impact of a homogeneoas 
^ spherical projectile against a fixed obstacle. 

476. For greater dearness, we shall suppose that the fixed 
obstacle that is struck by the sphere m is a horizontal plane, 
and that previously to the impact, this sphere turns about a 
horizontal axis, which is perpendicular to gh the direction of 
its centre of gravity. Figure 18 represents a section of the 
fixed plane and of m made by a vertical plane passing through 
G. As every thing is similar on each side of tliis section, tlie 
point G will not deviate from this last plane during the impact, 
M will continue to tm-n about the diameter perpendicular to 
this same plane, and the point of contact k will slide, during 
this percussion, along ab, the intersection of this vertical 
plane and of the fixed plane. 

Let a be the horizontal velocity of a, immediately before 
the impact, acting in the direction gd, b its vertical velocity 
acting in the direction gk, 7 the angle of incidence hgk, in 
which case we have 

tang7 = |. 

As the moveable m, and also the obstacle which it strikes, ai*c 
supposed to be perfectly elastic, it will first lose, dming i 1 « 
compression, its quantity of vertical motion denoted by m& ; 
then in returning to its primitive figure, it will resume an 
equal and contrary quantity of motion, so that after the im¬ 
pact, G the centre of gravity will be actuated by a vertical 
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velocity 6 acting in the direction of gd the production of qk. 
If therefore its horizontal velocity at this epoch directed along 
GD, or in the opposite directioiij according as it is positive or 
negative, be denoted by a^\ if gh' be the direction of this 
point, and if the angle of reflexion egh^ be denoted by 7 ', we 
shall have 

tan/=-. 

The line gh' will be situated to the left of the vertical bk, 
like the line gh, or to the right of bk, according as the quan-* 
tity a' is positive or negative. In order that the angle of 
reflexion may be equal to the angle of incidence, this velocity 
a' should be positive and equal to a. When these velocities 
are not equal, the sign of 7 '— 7 , the difference of these two 
angles, will be always the same as that of a' — a; and the 
point G win retrograde when the velocity d is negative. 

In like manner, let the angular velocity of rotation of m, 
before the impact be denoted by a; we shall consider it as 
positive or negative, according as it has place in the direction 
indicated hy the sagitta 5 , or in the contraiy direction. Let 
a' be what this velocity becomes after the impact- Tlie ob¬ 
ject of the problem will bo to determine o' and a when a and 
a ore known. Its solution gives rise to several distinct cases, 
according as the absolute velocity of the point k is positive or 
negative, that is to say, dccording os it is directed along ka 
or KB, during a part of the contiauance of the impact, or 
during its entire continuance 5 these cases we proceed to exa¬ 
mine successively in the following number. 

477- In the first place, let us suppose that the velocity of 
the point K is positive, or directed along ka, during the entire 
continuance of the impact 5 then if gk the radius of m be de¬ 
noted hy c, this velocity will bo equal to a + ca at the com¬ 
mencement, and to a' + ca' at the end of the impact, so that 
these two quantities shonld ho positive. As tlie entire quan¬ 
tity of motion impressed on m in the direction gk, while the 
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moveablo is compressed, and also while it reverts to its primi¬ 
tive figure, is equal to 2mJ; by No. 475 the quantity of mo¬ 
tion arising from the &ictioii, and acting in the direction Kii, 
will be consequently, d the horizontal velocity of tlio 

centre of gravity a after the impact will be the same, as if tho 
mass M being condensed into it, the quantities of motion wa 
and 2hMb were applied to it, in directions contrary the one to 
the other; this gives 

ci 2A5. 

Now since f Mc’ is the moment of inertia of M with respect to 
its axis of rotation, and 21mbc is the moment of the friction 
directed along kb with respect to the same axis, it is easy to 
perceive that a — a' the diminution of the angular velocity of 
rotation will he determined by the equation (/) 


— aO = 2 Am6c ; 

from which we obtain 

, dhl) 

a = a-. 

c 


From these values of d and a', there will result 


a'' + ca' = a + Cfl — 7 A5; 


and, as in the case we are considering, d + ca! must be posi¬ 
tive, the quantity a + ca, which is also positive, must bo 
greater than 7 hb* When this condition obtains, we shnll 
have 

tang-y' = ^ — 2A = tangy — 2A, 

by means of which the angle of reflexion y' can be deter¬ 
mined, when y the angle of incidence and the coefficient h arc 
known. 

If the absolute velocity of the point k is constantly nega¬ 
tive, or directed along kb, the friction will act in the direction 
KA, and it will be sufficient to change the signs of the teiTns 
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multiplied by A, in the formuke of the preceding case, whicli 
will become 

Q AA 

o' =: a + 2 AA, a' = o ^tangy' = tangy + 2A- 

In Order that this case may obtedn, the direction of tlie 
initial velocity of the point k must be contrary to that of g, 
this implies, that the direction of the primitive rotation is con¬ 
trary to that which is indicated by the sagitta ^. Moreover, 
as 

o' + ca' = a + ca + 7 

it is necessary that this negative quantity a + ca should ex¬ 
ceed the positive term 7 M.(<7) In this second case, the angle 
of reflexion will be greater than the angle of incidence, while 
in the first case, was less than 7. 

If, the velocity of the point k being positive at the com¬ 
mencement Of the impact, it becomes at a certain point of its 
duration, cipher, and if it continues to be nothing unto the 
end of the impact, the total effect of the friction should, by 
No, 475 , he taken equal to Am (6 4-^9 ^ denoting the verti¬ 
cal velocity of g at the instant in question, which should be 
regarded as negative or positive, according as this instant oc¬ 
curs during the time the moveable is compressed,, or while it 
is reverting to its primitive figure- From hence we infer, as 
iu the first case, 

«/ / 5A(A + 60 

o' = a —A(6 + A'), a' = a- 

and, consequently, 

tang7' = tang 7 — A 

If the velocity of the point k is cipher from the commence¬ 
ment of tliQ impact, we shall have Z/ = — 6; and as the fiiction 
is cipher, or of the second species, during the entire continu¬ 
ance of the percussion, it will not affect the values of d, a\ 
tiing7'. If, on the contrary, the velocity of the point k does 
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not become cipher until the end of the impact, we shall have 
J 6^5 and these formulss will coincide with those of the first 
case- In general, the value of V will be unknown, and all 
that is determined respecting it is, that it cannot surpass i & 5 
but as the final velocity of the point k is supposed to be cipher^ 
we must have 

o' + oa'= a + ca — + iO = 

from which we obtain 

+ = 

and, conBequently(A), 

j 6a—2ca . , . 

a' = coc =-^-, tang-y' zr tangy 

If, the velocity of the point K being positive in one part of the 
impact, it becomes negative in the following part, and if V bo 
the vertical velocity of & at the instant of this change of sign, 
which velocity may be either positive or negative, the quan¬ 
tities of motion impressed on m in the direction of kg, during 
these two parts of the percussion, will be m (6 + i') and 
M(i—y) respectively. Therefore, by No. 476, Am {b + 60* 

— Am (6 — A') will be the entire quantity of motion produced 
by the friction in the direction kb or ka, according as it is posi¬ 
tive or negative; and as this quantity is reducible to 27iM6'j 
it follows that the formulffi relative to this fourth lease may bo 
deduced from those of the first, by substituting V in place of 
6. If the velocity of k was first negative, then in order that 
it diould afterwards become positive, the sign of A should be 
changed, as in the second case. But as the quantity V is not 
given, the diminution or increase of the angle of reflexion can¬ 
not be known by means of these formulm; all we know re¬ 
specting them is, that both the one and the other is less than 
in tke first or second case. 

The question would be still more complicated, if the pro- 


0 ; 


2 (fl + Ca) 
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jectile turned about an axis which was not perpendicular, aB 
has been supposed, to the vertical plane in which the point g 
moves before the impact. The friction would then cause this 
point to deviate from its plane during the percussion; and not 
only would the angle of reflexion differ from the angle of inci¬ 
dence, but likewise these two angles would no longer be com¬ 
prised in the same vertical plane. 

478. Now in order to show, independently of friction, the 
influence of the impact on the motion of rotation, let a simple 
example be taken, in which the normal at the point of contact 
of the two moveables, which may always be regarded os the 
direction of tire impact, does not pass through the centre of 
gravity of one of these two bodies. 

If during the impact the instantaneous axis of rotation of 
M be supposed to coincide with one of the principal axes, which 
intersect at its centre of gravity, for example, with the a™ az 
(fig. 16), we shall then have p = 0 and y =: 0 . Likewise, 
let us suppose that the point x and the common normal to the 
two surfaces at this point, arc comprised in the plane of the 
axes Qx and ; in consequence of this, the two quantities c 
and cosy will be cipher. By making p = 0 , 5 = 0, err 0, 
cos 7 = 0 , in the two lost equations (1) or (4), it follows that 
PirrO, and 5 i = 0 , or p = 0 , and 0 = 0 ; so that in tlie two 
cases, namely, when the bodies ore soft, and also when they ore 
clastic, the axis of rotation will adll coincide after the impact 
with the axis and the impact will only change the velocity 
of rotation without at all affecting the instantaneous axis, 
agreeably to what has been already observed iu No. 437. 

If the body m' be a homogeneous sphere, the direction of 
the impact will pass through its centre of gravity; conse¬ 
quently, we shall have, as in No. 471, 

COB j3' = b' COB a'y d cos o! = o! cos 7 ', V cos 7 ' = cos j3', 

hcncc, die suppositions just stated being taken into account, 
equation (3) will bo reduced to 
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{a COS ^ — A COS a) ri + cos o + Vi cos ]3 
+ Ml'cosai + iJ/cos/3i + Wi'cos7'= 0; 
and, by combining it with equation ( 6 ), we obtain (0 

N N 

^ + (^ COS p — A COS a) rj + w COS a + u cos J3 

+ «'c08a'+ v'c03j3'+ M/co8y=0. 

Through the point k, let lines be drawn parallel to the 
directions of 0 and 0^, the velocities of g and before the 
impact; then if S and S' be the angles which theso parallels 
make with kh, we shall have 


M cos a + » COB j3'= 0 cos S, 
u' cos a'+ u' cos j3' + M?' cos 7 ' = -. 0 ' coa S', 

which will, therefore, be the components of 0 and 0' along 
this part of the normal to the point k i and if Vi be eliminatod 

by means of the fourth equation (1), the preceding equation 
will become 


^ _L ^ , (tz COB 3 — A coa qVn 
M ^ M' ^ - 


+ (a COS 3 — 6 cos a) r 


+ fleosS — 0'cobS'=O; 
from which we deduce 


N = MM"c[aco8a-aco8|3^r4,fl/co3 coa 8] 

(m + M') c + MM'(6 cos a — a cos j8)* 

By means of this value of k, the three first equations (1) 
or ( )s according as the moveables are soft or clostic) will 
ZM e own KisUijWi, or u, v, w, the three components of 
he velomty of u after the impact; and the three first equa- 
ons (2) or (5), -will, in like manner, determine the final 
velocity of u'. With respect to the value of r' or n, it may be 
deduced from the fourth equation (i) or (4). 

The quantity n must, as has been already remarked, bo 
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always positive; for when its value is negative," there cannot 
be any impact between the two moveables. The denominator 
of this value is positive, and so is the factor of its numerator, 
namely mm'c. 0 and 0' the factors of its two other terms, 
are also positive, but the quantities a, cos a, cos j3, cos S, 
cos S', may be either positive or negative; and their signs 
will be given in each particular case. As j? = 0, and g = 0, 
r will be, abstracting from the sign, the velocity of rota¬ 
tion before the impact. In order to know tlie sign with 
which it should be affected in the value of n, let a point be 
assumed on the axis gx, at the unit of distance from the point 
g; the velocity of this pojnt before the impact, estimated 
in a direction parallel to the axis Gy, will be u + r (No, 46C); 
hence it follows, that its part ?■ must be positive or negative, 
according as the direction of the primitive motion of rotation 
is from the axis ax towards the axis ay, or from the axis ay 
towards the axis ax, that is to say, in the direction of the 
sagitta 9, or in the opposite direction. After the impact, the 
rotation will have place in tlio first or second direction, ac¬ 
cording os the value of ?'| or ii is positive or negative. 

479. Hitherto wc have supposed, that the two bodies m 
and m' are entirely free; but if they are retained by a fixed 
point or axis, the detormiiuition of tlreir motions after the 
impact will always depend on the same principles, and will 
merely differ in the number of equations which should be 
considered. 

For .example, if the moveahle M is retained by a fixed 
point G, the three first equations of No. 467 will be no longer 
necessary for the equilibrium of n and of the quantities of 
motion which are lost, during the impact, by all the points of 
tlxis body. This fixed point a will not be always, as in the 
preceding cases, the centre of gravity of m, and, consequently, 
tlie intcgrolB ^xdm^ 5y«i7», ^zdm will be no longer cipher; but 
the six quantities i^, v, Wi, Vi, will be zero; and by 
assuming that goj, oy, gsj, arc the three principal axes of m 
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which intoTsect in this point o, the three last equations of 
equilibriiun will be then reduced to 

N (a cos )3 — 6 cos a) + c (r — ri) =: 0, 

N (c cos a — a cos y) + B — ji) = 0, 

N {b cosy — c COB J3) + A (p ^P\) = 0, 

as in the number cited. If to these equations there be joined 
the six equations (2) relative to the body m', which is nssumed 
to continue entirely free, and also equation (3), in which we 
should moke Wi = 0, ri 0, Wi = 0, we shall then have the 
ten equations which are necessary in order to determine the 
value of N, and the motions of the two bodies after the impact, 
when they are destitute of elasticity. If they are perfectly 
elastic, the three last equations (4) should be substituted for 
the three preceding equations, and equations (6) should be 
employed in place of equations (2). If the body m is retained 
by a fixed G 2 f, which is not a principal axis, the fourth 
equation of No. 467 will be the only one necesaaiy in order 
to determine the equilibrium of n and of the quantities of mo¬ 
tion lost by M. As the axis of rotation then coincides with 
QZi before and after the impact, we shall have /? = 0, j = 0, 
Pi = 0, = 0; and as the three components of the velocity 

of G are also cipher, this equation will be reduced to 

N (a COB J3 — 6 cos a) + c (r — ri) = 0 ; 

c being always the moment of inertia with respect to the 
axis az. When the two bodies are perfectly elastic, it should 
be replaced by 

2n (a cos j3 - i COB a) + c (r — r) ; 

and by joining to it equation (3), and those which refer to the 
body m', we shall have all the equations which are required 
for the determmation of N and the motions of the two move¬ 
ables after the impact. 

480. If in place of two bodies only, three or a greater 
number impinge on each other simultaneously, the equations of 
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equilibrium of the quantities of motion which are lost in the 
impact, by each of these bodies, should be formed by consider¬ 
ing it by itself, after having joined to the quantities of motion 
lost by all its points, other unknown forces n, n', n", fee., ap- 
pliod to the points of contact of this body with all the others, 
and drawn from each of these points internally, in the direction 
of the respective normals to its surfiice at these points. Wheni 
all the moveahles are considered, the number of these un¬ 
known forces will be the some as that of the points of contact 
of these bodies; for they will represent equal and contrary 
quantities of motion, for every two of the moveables which ’ 
touch in each point. But, at the instant of the greatest com¬ 
pression, that is to say, at the end of the impact of bodies 
destitute of elasticity, equation (3) will obtain for each polntj 
of contact; hence it follows that we shall have always a sufli- 
ciont number of equations, to enable us to determine the state j 


of all the moveables, and the values of n, n^, &c., at this 

instant. Wlien the moveables are perfectly elastic, the solu-] 
tion of the problem can be obtained for each of them sepa- [ 
ratcly, by considerations similai- to those employed in No. 469. 

481. In order to give a simple example of this general so¬ 
lution, let M, m', fi, denote the masses of three homogeneous 
Bphci'cs, whose centi'es are a, a', c, (fig. 19). K the sphere ft, 
which is supposed to be at rest before the impact, he struck 
simultaneously by m and m', which touch it at the points k 
ami k', then though M and m' should be actuated by a motion 
of rotation before the impact, it will not be affected by 
impact; and as ft does not acquire any during this percussion, 
we have only to determine the vdocities of o, a', Cj after the 
impact, in magnitude and direction, by means of the velocities 
and directions of g and g', before this impact. 

Let therefore a,b,c denote the components of the velocity 
of G before the impact, parallel to the three fixed recten^ar 
.xos, 0 ., Off, o*, and kl o', C be the eompenente of o 
riillel to tile eame axee. Let u, a, M’, « , tf, to , leprese 
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values of these six components at the instant of greatest com- 
pression, and Wi, Vj, Wi, the components of the velocity of c m 
the du'ection of the same axes, at this instant. Likewise, let 
a, j3, 7 , he the angles comprised between the radius KC, and 
lines drawn through the point k parallel to the axes oa?, oz, 
and o', jS'', 7 ' the angles, which the radius k'c molteB witli 
lines drawn through the point k' pai*allel to these axes. Let 
N denote the quantity of motion communicated at the instant 
in question to by m in the direction of kc, or to M by ^ m 
the direction xo, and n' that which is communicated to ^ by 
m' in the direction k'c, or to m' by ja in the direction xVi. 
The nine equations of equilibrium, of the quantities of motion 
which are lost, and of the forces n and n', whicli it will be 
sufficient for us to consider, will bo 


m(a — u) — NCOfla = 0, 
m( 6 — u) — NcosjS = 0 , 
m(c — m;) — NCO 87 =: 0, 
uO — N'cosa' = 0, 

— n'cob|3'= 0, 

m'(c"— u /) — Nacosy' = 0, 

N cos a + N^cosa^ — fiUi rz 0, 
N COS|3 + N^COSjS' “ flVi = 0, 

N COS7 + N COS7' — fiWi 0; 


(») 


with respect to which it should be remarked, that kg and 
are the productions of kc and k'c. 

Equation ( 3 ) applied to the points k and k' will give, nt 
the same time. 


tticosa + ViCOSjB 4- M^iCOSy zz ?«coBa + vcosj3 + w^cosy, 
Ml COB a' + cos j3' + tUi cos 7 ' = M' COB o' + ?;'coB J3'+^^cos 7 '; 


(b) 


and, in this manner, we shall have the eleven equations wliich 
are necessary and sufficient to deterndue the eleven unknown 
quontitieB n, h', m, v, &c, 
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If we mjvkc 

coBacosa' + coaj3 co9|3' + C037 COB7' = cos8, 
acosu 4'icosj3 -h ccosy = ft, 
a'coBo' 4“ 6 'co 8J3' + c'coay = A', 

8 will be the angle and A and A' will represent the primi¬ 
tive velocities of a and o/ in the directiona gk and g'k\ 

And since 


COB*a + COS^/3 + COB^y = 1, C09®a' + cos^j3' + cos^7^ = 1, 

equations (a) will give 


N 

?<coBa + ^cob)3 +w?cob7 =: A-, 


M 


M'coaa'4-^/cosJ3'+^^/coB7'= A — —^ 

. « , n+n'cosS 

?4iC08a +riC09j3 + 1^10037 =-, 

/. , t n'+ncosS 

MiCOSa' + ^^iCOBi3' + «i^iCOS 7 '= —!-; 


by means of which equations (b) will become 
m/^A = n(m + /i) +N'McoaS, 
m']uA' = n'(m' + ]u) + NM'coaS; 

hence wc obtain (A) 

_A(m'4- A'mm'/icosS 

^ (M + (m' -h jLt)—MM^oa^’ 

Am m^/xcosS ^ 
^ (m + (m' + /i) —MM'coa^S ’ 


valucfl which should be always positive. By Bubstituting 
them in equations (a), the values of w, Vj &c.j the nine com¬ 
ponents of the velocities of Gj g', which have place at the 
ciul of the impact) may be determined when the bodies are 
destitute of elasticity. 

If, on the continry, they ore perfectly elastic, and if u, v, w 
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te the components of the velocity of (J, and u', v', \v', those 
of the velocity of o', and Ui Vi Wi those of the velocity of c at 
tlie end of the impact, we can obtain, by considerations similar 
to those already employed in No. 4G9, the following nitie 
equations: 

M(tt — TJ) —NCOSa = 0, 
m(v — v)—NCOSjS = 0, 
m(m;—w)*-ncoS7 zi 0, 
m'(m'— u') — N'cosa' = 0, 

—V) — n'cob)3' = 0, 

—w') — N'oosy' = 0, 

NcoBa + N'cofla' + /a(wi —Ui) =: 0, 

Nco8j3 + N'co8j3' + fx(yi~yi) = 0, 

NCOSy + Nacosy' + ^(Wi — W]) = 0. 

If each of these equations be added to the equation which coi - 
responds to it amongst equations (a), there results 

M(a — tf) — 2Ncosa = Oj 
m(J— v) — 2 nco8|3 = 0, 

M(c — w) — 2 NCOB 7 “ 

M'(a'—uO —2N'cosa' = 0, 

— vO —2N'C0fl/3' = 0, 
m'(c'— w') — 2Ncosy' = 0, 

2ncoso + 2n'cobci'— jtiUi = 0, 

2ncos) 3 + 2N'coaj3'—/iVi = 0, 

2 N COB7 + 2 n' COS7'— jaWi =z 0; 

and in order to obtEun immediately &om these last equations, 
the values of the nine unknown quantities u, v, w, u', v', \\\ 
^i> V], Wi, it is only requisite to substitute the preceding vuliio*' 
of N and n' in them. 
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The final velocities of the points o, c will be still the 
same, whether the impacts of m: and m' on /x, instead of being 
BimultoueouBj follow one another at such a very short interval 
of time, that these three points may not he sensibly displaced 
during this very short time. The very short durations of the 
two impacts, whether simultaneous or successive, may likewise 
be unequal, and the instant of the greatest compression at the 
points K and k' may not be the same. 



CHAPTER VIIL 


EXAMPLES OF THE MOTION OF A FLEXIBLE STRIKO* 

I. Vibrations of a Flexible String. 

482. Let amb (fig, 20) a perfectly flexible string, very 
little extensible, bomogcneons, and of tlie same thidcnesa 
tbroughont, be stretched in the direction of its length, by a 
force equivalent to a given weight zo, and let it be attaclied at 
its two extremities to the fixed points a and n. As its weight 
is neglected relatively to w, it con be considered in its state 
of equilibrium as rectilinear(a). This being the case, if it be 
made to deviate ever so little from this direction, and if small 
velocities be impressed on all its points, this string will oscillate 
on each side of the line amb ; and the object of this chapter is 
to determine its posidon and the velocities of its different 
points, at any instant whatever. At the end of t any time 
whatever, let ns suppose that the string assumes the form of the 
curve am'b, which may be either plane or one of double curva¬ 
ture, and let be the position that M, a given point on this 
string assumes. Let p be the projection of m' on the lino amii , 
and 

AM — a;, AP = oj + M; 

likewise let y and z be the two other coordinates of m', per¬ 
pendicular to each other and to the axis ab. 

As the displacements of the points of the string are very 
small, the variahles m, y, z will be likewise very small, and the 
object of our investigatiOB will b^ e to de termin e their values in 
toctio ns^of 

Let the differential element of the curve am'b at jhe point 
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m'j be denoted by ds^ and the density of the string at this point 
by Cj the area of the section perpendicular to its length at this 
same point multiplied by ej or is equal to the element of its 
mass. In the state of equilibrium, the elements of this mass 
are proportional to the lengths, as the string is homogeneous 
and of a constant thickness; hence the length of the element 

lodos 

at the point m being cte, its mass will be P ^ 

noting the weight and length of the entire string, and g the 
gravity; hence as the mass of this element does not change 
during the motion, we shall have constantly 



If this element eds was solicited by a given motive force, 
whoso components parallel to the axes of the coordinates 
were xcife, Yeds, the components of the motive force 

lost, during the instant dt in the direction of these axes, 
would be 



consequently, in order to obtain the equations of equilibrium 
of these forces, which will be those of the motion of the string, 

(Pu d^y 


Hhould bo put in place of x, y, z, in equations (1) of No. 298, 
and its preceding value should he substituted for ads. Now, 
ns hy hypothesis, the q^ti ties x, y, z, are cipher, there 

results 


d. 


Td(a3 + «) 


ds 


al dP 
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T being the tx^iision of the element ctfe, and x + u the ahsciBsa 
of the point m' to which these equations refer. They can 
only be integrated, when reduced to a linear form, by the 
consideration of the small extent of tlie vibrations of the string. 

483. As dx the element of the string in the state of equi¬ 
librium becomes ds in the state of motion, and a-s w and t 
are the measures of the respective tensions which it expe¬ 
riences in these two states, t^w their difference must be pro¬ 
portional to the ratio of its extension ■— tZa? to its primitivu 
length dx (No, 288), therefore, we shall have 


T — wz=. 




(dfi — dx) 


q being a given constant weight, which will depend on the 
mateii al and thickness of the string. Besides, we have 

ds^ = {dx + duy -h diy + dz^; % 

and if not only the points of the curve AM^n, but also tho di- 
rectiona of its togente deviate little from the line amb, the 
^ , dz , dy 

quantities and — will be very small fractions; therefore, 
if their squares be neglected, we shall have 


ds zz dm ^ du^ t = w + gr ^; 


and if the products ^and likewise neglected, 

equations (1) will become(c) 


^<Pz 

da?' 


CD 


in which, for conciseness, we make 
P p 

As the variables w, y, z, are separate^ in these equations 
(2), it follows, that the vibrations of the string parallel to tlio 
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axes of a?, j/, will be independent the one of the other, and 
will coexist together without mutually influencing each other. ; 
Moreovei’, it appears that the vibrations will be; 

the same in the direction of the axis of y and of the axis of Zy ' 
80 that it will be suflScient to consider one of them, the first, 
for example. With respect to the longitudinal vibrations, it 
also appears from comparing the first of equations (2) with. 
either of the two last, that they follow the some laws ns the 
others, from which they only differ in the magnitude of the 
coeflB.cient a®, which surpasses in the ratio of q to w. a 
484. The complete integral of the following equation of 
partial differences of the second order, 

is 

y =/(® + aO + ^ — ^0 5 (3) 

/and F denoting two arbitrary functions. In fact, we have, 
whatever be the natui'e of the function \p, 

d\p(xdzat} _ ^d\p(x:h at) 

dt ^ dx ’ 

(P\l^ (a; _ g rfY (a- — 

hence we infer, 

(Py _, dy{x + at) , (Pi? {x — at) 

dP~^ (hP " dx* ’ 

and as we have also 

_ d^f {x + aPf {x — a£) 
doi? ^ 5a? dai^ ’ 


these values render the given equation identical. 

If the time t is reciconed from the commencement of the 


motion 
von. ir. 


, and if a or lie regarded as a positive quan- 


2i 
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quantityj a? 4 -will be positive during tbc entire continuance 
of the motioBj and aj —will be either a negative quan¬ 
tity, or a positive quantity less than L If therefore, 2 ho 
variable, it will be sufficient, in order to be able to 
apply formula (3), to know the values oiJX and 1 ? (-^S) 

? = », and those'of from ^ = 0 to ? = Now 

these values of fZ and f (± may be determined, as wo 

"proceed to showj^y tim^onditipn^pfjbhe im^^ 
points A and b during the motion, combined with the inititil 
state of the string. ^ 

If, at the commencement of the motion, 


2 / = 



these two functions and will be cipher when a3=: 0 
r and when a? =z i, and from a? = 0 to ic z: Z, they wiU he given 
J by the ^tial figure of the cord, and the velocities impressed, 
at this epoch, on its different points. If t he made =: 0 in for¬ 
mula (3), and in its differential relative to Z, we sh?^ll have 

and if we make 

(ji^xdx =s "i ^ 

and substitute Z for we shall have(c) 


fz = w IT?=i(d) 




r 

J 


The function will contain an arbitrary constant, but it in 
evident that it will disappear in formula (3), which ifl compofltHl 
of the sum of the values offZ and relative to two different 
^uea of ^ It is not necessary therefore to take this cons taut 
into account, and we may assume, for greater clearness, tliiit 
the function vanishes when ^ = 0. By means of equntioim 
(4) the values of fZ and f? will be known, but Qjdy from 
S = 0 to S = Z, since the functions ^Z and ^Z ore only given 
in this interval. 
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As the points a nnd b nro fixBdj the VElues of "when 
a; =: 0, and when a; = ?, must he cipher. If at he 

supposed equal to ^5 we shall therefore have by equation (3), 

/? + i ?(-20 = O, /(Z + ?) + f(Z_ ?)=:(), ( 6 ) 

for all values of the positive variable 

In virtue of the first of these two equations, the values of 
r( — ?) will be equal and of a contrary si^ to those 
If ^ ? be substituted for ? in the second equation ( 5 ), and if 

it bo then tolcen from the first, there results 

by means of which,/? will be Imown from ? = 0 to ? =z x,' * 
when tills function shall have been determined from ? zz 0 tq[ 

? = 2Z. Finally, if ^ we obtain by substituting* Z — ? 
for ? in the second equation ( 6 ), 

/( 2 Z-S)=-X- 

Conaeqfiently, the values of/(2Z— Z,) from ^ = 0 to ? = 
or what is the same thing, those oifZ from ? = Z to ^ = 2Z,, 
will be known, when the values of v?, from ?| = 0 to Z — U tire ■ 
given. Hence, as the values of^ and are given by equa¬ 
tions (4), from ? = 0 to ? = Z, equations ( 6 ) will determine 
those of^(Z + Z) and of^F from _Z = 0 to Z = -^ (/)• 

Therefore all the values^f these two functions, on which those 
of y depend, will be known for all points of the string, and at 
any instant whatever of the motion. The corresponding va¬ 
lues of and, consequently, those of ^ will be like- 

wise known ; and the values of « and ^ may he obtained in 

the same manner. Consequently, the figure of the string, and 
the transversal velocities of aU its points at any instant what¬ 
ever, will he known; and this completely solves the problem, 
as far as the motion of the string perpendicularly to its natural 
direction, is concerned. 



244 


VIBRATIONS 01'' A FLEXIBLE 8T111NG. 


I 



There is nothing in the question, by means of which the 
values or those of f^, can bo determined, wJieiijS is 

greater thanjj consequently, these parts of the two arbitrary 
functions, the knowledge of which is not necessary in the ap¬ 
plication of formula (3), will continue altogether indeter- 
> miuate. 

486. In order to know the value of y which will result 
from equations (3), (4), (6), we shall consider successively the 
part of this value which arises from the initial figure of the 
string, or of the function (px, and that which arises from the 
initial velocitira of its different points, or form the function 
ji'x. 

1st. At the commencement of the motion, let acu (fig.21) 
be the given projection of the string on the plane of the axes of 
X and y, so that if on ab, a part ad =: x be taken, dc the cor¬ 
responding ordinate may be equal to fpx. On tlie production 
of AB, let there be traced a curve bc'a', equal to acb, but in¬ 
versely posited, so that if bd' be assumed equal to no, the or- 
equal to p c, and affected with an o 2 )poait< 
sign. On the two productions of aa^, let the curve acbc'a 
be repeated indefinitely, so that a'c^b'c'^'a^' may be the pOBi 
tion which acbc^a' would assume, if this curve slidcd parallf 
to the axis of a;, until a coincided with a', and a' with a", aii' 
that AC/B,c,yA^ may be the position of a'c'bca, when it slides i 
such a manner that a' may coincide with a, and a with ; an 
let the same be supposed to take place with respect to tli 
productions beyond a" and a,. This being done, if there 1 
taken two abscissse, 


AB = a; + at, ae' = aj — at, 

of which the second may he either positive or negative, aiirl 
the corresponding ordinates bf and b'f', which may he eilli 
ipositive or negative, he erected, their semisum 

i (bf + e'f'), 

I ’n ill be the part of y depending, op the initial figure of the coi 
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2ndly. Let us suppose that the ordinates of the curve acb, 
instead of representing the primitive displacements of the 
jioints of the string, denote now their initial velocities divided 
by a, BO that if ad be taken equal to a:, then dc maybe equal 

to - Let another curve ach (fig. 22) be so traced that 

Cl 

to the abscissa ad = as the ordinate dc == i q»a; may 

correspond. Then as the integral commences witli rr, and ns 
the function is also cipher when a? = 0, this curve will 
touch the axis of x at the point a. If ad be taken = I, and 
if nil be the corresponding ordinate, we shall have 



and because < p'x = 0 when a: = Z, tangent at h will be pa¬ 
rallel to the avia of the ahsci3S8B(5f). Let there he traced the 
curve HC^A^ equal to ach, and so placed that if bd^ be taken, 
equal to dd, we may have d'c'= dc; then on the two produc¬ 
tions of aa', let the curve achcV be repeated indefinitely, as 
ill the preceding construction; and this being done, if there 
be taken tlic two abscissse 

AK = a: + aZ, ak' = £c — aZ, 

tlio second of which may be either positive or negative, and 
if there be raised the corresponding ordinates kl and k'l', 
which may also be positive or negative, we shall have 

^(kl —k'l'), 

for the part of y, which results from the initial velocities of the, 

Jioints of the string. _ i 

Therefore the complete value of y will be j 

' y = + ^'^0; («-)' 

and a similar construction will give the corresponding valu^ 

of In fact, we have' 

f , 3 /• " ■ ‘-v 


T 
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d.BF 

d.EF 

d. bV 

d. 

dt ~ 

“ dx ’ 

li 

1 

“ dx ’ 

if. KL 

d.KL 

I 

'XS 

d. k'i/ 

dt ~ 

dz ’ 

1 

- Ct , ’ j 

dx 


therefore we shall have 


dy 

-"1 

fd.EF 

d.B'p'N 

a f d. KL d. k'l'\ 

dt 

-2 

\~dr~ 

djD )' 

2 \ dic dx ) 


Now, if through the points f, f', l, l' (fig. 21 and 22), the 
tangents vf, s'/', l/, \JV, be drawn, and also the lines Fa:, f'®, 
L*, L'as, parallel to the axis of x, and in the direction of the 
positive values of a:, we shall also have 


, .. d.B'r' 

= tang x^f, - tang xv'f, 

rf.KL tf.K'L' ^ ,,, 

— ^ = tang a:L/, —= tang a!L'/'; 


hence there will result, 


i 


% = % (^“g a!F/- tang x^f), 
a . 

+ 2 (tang x\jL + tang xiIV) ; 


(l^) 


in this formula fixe angles may be either positive or negatives 
but they^ill be always acuj^ (which is indeed indicated by 
, the figfure), for each of lie points f, l, L^ The values of 
dz 

z and ^ may be constructed in a Blmilar manner. 

487. It appears from the construction of the curves repre- 
- sented by figures 21 and 22 , that when the product at ia iji- 

creased by 2 the ordinate y and tbe velocity ^5 exprcBsed 

by formulse (a) and (b) resume the values which tliey had be¬ 
fore this addition of 2 /. The same is the case with respect ti> 
dz 

the values of z and —, Consequently, at the end of an inter- 
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2 / 

val of time equal to —, the string* reverts to the same state re¬ 
latively to its form and the transversal velocities of all its points, 
Therefore in a vacuum, if the points a and n be firmly fixed, 
the string will perform an indefinite series of small oscillations, 
and the duration of each oscillation, which the string takes in 


going and returning, is equal to But the resistance of the 

air and the communication of a part of the motion of the string 
to its extreme points a and b, gradually diminish the ampli¬ 
tudes of its oscillations, and at length eventually destroy them, 
without however sensibly affecting the wt^ronism; tliis is a 
result similar to that furnished by the motion of the pendulum 
in the air (No. 190 ); and it has been adverted to here, as a 
consequence of analysis, that has been confirmed by observa- 
tion(/i). Hence if t denote the duration of an entire oscilla* 
tion or vibration of the string, and if n be the number of 
vibrations which take place in the unit of time, we shall have 




The greater the number of vibrations performed in a given \ 
time, the higher will be the tme. It is therefore determined ^ 
by the number n, which is evidently independent of the mag* 
nitudes of the amplitudes supposed to be very small. For the 
same string, this number is proportional to the square root of j 
the tension V ) ; for two strings of equal thickness, and consisting 
of the some materials, the weight p is proportional to the 
length Z, and, when the tension is given, the number w is in 
the inverse ratio of this length; finally, for two strings of the 
same length, and equally stretched, w is in the inverse ratio of ^ 
the square roots of their weights. These different laws have 
long since been confirmed by experiment. Nevertheless there 
ore coses to which we shall shortly advert, in which the string, 
in consequence of its init ial state, is divided into equal ports 
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jconnectecl by points TvbicL remain immoveable during the en- 
,tire continuance of the motion; thisraises the tone propw- 
jtiondly to the number of these aliquot pmrts. 

If the points of the string axe lUit .Efite^ed by^any im 
^locity, we shall have simply 

y = + e'f'^ ^ (tangajF/—tangxp'/). 

It is evident fr om a consideration of the form of _tJic_curyg 
represented by the figure 21, that when at is any multiple of /, 

the velocity ~ will be cipher, and the string will resume tlie 

same figure, but situated in positions, which ai’e alternately 
the reverse one of the other, acb (fig. 23) being its figure 
when i IT 0, it will be likewise its figure and position, wbou 
at is an even multiple of I ; but if be an odd multiple of Z, 
then the cord will assume the inverse position ac'b, 

d'c' = — DC. 

In these two extreme positions, acb and a^c^b^ the transversal 
velocities of all the points of the cord will be cipher; and the 
cord will take ^t, the time of a semi vibration, to pass from 
the one to the other. 

488. In general, the parts of the lines represented by 
figures 21 and 22 are not the analytical productions the ono 
of the other; these lines form discontinuous curves, that 
is to say, curves, all whose points are not subjected to tlio 
same equation between the abscissa and ordinate; but, at 
the points of junction of a^, b^, a, b, a', b', &c. (fig. 21), Ai, 

A, H, A , h ^5 &c. (fig. 22), of two different portions, the tan¬ 
gent is always common to the two adjacent parts„. The curvo 
relative to the initial form of the string, and that which repre¬ 
sents the law of the velocities impressed on all its points, may 
likewise be discontinuous curves; provided that in each of the 
jpoints in wMch their form changes, the tangent contiiiuos 
.nevertheless the same for the two adjacent parts. TJiis re- 
stristisB is founded on this, that by their nature, the accele- 
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rating force of a material point, and the velocity with which it 
is actuated, are always fmite, real and measurable, so that in * 
the problems of dynamics, the functions of the time which 
express the velocities and accelerating forces of the different^ 
points of a moveable, can never become infinite. In the pre¬ 
sent case, the cqnditipn r^tive,to the velocity is satisfied; for 
the transversal velocities are expressed by formula (b), by 
moans of tangents of certain angles, multiplied by the con¬ 
stant quantity a ; and by^ these angles never attain 

to 90®, but, on the contrary, are always very small. With re¬ 
spect to the accelerating forces, they would become infinite in 
the points where two portions of the curve intersect under a 
finite auglo, and these forces would increase without limit, near 
to similai* points of junction. In fact, let 7n and m' (fig. 20) 
bo two points of the string, very near to m', whose distances 
from this point we shall suppose infinitely small; and let the 
forces, which at any instant whatever, act on the portion wim'w' 
of the string be considered, that is to say, the tensions which 
have pladfe at its extremities, and which act in the direction of 
and m'h', the parts of the tangents at m and m'. If these 
tonsious be denoted by h and h', and the mass of by /x, 

then in order that the accelerating force of this small mass, 
resolved parallel to ab, may not be infinite when fi is infi¬ 
nitely small, the difference h - h' mnat be very small, and at 
least propovtionad^t^, Moreover, the components of h and' 
n' perpendicular to ab and parallel to the axis of wiU be 

„(^) ondH'g], fa »Ucl. §' “ " 

U0.4B3. and (|), [J] denote the vdne. nt at the 

pointe m and »' teBpectivdy. Hence the Totae of the moHve 
force wliich draws /i towards ab, wiU be 

2 K 


VOI.. ll. 
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Therefore, in order that the corresponding accelerating 
force may not he extremely great, and become infinite, whon 
the mass fx is infinitely small, it will be necossaiy that this dif* 

^ ference should be also very small, and at least proportional to 
/il and as the quantities H and b! differ already very little 
from each other, the same must be the case with respect to 

(^) difference of which should be infinitely 

small, when the points m and m' ore infinitely noar to m'. 
Therefore, in no point of the string, and at no instant, can the 
tangents mh and m'A', at two points infinitely near to each 
other, intersect under a finite angle; which was required to 
be demonstrated. 

This conclusion will likewise obtain, when the string is com¬ 
posed of two parts consisting of different materials; at tlieir 
point of junction, the ordinate y and its differential coefficient 

^ must have constantly the same value for these two parts; 

QSS 

this, l ike the co nstant posi tion of the extremejointa. will fur- 
, nish the equations that are inj^pensable for the detennina- 
tion of the arbitrary functions , and without which the solution 
of the problem would be incomplete; however, for further in¬ 
formation on this point, the reader is referred to the Journal 
de tEcole Polytechnique^ 18th Number, page 442* 

489. D*Alembert was the fii'st who resolved the problem 
of vibrating strings; the solution which he gave was that whiclx 
has been detailed in the preceding numbers, oud which ia 
founded on the integration, in a finite form, of the equation 

^ ^ question may be also solved in another 

maimer by means of formula (a) of Nov. 323. Whatever 
may be the nature of the given functions and ip% provided 
that tliey vanish when oi = 0 and when a; = Z, we have, by 
the formula just cited, 
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• *7ra:' ,, A . itto? 

fpx 0aj'aa:'1 sin 

^'a?= j- S Bin-y- (j>'a/dafj Bin—-> 

for nil values of ®, from a; = 0 to a? =: / incluBively, that is to 
any, for the entire length of the string] i being, as in No. 323, 
a positive integer number, and the characteristics S indicating 
Bums whicli embrace all values of e, from i ^ to * = Xj, 
On the other hand, it is easy to shew, that all expressions, 
such as 

y = (a sin a + D cos a at) sin (aa; + j3), (b) 

satisfy the given equation(/i) 



W~ da?’ 

A, B, a, J3 being arbitrary constants. 
Hence if we assume 



(<=) 


(cl) 


this value of y will satisfy all the conditions of the problem, 
and, consequently, will contain its solution. In fact, each of t 
the tQfma of the sums S satisfy, separately, equation (c); con- ' 
sequcntly, as this equation is linear, these sums will lilcewise 
satisfy it. If in fomula (cl), we make c = 0, or ii? we 
have y s=: 0, whatever be the value of t; this satisfies the con¬ 
dition of the extreme points of the string being fixed. Finally, 
formula (d) gives (i) 
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and If in these values of y and ^, we make ^ = 0, they will 

become respectively and in virtue of equation (a); this 
satisfies the initial state of the string in all its generality. 

We are indebted to Lagrange for this other solution of 
the problem, who haa also demonstrated that it coincides with 
^nt of D’Membert. 

Previously to the time of Lagrange, D’Bernoulli had al¬ 
ready solved the problem of vibrating strings, by assuming for 
a value composed of terms comprised in formula (b), and 
which are subjected to become cipher, when a; = 0 and when 
xzz.1^ that is to say, by means of the expression, 


/ , , irat\ , nx 

yzz ^Asin-^—f-BCos-^lsin-^ 


+ (a'sI 

+ ^A^sin 
+ &c. 


sin —;—h B'COB 


I 

37ra£ 


27raA . 2 Trie 
—^ 1 sin —=- 


I J 


+ b"cos— 


(0 


in which a, a', a", Sec., b, b', n", &c., are axbitroiy constants. 
In order that this solution may he complete, these coefifieiontH 
! should be determined by means of an initial state of the string 
\ which is arbitrarily given; but this (as fer at least as the 
I analysis was concerned) constituted tlie principal difficulty of 
the question j otherwise, this formula (f) enables us to deter¬ 
mine the different modes of transversal vibrations of musical 
strings, and the laws of these vibrations. 

490. Pormulffi (d) and (e) indicate the laws of moticni 
of a vibrating string which were stated in No- 487 ; they 
likewise shew, that the tone may sometimes rise, ns was 
observed m that number, and n the number of vibrations l>cr- 
, - formed in the unit of time, become a multiple of its gonurul 
value, without the tension of the cord undergoing any chuiigr* 
In feet, if we suppose, that the values of and uv*- 
such that 
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Jq ifix' sin ~ day = 0 , ^'a;' sin ~ dx' = 0, (g) 

for Jill ynlucB of iy whicli are not multiples of a given number 
7»5 . 9 !^ 15 5 ?^ infimte variet^of 

different ways ; formuke (d) and (e) will only contain sines and 

cosiuoB of the multiples of ; consequentlyj the state and 

position of the cord will become the same, whenever at is in- 

21 

creased by a multiple from the value of a given in 

No, 483, it is evident that the number ?i, on which the eleva¬ 
tion of the tone depends, (No. 487) will be 



that is to say, it will be increased in the ratio of m to unity. 

In this case, formula (d) will only contain the sines of the 

multiples of — ; we shall therefore have 2 /= 0 , for n, n", 

V 

&c., the equidistant points of the cord (fig, 24), w'hich corres- 
I 21 

nond to OJ rr —3 = -^9 = —1 so that these points, the 
^ m m m 

number of which is w» — 1 , will remain immoveable, during 
the entire continuance of the motion, like the extreme points- 
Aandu. On this account, the points n, w', n'', &c., are^ 
termed nodes of vibration. At the commencement of the| 
motion, they will not be actuated by any velocity, and will 
not, tlierefore, deviate from the line ab. acn, n'c"n", 

&c., the pai’ts of the string which ai’e situated alternately on 
one side or the other of ab, will vibrate as detached strings 

whose lengths an, nn', n'n", &c., ore equal to —, and of which 

tho isochronous and simultaneous vibrations will be performed 
21 
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The simplest manner in which the conditions expressed by 
equations (g) can be satisfied, is by taldng, for example, 

ijicczz h Bin -y—j = 0; 

h being a given constant. This implies, that the points 
I of the string are not actuated by any initial velocities, and 
that at the commencement of the motion, it consisted of 
m equal pa rts^ which are situated alternately on one side or 
the other of ab. Each of these parts of the curve is termed 

a trochoid^ the length of which is — and the height h(Ji). In 

wi 

this case, the value of y in formula (d) is reduced to the first 
term of the second member, which corresponds to i zz w- If 
the integration be performed relative to a/, we have simply(/), 


^ = ft sin 


mnx 

”r 


cos 


mwat 


therefore, during the entire continuance of the motion, tlic 
figiu'e of the cord is composed of a number m of trochoids, of 
a constant breadth and variable height; and whcai at is sui 

odd multiple of it coincides with the line ab. This piir- 

ticular solution of tlie problem of vibrating strLags was the 
one given, by Taylor, before the general solution was known. 

I 491, All that has been stated relatively to transversal vi- 
[bradons, may be immediately applied to longitudinal vibra- 
jtions. For, in order to have at any instant whatever, the 
I expression of the variable u of No. 482, it is only neccBsary 
j to substitute in that which has been found for the constant 
; a of No. 483 in place of a. Then we should take for tlui 
^'displacement of the point m (fig. 20), at the commencement 
of the motion, in the direction of the length of the string, that 
is to say, the initial value of mp ; and will express tlu^ 
initial velocity of the point m, which will be in the dii-octioii 
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MD or MAj according as it is positive or negative. These 
functions 0a; and 0'ic will be given arbitrarily from a; =: 0 to 
x:=l\ and if they change their form in this interval, it is 
necessary tliat for those values of x in -which this takes place, 
each of these functionB, and its differential coefficient, should 
notwithstanding have the some values in the two adjacent | 
parts of the string. 

It follows from this, that if t be the entire duration of a 
longitudinal vibration, that is to say, the interval between 
two identical states of the string, and n' the number of vibra¬ 
tions in the unit of time, we shall have (No. 487), 


T'r: 


21 


a 



This number and the tone which it determines, do not 
depend on the tension w ; however it appears from obser¬ 
vation that the longitudinal tone is raised a little when the 
tension is increased; which must be attributed to the cdrcum- | 
stance, that while the length of the string comprised between I 


the points a and d remains the same, its i^ghtjg^ diminishes |j 
according as it is more stretched. 

492, It appears from a comparison of this number n\ with 
that of the transversal vibrations of the same stiing, that 


n 



so that, when every thing else is the same, the tone pro¬ 
duced by the longitudinal vibrations will be acuter than that 
which corresponds to the transversal vibintions in the ratio of 
X/'g to Vw. 

The weight q is the tension which should be employed in 
order to double the natural length of the string, on the sup¬ 
position that the law of its extension is constant. In fact, 
if fora given tension a, the lengtli of any pni’t of the string is 
increased in the ratio of 1+8 to 1, the element adjacent to 
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thfl point M, which experiences sucoessively, the tensions lu 
and T, in the state of equilibrium, and in the state of motion, 

will be increased in the ratio of 1 — and of 1 + — to unity 

A ^ 

respectively; therefore, the lengths dx and ds in these two 
states, will be to each other os A + is to a + Sr, so that 
we shall have 


ds ^ a + St ^ 
dx^ A + Sto’ 


hence we obtain 

ds^dx ^ 8(t— to) 

d® A ^ 


the sq uare of the jeglected. Therefore, from 

the values of ds — daj and of t — w given in No. 483, wo shall 
have 


? = 


A 


(consequently, q will be the tension which corresponds to S n I, 
(or which will double the length of the cord, if its lengthon- 
ling always increases unifonnly(Z). 

As w the tension of a musical string, is always consider¬ 
ably less than wbat is requisite in order to double the lengtli, 


it follows that the ratio 




^ which is equal to —, is always 


very great; from knowing tlio 

increase of length produced by the tension to, and measured 
directly; for if this increase of length be denoted by 'y, wo 
shall have, 


V ) 



since 8Z is that which corresponds to the tension a ; and by 
Buhstitutuig this value of to and that of q in^e expression of 
—, there resultSi 

n. ' 
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licnco we obtniti, conversely, 



for the value of the increase of length, when that of ~ is 

n 

known. 

This simple relation between the number of longitudinal 
vibrations and that of transversal vibrations of the some string, 
boa been verified by an experiment made by M. Cagniard- 
Latour on a very long string, the transversal vibrations of 
which were visible and sufficiently slow to permit him to 
reckon them. 

11. Longitudinal Vibrations qfan Elastic Rod. 

493. We shall suppose that this rod is homogeneous, and, 
that in its natural state, it is either of a prismatic or a cylindrical 
form; figure 25 then represents a section made through the 
mean filament ab, ihat is to say, through the line which 
passes tlirough the centres of gravity of all the sections of tlie 
rod perpendicular to its length (No. 314). If, for example, 
the rod is a cylinder with a circular base, ad is its axis of 
figure; its diameter is very small, and, in aU eases, the dimen¬ 
sions of the normal sections are very small relatively to the 
length of this line; but they are, however, s ufficie ntly great to 
enable tlie rod to resist the flexion, so that it may he what 
has heen termed an elastic rod in No. 306. In the longitudi¬ 
nal motion of this rod, which we propose to consider first, all 
the points that belong to the same normal section will have, 
at each instant, the same velocity parallel to ab 5 so that it 
will he Bufficient^o determine the motion of any point what¬ 
ever of this line, such as M. 

Let a fixed point c be taken on this line, and let x denote 
the distance cm in tlie natural state of the rod; this distance 
will be positive or negative according as m appertains to the 
VOIi. II. 2 ^ 
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part CB or to the part ca of ad. In the state of motion, lot 
m' be the position which m assumes at the end of the timo tj 
then if mm' = w, it should be considered as positive or nega¬ 
tive, according as this displacement has place on the side of 
B or on that of a, hence we shall always have cm' = ai + tt. 
It is proposed to determine the value of m in a fiinction of ai 
and U 

Let j? denote the weight of the rod, I its length ad, and tj 
the gravity. In the natural state of the rod, the mass of the 
element which corresponds to the point M, and whose length 

is die, this mass will not undergo any change dunng 

the motion; and if the element is solicited by an accelerating 
force such as x, acting in the direction m'b or m'a, according 
as it is positive or negative, its force lost during the instant dt 
will be 

pdx f 

■7^ \ 


Let T denote the tension of the same element acting at its 
extremity m'j and which will be positive or negative, according 
as it is directed from within the rod outwards, or from witliout 
dT 

inwards; t + — da? will express the tension, which will act at 

the other extremity, in an opposite direction from that of t ; 
consequently, it will be drawn in the direction m'b, by a force 
dr 

equal to ^dlic; and, in order that this force and the preceding 
may be in equilibrio, we should have 


dT p / dhC\ 


dhC\ 


9I 


which agrees with equation (a) of No. 316. 

It is necessary besides, that at the two extremities a and n, 
the value of t- should be e qual to a po rti c^aT forc e, which will 
act in the direction of ab at the extremity a, and in tliat of 
the production of ab, at the extremity b. 
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41)4, As the i\atUTal length of the element under conside- 
mtioii Ls dXi and as its length becomes dx + dw, ^hen it is 
subjected to the tension t, we shall have 

du 


7 denoting a constant coefficient, the value of which, given by 
observation, will be(?w) 


? = 


A 

S’ 


if 8Z denotes the entire lengthening of the rod, when it is sub¬ 
jected to a constant and given tension A (No. 492). If no 
given force acta on the points of the rod, then we should make 
X 0 in the equation of the motion, and, by substituting for 
T its value, tliere will result 


in which, for conciseness, we make 

= a\ 
p 

Moreover, if v be the velocity of the point m', and s the 
.Ultitotlon of the rod at thifl same point, we shall have 


When the value of s is negative, this dilatation will be changed 
into a contraction; and the tension t will act in the direction* 
m'a, or in the direction according ns the rod is dilated or. 

contracted- ^ 

Hence then the state of the rod, at any instant whatever,! 

-iviU he known, when u shall have been determined in a funo-^ 
lion of a: and t ; hut, in order to obtain its value, equaUon (1) 
should be combined with those which refer to ^ m _i ti d, sj a^ 
of thcrod.and to its exteemileg. Now, when i = 0, we shaUi 
suppose that 
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' tt =: V =: 0'aj; 

so that and 0'a; may be functions arbitrarily given from 
I a?=0 to a; = /, c being. taken as the initial position of a. 
Moreover, it is necessary, that at each fixed extremity of tlio 
rod, u should be equal to cipher during the entire coiitinunnce 
of the motion; and t will then express thejgressuro which this 
jfixed point will have to sustain. In like manner it is requi¬ 
site that at each/ree extremity, which is not solicited by any 

given force, we should have t =: 0, or = 0, for all values 
* ax 

'of L 

496. This system of equations may be resolved in the 
some manner as those which refer to vibrating strings, cither by 
setting out from the integral under a finite form of equation 
(1), or by formula similar to those of No. 489- The follow¬ 
ing are the results which correspond to the different hypotheses 
that may be made on the state of the extremities of the rod. 

Ist. If the two points a and b axe fixed, the given func¬ 
tions ^ and 0'ai must be cipher, when a; =5 0 and when 
as 3 and we shall have, as in the number cited, 

^ j S Bin j sin cos 

+ ^Uo V 9m-j- sm-p. 


As often as af is increased by 2/, this value of oiul 
those of n and s which may be deduced from it, and conse¬ 
quently the state of the rod, become the same as before ; 
hence, if t denote the tune of an entire vibration, and ti tlio 
number of vibrations in the unit of time, we shall have 



30 that the tone wiU be the same, as if the rod was a flexible 
Btring vibrating longitT^nally, 
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2iidly. If the point a is fixed and the point b entirely free, 
the functions <px and must be cipher when o: 0, and wc 

must also have — 0 when a? = i; the expression for u will 
in tills case be 




(2i— 1) TTX (2i—l)irat 

r- co^^ a/ -- 


in which the sums indicated by S, extend to all the values of 
tlie integer number from i 0 to i = x. In fact, all the 
terms of this value of tc satisfy equation (l)(7i); they fulfil, 
whatever be the value of ty the conditions m = 0 when a; = 0, 
dtu 

and - 7 - = 0 when x:=. I, which answers to this second case; 
(ix 

and, for ^ = 0, we obtain from it 


= *'. = I S (5J, 


du 


■wLicli we know is in fact the case, in virtue of equation (7) 
of No. 326. 

The value of u, and those of a and v which are deduced 
from it, will become the same as often as af is increased by 
any multiple whatevey_of 4 f; consequently, if t' denotes the 
duration of an entire vibration of the rod, or the mterval 
comprised between two consecutive re_t ui^ of the rod to same 
state, we shall have 



This duration is therefore double of that which has place 
in the first case, and the number of vibrations in the unit of 
time will be only half. Consequently, the longitudinal tone 
of a rod fixed at one end and free at its other extremity, is an 
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oct(X 06 below the tone of the same rod, when fixed at its two 
ends, which is in fact, confirmed by experiment. 

Srdly. Finally, if the rod be free at botli ends, the values of 

must be cipher for a? = 0 and and we shall have 

dx ^ 

in this case 


If/ 2 /f/ ITT.!?' , , A 

K ^ J S cos-y- cos 

Af/ 2 /Cl insd \ l »Va; , iTrat 

+ -5o^V^te'+- s(Jjj cos-^f*w) .COB-y-Sm-^. 

in which the sums indicated by 2, extend as before, to all 
values of the integer t, from i 1 to e = ao. 

This value of u satisfies, in fact, equation (1), and also the 

condition — = 0, for a: = 0 and a: =: /, which ought to have 
dx 

place in this third case, whatever be the value of For t — 0, 
it gives 

tt=: ^aj zz ^ <fia/dx'+ 7 ^(So 
^ = ^'a,=i ? S cob 0'«w) cob 


which agrees with formula (8) of No. 326(o). 


When f ^ fp'x'da/ does not vanish, the rod has, indepen- 

dently of its vibrations, a uniform progi'essive motion, the 
common velocity of all whose points is equal to this integi'al 
divided by L If it be supposed cipher, the rod will revert to 
the same state, for all values of t which differ by a multiple 


of —; so that the duration of each of its vibrations, and their 
a 

number in the unit of time, will be the same as in the first 
case. It follows, therefore, that the tone of a rod fixed at its 
I two ends is in unison with that of the same rod entirely free, 
'which likewise agrees with experiment. 

It is to be observed, that in what precedes, it is only the 
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^ elaetio rod, that hoa been 
consideied. The remark made in No.490, on the nodes of the 
vibrations, and on the eLeyations of tone Avhich coirespond to * 
them, may be easily extended to the motion of this rod, in 
each of the cases that have been examined. 

496. When the rod, the longitudinal motion of which has 
been considered, extends indefinitely on each side of the point 
c, i^will be^np^longer neoeesary to take into^^ountjvhat'' 
ooouzB at its two eztremiti^ and the yalues of the velocity v, 
and of the dilatation e, relatiye to any point and instant what¬ 
ever, may be immediately deduced from the integral of equa^ 
tions (1) under a finite form, in which it will be snfiiclent to 
determine the two arbitrary functions, by means of the initial | 


values of v and a, which will be given in funotjons of 
This integral is 

u =: ^ (a + aO + ^ ^ • 

in which ^ and indicate the two arbitrary functions. 
We obtain from it, at any instant whatever, 


■ at) di// (ffl 1 


£ 


dtt_ ■_ <^(«+q0 I 
dx'~ dx 


When t = 0, we suppose that 


s = 


In the case under consideration, these two functions will' 

t 

be girm for all podti-re and negative ralnea of the variable; 
by making t = 0 In the preoedbg formulm, we ohall have j 


dix Ma . , dJa 

^~da ~~ diD disD ■" 


hence we obtain 


ms 
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and, conscquenfcly, 

+ = Ji (. + Of) + ^A» + o')- 


= JF (» - oi) - ^/(* - <«)• 


20*' 


Therefore, whatever be the values of i and x, wo shall have 


V = if(x + at) + i/(x — at) 

+1F (® + erf) — IF (® — aOj 

s=:~Ax + at)-^/(^~at) 
+ (a + at) ^ jf (so -jr at); 


( 2 ) 


these fonnultiB enable us to determine the state of the rod at 
any instant whatever; and thus the problem is completely 
solved. 

497. By means of these equations (2), the laws of the 
propagation of sonorous waves along an elastic rod can bo ob¬ 
tained, and in general, along an homogeneous solid btu’ of 
indefinite length, whose sections, perpendicular to its lengtli, 
are every where equal, and of small extent. 

If the sound issues from the point c, the bar will be agi¬ 
tated, at the commencement of lie motion, through an incon¬ 
siderable extent on each side of this point. If the length of 
the primitive agitation be denoted by 2a, the functions^ and 
Fx wiU be cipher from a? =: a to a; = oo , and from a? = — o to 
oj = — a; they will be given arbitrarily and independently 
of each other, for all values of a? comprised between ± a ; nnd 
.likewise the functions /'(x + a^), f(x-- at)^ p (® + 
p (as — ai), will not have values different from zero, except 
when x + at QT at^ the quantity contained under the sign 
/or F, is greater than — a, and less than a, regard being liatl 
to the signs, and the quantity a being always considered as 
positive. 
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From this it appears that ^hen at surpasses 2 we shall 
have u r: 0 and 5 z:: 0 for all points contained in the extent of 
the primitivo agitation; so that the motion of this part of the 

2a 

bar will only continue for a time equal to —. We shall have 

for any point m situated beyond the sphere of this agitation, 
and on the side of the positive 

® > Qj /(® + F (ac + af) = 0 ; 

and equations (2) will be reduced to 

V ^ \f{x — a^) — ^ F (a — a^); 


5= - 


Iience there results 




As long as a7>at + «» these values of u and s will be 
cipher; and they will become so again when x Z, at ^ a\ 


after the lapse of a portion of time equal to 


x — a 


a 


the ogita- 
2a. 


tion will reach the point m, its duration will be ~(p)> 

the length of the part of the bar which will be agitated all 
at once, will bo 2 a. The same results obtain on the side of 
the negative values of ai. 

Thus, on each side of the primitive agitation, a sonorous^ 
wave will be produced, the extent of which will be constant 
and equal to that of this agitation, and it will be propagated ^ 
with a uniform velocity equal to a. The velocities withj 
which the points of the bar are successively actuated, will not' 
vary with their distance from the place of the primitive ogita-, 
tion; BO that the intensity of sound, which depends on thej 
magnitude of these velocities, will be constant, and will not 
become feebler according as it is propagated farther; this, 
arises from the circumstance of the propagation taldng pluce 
in a cylmdj^ctyi j)r.prismattc bar. 


VOL. II. 


2 M 
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In the extent of a sonorous wave, the velocity will not bo, 
as in dll the points of the primitive agitation, independent of 
the corresponding dilatation; for the one will be proportional to 
the other, b virtue of the equation vzz^cts, from which it ap- 
, pears that v the velocity of m any point whatever, is a fraction 
of the velocity of propagation, expressed by s the dilatation 
which coiTesponds to the same point, and that the proper mo- 
^ tion of M will take place in the contrary direction to that of tho 
propagation, or in the same direction, according as there is a 
dilatation or condensation at this point. 

It is of importance to observe that it is in consequence of 
this relation between v and each sonorous wave that la 
produced is not divided into two othere, but is propagated in 
one sole direction. In like manner, if this relation exists in 
the entire extent of tlie agitation, the motion will 

only be propagated on one side. Thus, if we suppose that 
^ . aFx, equations (2) will be reduced to 

V -- at)i » 

therefore, for negative values of Xt and which are, abstmcLijig 
from the sign, greater than — a, we shall have v = 0, and 
« =3 0 ; so that the motion will not be propagated beyond the 
extent of the primitive agitation on the side of the negative 
values of This will likewise be the case on the side of tlio 
positive values of a?, when fin is supposed to be equal to aFx* 
Jt appears from No, 495, that a, the velocity of the pro¬ 
pagation of sound in an indefinite bar, may be inferred from 
the duration of the longitudinal vibrations of an elastic rod 
consisting of the same materials, and having a given length. 
If this rod is supposed to he fixed or free at its two extremities, 
the value of a will be equal to twice its length divided by the 
duration of each of its vibrations, which duration is obtained 
from their number in the unit of time, and, consequently, from 
the lowest tone of the rod; if the rod was fixed at only onti 
extremity, the result of this division should be doubled. 
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408. If the bar, instead of extending indefinitely in the 
<lirection of the positive values of x, is terminated at a point b, 
situated beyond the extent oftheprimitive agitation, the sound, 
lifter having reached n, will be reflected towards the point 
c ; and there will be an echo at this point b, whether it be sup¬ 
posed to be fixed, or entirely free. 

If the distance cd, which will be greater than a, be de¬ 
noted by c, and if n is a fixed point, we must have always 
« = 0, when x = c. How, this condition can be satisfied by 
substituting for formulae (2) the following, 

« = :s/(« + at) +/(* - at) - if(2c-x-~at) 

+ 1 I'C® + at) - |r(a! —at) + |F(2c—IB—a«), 

s = ^/(a; + at) - - at) - ^f(2c-x-at) 

+ i + at) + i e(j: — at) + J f(2c— a:—ai), 

which expressions continue to represent the initial state of the 
bar; and the value of u which may bo obtained by means of 
the equations 

du du 

still continues to satisfy equation (1). 

In fact, as the variable x cannot be greater than c for any 
point of the bar, and as c surpasses o, we have 2c — iB>a, 
and, consequently, jf(2c — a:) = 0 and f (2c — ib) = 0; hence 
there results v —Jx and s = vx, when t = 0. And since 
c > a, we have al8o/(c + at) = 0 and f (c + at) = 0 ; conse¬ 
quently, we have v = 0 when a: = c whatever be the value of t. 

Fiiudly, we have identicdly ^ ^ 

complete differential of which is vdt -f- scfo, will be the sum of 
a function of a: — at and of a function of a: + at, which ^vill, 
consequently, satisfy equation (1). This being established, 
for a point M such that !B> a, the quantities f{x + at) and 
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r (a? + ai) will be cipher, and the preceding values of v and s 
will be reduced to 

j t 7/ Vi 

V = 7 / + Ui, s = -h - 5 

a CL 

by maldng, for concisenesB, 

4 /(a! - at )- |F(a! — flrf) = v', 

|f( 2 c— at) ^f(2c at) = 


The quantity u' ceases to be cipher when at > ai—a; it be¬ 
comes BO again for =: oj 4 - a; the time continuing to in¬ 
crease, Vj ceases to be cipher for = 2c — a; — a, and will 
become so again for = 2c — a; + a; hence it follows that 
the point m will experience two agitations separated the one 

from the other by an interval of time equal to . 

The first will be the direct, and the second the reflected sound; 
the intensity of each of them will be the same, and they will 
be propagated with the same velocity a; and as, agreeably to 
the direction of the propagation, the one corresponds to v\ and 
the other to — it is evident that the same relation exists. 


for each of them, between the proper velocity of the point M, 
and the positive or negative dilatation with which it is accom¬ 
panied. The same results are obtained when the point b ia 
supposed to be entirely free, in which case we must have 


constantly « 7 = 0 for a = c. 


These laws of the propagation or reflexion of sound in u 
solid bar, obtain equally in the case of air contained in a very 
narrow, cylindrical, or prismatic canal. Those of the lon{?i- 
tudinal vibrations of an elastic rod, which have been explain oil 
in No. 495, are likewise applicable to the vibrations of air 
contamed in a tube of a givep length, open or closed at i ts 
extremities, that is to say, to the sounds of^ute^y in which, 
however, we should always except the modifications which 
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may arise at the embouchui’e. For further details on this sub¬ 
ject, the reader is referred to the author’s memoir on the Motion 
of Elastic Fluids in Cylindrical Tubes, and on the Theory of 
Wind Instruments, in the second volume of the Memoires of 
the Academy of Sciences, 

III. Longitudinal Impact cf Elastic Hods, 

499. The formulse of 496 are applicable to the impact of 
two or more elastic rods, consisting of the same materials, and 
having the same normal section, in which also the mean fila¬ 
ments move in the some right line. For this purpose, they 
can be considered as constituting, during the entire continu¬ 
ance of the contact of these bodies, one elastic, cylindrical, 
or prismatic rod, the state of which being variable from one 
instant to another, can be determined by these formul&e 
throughout its entire length, except for an extent of insenBible » 
magnitude, on each side of the points of junction. 

In fact, if only two rods whose mean filaments are ab 
and rn (fig. 26) be considered, then when, in consequence 
of the differences of their velocities, they approach each other, 
BF the distance of their extromities b and f will become in¬ 
sensible, and will no longer exceed the radius of activity of the 
molecular forces, so that the extreme molecules of one of the 
two rods will commence to act on those of the other, and con¬ 
versely; this mutual action will subsist, with varying inten¬ 
sity, as long as the distance bf is less tlion the radius of 
activity ; the total force may be repulsive or attractive, and it 
is in this action at insensible distances, of tlie extreme points of 
the two bodies, that the phenomenon of the impact really con¬ 
sists. Now, as the law of molecular action in a function of 
the distance is unknown to us, we cannot determine the value 
of BF in a function of the time, no more than tlie variations of 
the velocities which the extreme points of the two rods expe¬ 
rience in virtue of this force; so tliat if c and/‘be points of 
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AB and FD, situated at distances from b and pj which are in¬ 
sensible, and leas than the radius of molecular activity, tho 
velocities of the material points that belong to the slicGS 
whose thichnessea are cb and will be unknown during 
the entire continuance of the shock. But beyond e and 
and in the entire extent of Ae and /b, equation (1) of 
^3o. 494 will obtain, and the state of these two parts of the 
entire rod will be determined, at any instant whatever, by 
means of the integral of this equation, according as tlio two 
ends a and B are supposed to be fixed or moveable, that is to 
say, by means of the different formulae of No. 496, in wludi it 
is only necessary to substitute suitable values for the arbitrary 
functions <px and fp'x. 

600. As the molecular forces vary very rapidly with the 
distance, it follows that the unknown velocities of the extreme 
points of the two rods will also vary, so that at any instant 
whatever, the velocities of the points b and f may differ con¬ 
siderably firom those of the points e and Jl although the dis¬ 
tances CB and fv be insensible. The same will be tlie case 
with respect to the velocities of the points e and yj compared 
with one another, and determined by means of their initial 
values, for they will be unequal, and may even have different 
signs; but it may be demonstrated as in N o. 488 . that t the 
tension, whether podtive or negative, must be sensibly the 
same in th^ points e andyj otherwise the accelerating forcij 
of the mass of insensible magnitude, comprised between the 
normal sections in these same points, should become exti^cmcly 
great and almost infinite. We shall suppose, that before tlic 
impact, each of the two rods is actuated by the same velocity 
throughout its entire extent; in this state, t the tension will 
be cipher for all the points of the two moveables; tliereforc at 
the commencement of the impact, that is to say, when the dis¬ 
tance EF is equal to the radius of molecular activity, wo 
shall have t:=0 at the points c and ^ as in all otliorh. 
The tension, which is always equal for these two cxtrcino 
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points, will then cease to be cipher 5 and it will appear, by a 
determination of its value, that it becomes again cipher after a 
certain interval of time. Now, if at this epocli, the velocities 
of the points e and/are such that the two rods may separate, 
that is to say, if the rods move with these velocities in oppo¬ 
site directions, or if when they move in the same direction, the 
velocity of that which precedes is the greatei*, the two rods 
must, in point of fact, separate, and the impact will terminate. 
But if, at the epoch in question, the velocities of e and / do 
not satisfy one of these two conditions, the impact will, so to 1 
spealc, recommence; and the tension, which at the points e and 
/is equal, will reappear; it will become cipher again at the 
end of a new interval of time; and so on, it will continue to 
move in tliis manner, so that the two rods will not sepoi’ate, ■ 
but will vibrate as a single rod, whose length is ab. 

Thus, the condition which is necessary and suiBcient in 
order that the impact may terminate, and that one of the two 
rods may separate from the other, is the concurrence of these 
two circumstanceB: Ist, it is necessary that the tension should 
be cipher at the points e and/ in order that the two rods may 
not press the one against the other; 2 nclly, it is also neces¬ 
sary that, at the same time, the rods should move in opposite 
directions, or, if they move in the same direction, the velocity 
of the point which precedes should be the greater. 

With respect to the two extremities a and b, we shall sup¬ 
pose, first, that each of them is entirely free, and secondly, 
that only one is free and the other fixed. 

601. Let AB and fb, the lengths of the two rods, be de¬ 
noted by c and o', and the entire distance ab by so that, the 
insensible distance ep being neglected, c + o' may be equal to 
I during the entire continuance of the impact. Let m be any 
point whatever belonging either to ab or fb ; and immediately 
before the impact, let x denote the distance of the point m 
from a fixed point taken on the line ab, which will be the po¬ 
sition of the point a at this instant. Let a? + w be the distance 
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of the same point m ixom this fixed point, at tlie end of tlie 
time reckoned from this epoch; we shall have 


dhi ^ cPw 


(0 


a being a constant qnantity, which denotes the velocity of the 
propagation of sound in that description of matter of which the 
rods are formed (No, 497), 

At the same time, v the velocity of the point M, and T the 
tension at this point, which maybe either positive or negative, 
will he respectively expressed as follows, 






, q denoting a given constant. The dilatation which accom¬ 
panies the velocity v may be deduced from T, and will have 

for its value - t. 

These three equations will obtain for all values of a?, from 
aj =: 0 to a: = except those which belong to points situated 
between e andj^ and which consequently differ from c by au 
insensible quantity either more or less. 

502. In the case of ^ 0, we shall have uzzO throughout 

^ the entire extent of ab ; consequently, the term depending on 
, i>x should be suppressed in the formulffi of 496. We shall fi rst 
examine the case in which the two extremities a and n iiro 
I entirely free. 

Let A be the velocity common to all the points of aiu, at 
the instant when the impact commences, which velocity \vi 5 
shall suppose to be positive, or directed from a to b. In like* 
manner, let N denote the velocity of the points of fb, at tlui 
same instant, which will be positive or negative, according us 
the two rods move in the same or opposite directions. Tliesi' 
constant quantities A and A' wUlbe given, and their diffcronco 
A A must be a positive quantity, in order that the shoch muy 
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hpvo place. In the expression of u relative to the third case 
of ISIo. 495, should be assumed equal to 7 i, from a: = 0 to 
ii value of a; ever so little less than c, and equal to 1i\ fr-om a 
value of X ever so little greater than c, to a; = I, or, -what is 
nearly the same thing, as = c + o'. We shall then have, 
■without any appreciable error ( 5 ^), 

^ Vdaf = he + h'c\ 

^^-/.VCOB ; 

micl, since ^> 0 / =5 0, the expression for u ■will become 
K = + cosi^Bini!L°i; 

« TT Ci % i C i 

ill which the sum S extends to all integer and positive values 
of from i zi 1 , to % = x. 

Therefore, in this first case, we shall have(r) 

_ iyy I It /\i 1 ■ ^TTC ITTX 

V ZZ 7(Ac + A'c') + -(A—A')S-:Bin-7-COB—J-COB—, 
c IT t C t I 

^ ( 2 ) 

/, i./\ ^ 1 • lire iirat ^ ' 

T — (A — AO S T sin -r- cos —; 
ira * I I 


lULcl if m and m' denote the masseB of the two rods, which are 
rcBpcctively proportional to their lengths c and c', the first 

mh + wi'A' 


term of this value of w is 


the velocity of their centre 


m+m* 

of gravity. If the two velocitieB A and N are equal and af¬ 
fected with the Bame sign, we shall have constantly u = A 
und T = 0 ; and, in fact, the two rods move the one after the 
other, with a common velocity, and without compressing each 


other. 

The periodic and convergent aeries that these formulae 
contain, are compriaed among those of which the sums may 
be exactly determined. For all given values of x and t, these 
VOL. II. 2 N 
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sums may) without difficulty^ be deduced from the known 
formula 

= sin- ^Bin 20 + ^sin 30 - isin 40 + &c„ ( 3 ) 

in which 0 is a variable contained between the limits tt 
oxduaively. Consequently, the values of the velocity v and 
of the tension t, may be calculated at each instant, and for 
every point of Ae and nf; and this is, in fact, the complete 
solution of the problem. 

There ore several ways of arriving at formula (3). For 
example, it may be obtained by differentiating equation ( 8 ) 
of No. 326, with respect to x, a* being previously substituted 
for (px; this gives 


1 f a eVdfljA . tVaj 


an equation which obtains for oil values of x less than /, and 

in which the sum S extends to all values of the integer num- 

bei* a, from a =: 1 to a = x. We shall have, by performing 

the integration in the usual maimer, 

Pi - aVa/ iirda/ 

JorB«co8-r.-r = -^cosa7r; 


consequently, we shall have 


irx _ COB ITT , inai 

T;=- 2 —■“T* 


a result which coincides witli equation ( 3 ), by making(A*) 
I 

503. In virtue of the second equation (2), the variable t 
is cipher, not only when ^ = 0 , but also when t is any mul¬ 
tiple whatever of —; it is also ciphei', whatever be the value 

of at the two extremities a and n, in which cose we have 
or = 0 and x^L 

If t is cipher, or an even multiple of i-, the first equation 
( 2 ) gives (0 ^ 
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» = +h'c') 

or, wluit comoB to the same thing, because c + o' = and 

COB ITT = (—!)*, 

V=:i(Ac 

TT 1-1 I % I ] 

Now, if in formula (3) we take ^ for 0, there will 


ro&ult 


» l ~ 21 " 


If xAcy tliat is to say, if the point m appertains to Ae, we 

may likewise assume for 0 the quantity —^-which will 

I 

be less than tt ; hence we shall have 

V, ( -(c'+ a:) _ v (c' + a), 

a__3in- J—-- 21 ’ 

in consequence of these values, equation (4) will be reduced 
to i? =: h. If, on tlie contrary, the point M appertains to/n, 
wc shall have cc>c and 21 —cf — x^l; we can therefore 
tiilcc 

and since 

. tit Cc'4- (2/ — c' — a?) 

Bin ——- = — Bin —i- 2 - > 

formula (3) will give 

_(^iy . i7r(c’ + a!) 7r(2Z-6''-a;). 

S__r-gul --- = -, 



276 


LONGITUDINAL IMPACT OF ELASTIC IlODS. 


by means of this value, and of that of 2 


^—~ sin —— 
t L 


x) 


equation (4) will be reduced to v = //(?«). 

Therefore, h and h' the initial velocities of Ac and /ii, the 
two parts of the entire rod, are by this means verified. More¬ 
over, it appears that they obtain not only when # = 0, but 

likewise whenever ^ is on even multiple ofi-; and since at 

a 

these epochs, T is cipher for the entire rod, it follows that for 
all these values of the two parts of the rod will be in the 
some state as at the commencement of the impact. 

It should be remarked, that the first equation (2) fails, when 
it is applied to the initial velocity of the point e ; for if ^ is 
supposed equal to cipher, when x is exactly equal to c, there 
will result, 

V = i (Ac + /t'eO + - (A _ AO S sin 
‘ ir' ' t I 


But, by equation (3), we have(?;) 

t I I" 

consequently, we shall have v = /i', which will not be true 
except when h^h\ in which case the state of the part cor¬ 
responding to cE cannot differ from the rest of the rod. But 
it was already stated that, in the general case, this part, and 
tliat wluch belongs to are not comprised in the equations 
of motion. 


If ^ is an odd multiple of the first equation (2) gives at 
once(a;) 

u = i [he + A'cO 


rY, “Ppears, by comparing this value of u-with for- 

)> t at the one may be obtained from the other by 
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merely changing the letters h and /*', c and &; hence it fol¬ 
lows, without any new calculation, that when ^ is on odd 

multiple of the points which belong to a value of x leas 

than c', will be actuated with the vdodty of and those 
which refer to a > c, with the velocity h ; that is to say, if g 
is a point so situated, that aq = d and gb =r c, and if^? and^ 
be assumed at insensible distances on each side of a, the part 
kg wUl move with the velocity h\ and the part f/'n with the 
velocity lu 

604. It results from this discussion, that if c =: c\ the part 
AC will be actuated with the velocity W at the end of i a por¬ 
tion of time equal to , and the port /n, with the velocity h 
a 

at the end of the same time; and as at this instant, t the ten¬ 
sion is every where equal to dpher, and since, hy hypothesis, 
we have A > A', it follows, that the rods will separate from 
each other (No. 600) ; so that, in this case, the duration of the 

impact will be-, and the two moveables being perfectly elastic 

CL 

and equal in mass, will, after the impact, exchange the veloci¬ 
ties which they had before the impact. 

Conversely, if the lengths c and c'are different, the impact 
will not terminate, and the two elastic rods cannot separate; for 
the epochs at which the tension is cipher will always coincide 
with those in which the two extremities e and p, or more ac¬ 
curately, the two points e and^ have a common velodty equal 
dther to A or A'. But if d > c, in which case the point g will 
belong tojfis, and if the elastic rod be supposed to be cut in this 
point, so that the part pb may itself be supposed to consist of 
two parts PG and gb, which axe actuated by the same velodty 
h! before the impact, the part gb will separate from pg at the 

end of ty a portion of time In fact, at this instant, the 

tension t will be cipher, and A and A' the velocities of the points 
g and g' will be such, that the parts ag and gb may separate 
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from one another. After the impactj the duration of whicli 
will be equal to —, as in the case of c'zr c, the part gd will 

Ci 

move with the velocity A, and the parts ae and fg, with the 
common velocity N, The same thing will also obtain, if the 
three parts ab, fg, gb, were themselves cut and divided into 
other portions either equal or unequal, provided that before the 
impact, all the portions of ae had the same velocity A, and all 
the portions of fg and on a common velocity A'. Thus, for 
example, if we suppose that a prismatic or cylindrical ho¬ 
mogeneous rod is cut into n + parts; and if the 

n first parts actuated with the velocity A, impinge on tlic 
series of the n* other parts, supposed to be at rest before this 
percussion, then if n surpasses n', no part will separate, 
and they will be all transferred in the direction of the impact 
by oscillating in this direction, and producing a sound cor¬ 
responding to the entire length of the rod, supposed to be 
- free at its two extremities ; but if w' > w, a number n of the 
anterior parts will be detached &om the others, which will 
move with a common velocity equal to A, and the other 
parts will remain at rest and in juxta position. This result, 
which may by analogy be applied to a series of spheres, is 
applicable to the phenomenon discussed in No. 363. 

50^. Let us now consider the case in which the point a is 
fixed, and let us suppose that before the impact, the port ae is 
at rest, and that all the points of the part pb are actuated by 
a common velocity, the direction of which we shall suppose 
to be negative, and denoted by — A. It is necessary then to 
employ the expression for u relative to the second case of No- 
496, in which we shall malce 0'a; = 0, fi*om x = 0 to ic z: 
and = — A from a; = ctoa; = c + c'= /. Since = 0, 

for all values of a:, there will result (y) 


= —rS 


(2i-l)' 


cos < 


(2f-lVa? . (2i^l)na£ 

- ^ c sin - * 


21 


21 


BIU- 


21 
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hence we obtain 
1 


vzs -S 


:r “ 27 ~l - 21 ’ 


-_l£* 


T = 


L ( 2 i—l) 7 rc ( 2 i —IWa: . ( 2 i —l) 7 ra« 
—cos'—jry^-cos^———smi ^ ; 

ird 2i~^ I 2^ 2^ 2^ 


( 6 ) 


in these formulee, the series are such, that the sums may be de¬ 
termined, consequendy, the velocity and tension may be exactly 
obtained at each instant for any given point of ac, or/1 b, We 
shall employ, for this purpose, the known formula( 2 :) 


j=:cos0 — ^co8 30 + Jcoa 50 + &c. 


( 6 ) 


TT 


which obtains for all values of 0 comprised between ± ex¬ 
clusively, and which may, for example, be deduced from for¬ 
mula (7) of No. 326, by substituting w for then differ¬ 
entiating the result with respect to a;, and finally making 

27 “ 

’ 606. In virtue of the second equation (6), t the tension 
is nothing in all points of the two rods, when t is cipherer any 

21 

odd multiple whatever of —. 

21 

If t is cipher, or an evenmultipleof—, the first equation 

a 


(6) gives 
2k 


2 kr^ 1 . I 

??=-—rSin 

TT L 2 t~l 


1 ^ ^^ (2,--lV(a,-c) 


27 


27 




or, what comes to the same thing, because c + & z: I and 

Bin = — ( - iy{a'), 

2 Ar^(-l)‘ ( 2 t-l) 7 r(a:-c') 


(—(27- l)irCa: + cO- 


27-1 


cos 


27 




(I) 
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Now, it appears from the initial state of the two rods, 
that this formula, must in the cose of t r:^ 0 , be reduced to 
t; r: 0, for aj Z c, and toz; = — Aforaj>c; which it is easy 
at once to verify. 

By taking to 0 in equation ( 6 ), there results 

A L 

y C-iy (2*-l) {x-cT) _ tt 
21 ““4* 

We may also assmne for 0, ■when this g^ves 

2»-l 21 “4’ 

and these formulee, in fact, reduce equation ( 7 ) to v = 0 . 
When aj > c, we shall also have 2Z—aj—c'ZZ; tlierefore, by 
assuming 

fl _ 7r(2Z—®—c') 

21 * 

find observing that (S') 


cos 


(2i—l)7r(£B + cO _ (2»—l)7r(2Z—a;—cO 

21 “ “ 2Z ’ 


formula ( 6 ) will give 


V (-!)'„□ (2»-l)7r(® + c0 _ 

21 -V 


f—IV 

by means of which, and of the preceding value of 2 ^ cos 

(2i-l)fl-(a;-c0 . . 

2 ^-, equation (7) will be reduced to t? =: — Ar, 

as we know it should. When t is an odd multiple of 

the value of i?, furnished by the first equation ( 6 ), is equal 

and of a contrary sign to that which obtains when t is cipher^ 

or an even multiple of —; it follows, therefore, that at the end 

Qi 
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of a portion of time equal to —, the velocities of each of tjie 

points of AC are cipher, and each of the points of/b is actuated 
by a velocity which is positive and equal to h ; and as at this 
iiistnyt T the tension is throughout equal to ciphiar, it follows 
that the rod fb will be detached from the 7 od.AB, and it wUl 
be reflected back with a velocity equal and contrary to that 
which it had before the impact. 

Thus, the impact of the rod fb agiunst the rod ab, which 
presses at a against a fixed obstacle, will continue for a portion 

of time eQual to —, this accords with what has been stated 
a 

in No. 362, relative to the reflexion of a perfectly elastic body. 
It may be also remarked that at the middle of the impact, that 

is to say, at the end of a portion of time equal to we shall 

have V = 0, by the first equation (5), for all values oi cc; so 
that at this instant, the impinging rod fb will have lost all 
its velocity, and likewise the rod ab will not have acquired 
any motion. At the same instant, we shall have, in virtue of 
the second equation (5), 


Tra L. 2t — 1 


( "" ly — l)7r (a? —c) 


cos ■ 


21 


+ ^53=1 


(2i-l)7r(^ + c)-1. 

- 27 J’ 


hence by the same process as in the case of equation (7), we infer 
T — —. — or T = 0, according as a: Z c or a: > c. Thei'efore, j 

at the middle of the impact, the tension is cipher throughout 
the entire extent of the impinging rod; hut the struck rod is 
uniformly condensed; and it is the pressure wHch it exercises 
in the direction ab, or from within outwards, that causes the 
striking rod to rebound. 
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ON THE INTEGBALS OF EQUATIONS 

f 

IV. DigressioJi on the Integrals of Equations of partial 
Differences, 

607. With respect to equations of partial differences, those 
of an order higher than the first are not integi'able, except in 
veiy few cases, under a finite form, even when the equation ft 
are linear. Therefore in order to solve those problems whicli 
lead to such equations, we ore, for the most part, obliged to 
recur to their integrate expressed in series; and it is then nc- 
cessary that we should be assured, in each case, that the series 
; employed basj^Jhe^enerali^that is suitable to the given 
1 equation of partial differences, and th^ it contains a sufficient 
I of arbitrary factions to enable us to express the com- 

. plete integral of this equation. Now, there is no genernl rule 
, on this subject: this number may be less than that which in¬ 
dicates the order of the given equation, or of the highest partial 
differences that it contains; it changes with the quantity ac- 
I cording to the powers of which the series is expanded; and it 
'may even occur that all the arbitrary functions disappear, and 
jthat the series only contains an infinite number of arbitrary 
constants, while at the same time it does not cease to express 
ithe complete integral. It is these various circumstanccB 
which we now proceed to examine, firet jn general, and after¬ 
wards more porticu lyly , hi what respects those linear equations 
to which We are led in the greater number of mechanical and 
physical problems. 

608. Let u be a function of any number whatever of indc- 
variabkp such as x, a?, &c. Let us suppose that 
this function satisfies l = 0 , a given equation of partial difte- 
^rences. Whatever may be the value of w, it can be always 
conceived to be developed into a series arranged according to 
the powers of one of the variables a;, y, 2 r, &c., or more geno- 
lally, of another quantity 0 depending on one or more of these 
variables. Let, therefore, 

/f ^ i J<Ct. ^ \ \ n J f* 


r ' f j 
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1 

H z= + Q0^ + TiO^ + &c.; (a) 

«5 ^5 Ji 1*3 Q, R bcin^ indeterminate exponents and 

coefficients. If this value of u be substituted in the equation 
I. = 0, and if l bo then developed according to the powers of 
Oy and the coefficients of all the terms of this development be 
put separately equal to cipher, there will result a series of 
equations, each of which will contain one independent vaj’iable ^ 
less than l = 0 (a) ; and if the most general values of a, fS , 7, 
&c., Q, R, &c., which can satisfy this equation were ob¬ 
tained, scries (a) would be also the most general value of u 
which will satisfy the equation l = 0 . Thus according to the 
(piantity 0 that shall have been selected, these expressions of 
« in a series will be different, but all of them will be, under 
c^iuvalent forms, the complete integral of l = 0 ; so that if 
this integral can be expressed in a finite form, each of these 
series will be a different development of it, and may always be de¬ 
duced from it. However, when we have succeeded, by means 
of tlie other conditions of the problem which will have con¬ 
ducted us to L = 0, in determining all the arbitrary quantities 
which arc containctl in series (a), it is necessary that ifc should 
l)c con vergent, in order that we may be able to make use of it; 
and if it Iiccoincs divergent for these values of 6, this quantity 
should bo changed, and the series (a) replaced by another, 
arranged according to the powers of a different vanable. 

This l)cing established, if there be assumed for l = 0 , 
linear equations of different ordem, it is evident that the co- 
officionts p, u, u, &c., determined in the most general manner, 
may, notwithstanding, contain unequal numbers of arbiti’ary 
functions, according- as the series (a) is arranged with respect to 
the powers of such or such a variable 0; and it is lilcewiBe 
ovidont, as has boon stated above, that a case may occur in ( 
which all the arbitrary functions would disappear from this 
Boricfl, which would then only contain an infinite number of 
jirbitravy eonsUints, and whicli, notwitlistending, will be also 
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the complete integral of the equation l = 0 . The eharac- 
teriatic property of aingular form of the complete integral, 
^without any arbitrary function, of a linear equation of partial 
differences, consists in this, that all the terms of the series 
■which represents it, may be determined, independently tlic 
one of the other, and thus satisfy separately the given equa¬ 
tion, BO that the general value of u is the sum of an infinite 
number of particular values of this function. 

509, Let there be taJten, for example, the very simple 
linear equation of partial differences of the second order. 




(i>) 


in which a is a given constant quantity- If the value of h be 
developed according to the powers of there results foi* the 
most general series which satisfies this equation, 


u = <px 


ai dPijiX 

1 dri? 1.2 dxl* 




&c.; 


(c) 


in 'wluch ipx is an arbitiary function. Under this fornii tlio 
complete integral of equation (b) requires only ono arbitrary 
function, which represents the value of« when i = 0 . lint if 
the general value of m be developed according to die powers of 
X', there results 




g* dipt dS//f 

1 . 2 * 


■J' &c. 




a!^ aP 

1.2.3' cult'll.2.S A.5 d‘dt^'^ 


&c.; 


(‘0 


iji which pt and are arbitrary functions, that express Uie 

values of tt and whenazrO. Consequently, uiulor tliiw 

other form, the complete integral of equation (b) contaiiiH 
two arbitrary functions. 

These two series can be obtuned by the method of iiule- 
terminate coefficients and exponents ( 6 ), by maldng, sueces- 
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sivcljTj 0=: and 0 = 33 in series (a). They may bo also 
deduced from Tayloi’’B theorem, for by this theorem, we have 

= xj + (< — tt) p^+ - ^"'+ ? 

iTi which we suppose that a denotes a particular value of ) 
and tliat for this value ! 


(Pu 


(Pu 


Now, by means of equation (b) and its successive diffe¬ 
rentials with respect to wc obtain 


u = 


q^u 


u"=: 


acPu' 


a(Pv^^ 


da? 


dar* ’ da* " dfl!« ’ 


The quantity u will therefore alone remain arbitrary, and wc 
shall Iiave 

I f* I — a)® . 

which will coincide with series (c), if the constant a be made 
equal to cipher, that is to say, when the series is developed 
according to the powers of and u is made equal to 
Series (d) may be obttuned in a similoi* manncr(c). Tlieso 
two series (c) and (d) may also bo tg^Tjgfrrmjad, the ono into tlie + 
odicr; in fact, if ipx be developed according to the powers of 
Xi so that 

1.4 


, l^x , car* Daj^ Eaj'* 
kc = A- 


r+'; 


Far* 


+ &C.; 


1 ' 1.2 ■ 1.2.3 ’ 1.2.3.4^1.2.3.4.6 
ill whicliA, B, c,D,B,F,&c., cloiioto arbitrary constants, wc Iiave 

na;* Fa;® 


(PijiX _ 


^ = O + D» + 3 + ^+&0.i 


l^—ii + FiC + Stc.; 


&c. 


I' 


’. / 
i 




I { / f- 4 -’’-' < 

^ iT 

' . V - 




Vi i - 1 . 
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by mcfins of which, scries (c) will become 
?« = A 4- cat + + &c. 

1 ■ A 

+ (b + nat + y-g + Sec.) x 

+ (c + Eaf + 8:c.):^ 

+ (d + Fai + S!;c.)Y^ 

4- &c. 

'Now, if we make 

A + caf + y-y + Sec. = y^t, 

B + Dai 4- y-y + Sec. = 'i't, 

Tpt and will be ai'bitrary functions independent of eacli 
other; we can obtain from thence 

n dxLt 

C + + &C. = 

aciu 

D + Foi + Sec. = 

&c.; 

and thus it appears, that the preceding value of u will coin¬ 
cide with series (d). This series (d) may(d) be in a similar 
way transformed into series (c). 

510, Now, if as usual, the base of the Naperian system of 
logarithms be denoted by e, and if we assume 0 = e®, series 
(a) will become 

w = pe“* + + ueY* + &c.; 

I the coefficients p, q, n, &c., will he functions of and the ex¬ 
ponents a, 7 , &c., will bo constant quantities. Therefore, 
we shall have 
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da rfp . . o 

— = €?vc^* + |3®Qe^ + 7 *neT^' + &c. 

ClttL 


If these values be substituted iu equation (b), and if the 
coefficients of the similar terms in the two membei'S be then 
put equal, there will result 


dt 


fla^P, 



dK 

~dt 


rty^n, &c.; 


consequently, the exponents will remain arbitrary, and we 
shall have(e) 

p =r Q =: u = ce^*', &c., 

in which a, u, c, &c,, denote arbitraiy constants. Hence we 
shall obtain 

u = + &c., (e) 

for tlio complete integral of equation (b), arranged according 
to the powers of the exponential^^'^j which series is also the 
development of this integral, arranged according to the powers 
of d. Now, it is evident, that this aeiies (e) does not contain 
explicitly any arbitrary function; but that it only comprehends 
t^o iufinitc^scries of arbitrary wnstaiits, namely, a, n, c, &c., 
a, j3, 7 , &c., and that each of its terms separately satisfies 
equation (b). 

If this expression of u be developed according to the powers 
of ^ we obtain 

M = Ae*** + ne^ + + &c. 

+ (Aa®e^ + + C 7 V* + &c.) at 

+ (Aa^'e"* -f-n/3’e^ + + &c.) 

“4-' &c.; 

and if wc make 

Ac“* + ne/^ + + &c. = ; 

ipx will be an arbitrary function, and we shall have 
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cPAa; 

AaV* + Bj 3 *e^ + C 7 V* + &c. = “^^9 

Aa''e" + Dj 3 ''e/^ + cyV' + &c. = ; 

&c.; 

and BerieB (a) will coincide with series (c). In the same 
manner we may make Bcries (e) to coincide with series (d), 
by developing the first according to the powers of in order 
to render it comparahle with the second. 

61L Each of the two series (c) and (e) may he expressed 
under a finite form, by means of the same definite integral. 
In the first place, we have evidently(/) 


f dw 0 , 

J — 30 


n being any positive integral number whatever. 

Likewise, let 

f* 00 

do) = A; 

then if ff denotes an arbitrary constant, and ifa)\/[/ miV 
be substituted for ti> and dw, the limits of this integral will iu>t 
be changed, and we shall have 

(* 00 k 

hence we ohtEun, by differentiating n times in succession, with 
respect to and then maldng g = 


oy^du) = 


1.3.6....2n- 1 


By meanB of these values, formula (c) may be written ns 
follows(A); 

Ux+2u>v'at.^ + ^^ 
dx ^ 1.2 dx^ 

1.2.3 1:2.3.4 *“7 ’ 
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iiiul, by Taylor’s theorem, this may be reduced to 

w = ^ ^ e“"’0 (» + 2 w t/at) dw. (f) 

A 

WlmtGvor be the value of the constaut a, the limits of the 
integi’al V changed, by substituting 

w — a in place of w; consequently, we shall have 

J —X 

hcncc there results 

= y\ e^* e**«*l/“* 

The other exponentials which occur in series (e), may be 
expressed in tiro same manner, so that it will by this means 
become 

ir X - _ B 

Mow, if wc make as above, 

AC'* + + ecT* + &c. = 

wc shall have, at the same time, 

u __ _ 

1 ^ + ^ s-t/"') ^ Sic. 

= ^ (a’ + 2wV'at} 

by inoanB of which the preceding value of u coincides with 
formula (f). 

This equation (f) is the integral, under a finite form, of, 
equation (b); it only contains, as appears, one arbitrary func¬ 
tion, which can be determined at once by means of the value j 
of u relative to i = 0. However, this form of the integral' ^ 
implies, that this value of u, which will be that of in¬ 
creases with the variable in a less ratio than c**, and that 
the product vanishes for a; = ± x, otherwise, the 

quantity comprised under the sign $ would increase indefi- 

VOE. II. 2 P 
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iiitely with w, for all values of t different from zero, and the 
definite integral, the limits of which are ^=±005 would 
have generally mi infinite value, which is inadmissible. 

If we make 


d<^x 

dx 


= 



we may deduce from equation (f), 
00 


du a? ^ , /—V 


cPm cl C ^ / — 

^ ^ ^ + 2(0 Vat) ; 


•X 

X 


if these equations ore integrated by parts, and if the product 
of e-"' and (a; + 2w \/ at) vanishes at the two limits, there 
results(i) 


from which it appears that the value of coincides with that 
a^u 

of-^, and, consequently, it satisfies equation (b). 

Series (d) would also lead us to an integral under a finite 
form of this equation, but it would not be so simple as forinuhi 
(f), and would contain two arbitrary constants. 

612. The known value of the quantity A, which occurs in the 
preceding formul© is Vir. It may be obtained, by employinf? 
successively two different variables under the sign J, so Unit 
since 

k=^_^e-^dx, k=.^^^e-^dy\ 

we have 

*“=S - CO S -»=S 

because the two variables x and y are independent of each 
other. If, therefore, we make 
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+ 7/2 J.2, = 3, 

there will result 

S jo r* X 

and if x, js, be considered as the coordinates of a surface, 
will bo the volume terminated by this surface of revolution, 
and extended indefinitely about its axis of figure, which will 
be the axis of the ordinates z. Now, the value of this volume 
may be obtained by decomposing it into an infinite number of 
cylindrical slices, whose common axis will be this line. The 
volume of one of these infinitely slender slices, the radii of the 
interior and exterior surfeces of which are r and r + (fr, will 
be equal to tbe product of its base ^irrdr multiplied by its 
height ;r or consequently, the entire volume may be evi¬ 
dently obtained by integrating from 0 to r = x ; hence 
we shall have(/i) - ' ^ 

, /i“ = 27r ^ ^ e^rdr zz tt, 

and A = v/ttj which it was proposed to establish. 

If ifiX = cos a;, luid if be substituted in place of al in 
equation (c), then wc shall have 


= (‘-T + T3-TX3 + *“’-)“'*’ 


n 


or, what comes to tho same thing, 

n = cos a. 

Equation (f) becomes, at the same time, 

1 p X 

n = —;=\ COB (x + 2 aw) rfw 5 

but we have evidently 

r* X C ^ u 

V ^ c"®* C 09 2aa)rf(i) r:: 2 V Q cos 2awrf(j, 

S x 

^ ^ sin 2 atudo) =: 0; 


/ n 


- i ‘ 
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Iience tliere re 8 ultB (0 

2 cos X noo ^ ^ _ 

u = —V e~" COB 2 awao), 

JO 

and by putting this value equal to one of the preceding, we 
obtain(f») 

X V TT 

6 “*^ COS 2 awrfo) = —^ 

0 2 

As we assign an imaginary value to the constant a 
in this equation, if a V' — 1 be substituted for a, we shall 
have(M) 

It is frequently necessary to employ theso formulffl, which 
here naturally present themselves to our consideration; how¬ 
ever, they may also be obtained by other means. 

513. The equations of partial differences to which wc arc 
led in the greater number of physical and mechanical pro¬ 
blems, are linear relatively to the unknown of the fii*st or 
second order with respect to the time^ and generally, it con¬ 
tains four independent variables, of which m is a function, to 
wit, the time, which is denoted by and a:, y, z, tlie three co- 
I ordinates of any point whatever of the system in question. If 
the last term which is independent of m, and wbmh canJ)o 
always mad 0 jtp.di| 3 P^ear, he excepted, they do not contain this 
variable t explicitly, t hat is to say, in these equations, the co- 
efficien ts ar^ onl y funct ions oi Now, if l =: 0 is one 

of these equations, without the last term, and if we assume 
6 = fi*, series (a) will become 

u =: pe“* + + &c.; (g) 

and if in l, this series (g) be substituted in place of w, it is 
easy to perceive, that there will result 

L = (Mn®+Na+o)e^+(M'j3*+N'0+oOc^'+(MV+N"7+o'Oe^^ 

&c., 
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iii'^bich M, N, o are quantities that only contain the un¬ 
known r. m', n', o'may be deduced from these by substituting ^ 

Q in place of p, and then m", o"j by the substitution of a 
in place of q, and so on. All the quantities m, m'j m", &c., ; 
will be cipher, when the equation l 0 , is only of t he, first .' 
order with respect to In all cases, this given equation l = 0 j 
will be decomposable into the following (o), 

Ma® + Na + o =: 0 , 
m'J 3 ® + N'j3 + o'=: 0 , 
mV + n" 7 + o" =; 0, 

&c. 

Consequently, the exponents a, j3, y, &c., will be arbitrary 
constants; the coeffidents p, q, r, &c., may be determined in¬ 
dependently the one of the other, by means of these equations 
(h), which are all similar; and all the terms of scries (g), that 
is to say, of the complete integral of the equation l =: 0 , ar¬ 
ranged according to the powera of the exponential d, will he 
particular integrals of this same equation. 

Equations (h) will be, like l = 0 , linear relative to the 
unknown which each of them contains. If l contains only 
one of the three variables a:, they will bo simply differen- { 
tial equations; and then series (g) will only contain arbitrary 
constants, to wit, a, (3, y, &c., and the constants which will be 
introduced by the integration of equations (h). When they 
arc equations of partial differences, tliey may bo frequently! 
treated os tho equation l =: 0 , and their complete integrals canj 
be expressed in series of particular integrals. 

514. Series (g) may be made to assume another form, by 
changing the exponentials into sincs^and cosines. In fact, if 
X, fi, V, &c., be other arbitrary constants, and < 7 , r, &c., 
/)', ?•', &c., otlicr unknown quantities, then if in this series 

±X'/~T, &c., be substituted in 

place of a, | 3 , y, &c., and if i', a, 11 , 8 ic., be replaced by 


( 1 ^) 
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I ±t v'.,!, |± |/_1, jV'- 1, &C.; WC shall ob- 
tain, by taking the sum of the values of w, which correspond 
to tlic two signs of V" — 1 (p) 


u zzp co^Xt + gco^pit + rco\Avt + &c. 
-l-Ij'sinX^ + q'smpt + r'8inv^ + &c. 


(i) 


In order that the integral of l r: 0, which cun be ex¬ 
pressed either by this last formula or by series (g), may be aa 
general as possible, it is requisite that the constants Xs v> 
&C .3 and also a, j3, y, &c., maybe real or imaginaiy; but tlieve 
are problems in which the determinate values of X, /i, v, &c. are 
all real, and others in which none of the values of a, j3, y, &c. 

^ will be imaginaTy(y), In the first case, we should employ 
^formula (i), and in the second, formula (g); and even when 
I equation l = 0 is integrable under a finite form, it frequently 
occurs in mechanical and physical problems, that the expres¬ 
sion of its integral, by means of one or otlier of these two 
series, will be better adapted than the integral under a finite 
form, to indicate all the circumstances of the phenomenon in 
question. Questions respecting the small oscillations of the 
points of an elastic body or of a fluid, which is made to deviate 
VQiy little from its state of equilibrium, are those in which it is 
suitable to employ the unknown quantities under the form ot 
tthe series (i). 

When the general values of p, q, n, &c., and consequently 
those of p, y, r, &c., p', r', &c., coi^n only_ 

constants, formula (i) may be written more briefly in the fol¬ 
lowing manner, 

. u =z SpeosX^ + Sp' sin X^; 

tin which the chai'acteristics 2 indicate sums that extend to 
^all possible values, whether real or imaginary, of X and of the 
r other arbitrary constants contained in p and p'. We may, if 
WC please, suppose that these values increase by infinitely 
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small degrees, and thus replace the sums 2 by integrals; but 
there is noodvantage in expressing in this other equivalent form 
the vjilue of u ; and it is preferable to retaui the preceding. 

515. Independently of the equations of partial differences 
which respect all die points of the system, there are always in 
physical and mechanical problems, other equations which only 
obtain for the extreme points; such are, for example, in the 
problem of the longitudinal vibrations of an elastic rod, the 
equations relative to the two extremities of this rod, when they 
are supposed to be entirely free, or when one or both of them 
arc supposed to be fixed. These particular equations will 
enable us, in each case, to detemine the values of a part of j 
the arbitrary quantities, which aeries (g) or series (i) contains;' 
with respect to those values of these quantities, which con-j 
tinue still undetermined after talcing into account all equations * 
of this kind, they will depend on the initial state of the system.J 
M. Poisson, in order to obtain their values, always pursued, in 
a great number of different problems, one uniform process, 
whicli he considered to be applicable to all cases, whether the 
question presents only one unknown, namely w, and leads only 
to one equation l= 0, or whether it is imeesaary to deter¬ 
mine several unlcnown quantities depending on an equal num¬ 
ber of equations of simultaneous linear partial differences. 
This general process has also the advantage of fumiabing, in ^ 
each example, a demonstration of the reality of the constants 
a, /B, 7 , &c., or of the constants X, /x, v, &c., which depend on 
transcendental equations that are frequently very complicated, 
and tlie nature of whose roots it will be frequently difficult to 
determine otherwise. The example which will be given in tho 
following poi’ogmph of the application of this method, will be 
sufficient to explain it, and to show how it may be employed in 
other problems. The longitudinal vibrations of elastic rods ini ^ 
the three cases of No. 495, may be determiued, without any dif¬ 
ficulty, by means of this method, which will lead us, in tho moat 
direct manner, to tlie same formulae as in this number. The 
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longitudinal impact of two or more elastic rods, consisting of 
different materials, may be given, as an example of a question 
depending on several equations of partial differences; with 
respect to this question, which has been resolved in the pre¬ 
ceding paragi’aph for the particular case of homogeneity, the 
general solution is here suppressed solely on account of the ex- 
treme length of the fonnulm which it involves. 

616, Let the time be supposed to be reckoned from the 
commencement of the motion, and let 

u =/(x, y, z), ^ = F(fl;, y, z) 

be the values of the unknown and of its differential co¬ 
efficient with respect to which correspond to ^ = 0; so that 
f{x^y^z) and v^x^y^z) may be functions arbitrarily given 
for all values of the coordinates which belong to the 

points of a system whose vibrations are considered. After 
I that all the arbitraiy quantities which series (i) contains shall 
I have been determined by means of the initial state of the sys- 
I tern, and when also the particular equations which may have 
* place at its extremities are taken into account, it is necessary 
that this series and its differential coefficient, when t— 0, 
should coincide with the functions z) and f (a;, y, z} at 

the limits of the system. Hence it is necessaiy that(?*) 

/(®3 yi^)=P + q + r + &c., 

F (a;, y, z) = Xp' + fxq' + vr' + &c.; 

I which will furnish a development or transformation of a par¬ 
ticular kind, for each of the functions /(a, p, z) and f (od^ ; 
a ti'ansformation which will not be identical, and will only 
o btain for yalu^ of the variables z, ,that are confined 
wdthin c ertain limits, 

Although it is not possible in most coses to demonstrate 
directly the accuracy of these equations (A), still there can 
exist no doubt on this head. In fact, it is evident from tlic 
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preceding considerations, that series (i) cert^ly represents 
the complete integral of tlio equation l 0, that is to say, the ^ 
most general value which can satisfy this equation. By i 
hypothesis, the ai'hitrory quantities that this series contains, | 
can he determined hy means of the other conditions of the 1 
problem which has led us to this equation l = 0; therefore if | 
these conditions are not incompatible, and if the problem is . 
susceptible of a solution, it is necessary, after this determina^ 1 
tion, that series (i) should express the value of u at any in¬ 
stant, and at any point whatever of the system; consequently, 
if if = 0 in this series, and in that which is deduced from it 
by the differentiation relative to ty they ought to represent the 

initial values of u and —, that is to say, the functionsjf](a?, y^z) 

Uv 

and F {xy y, z) whatever tliey may be, but solely for values of 
07, y^ z comprised within the limits of the system that is con¬ 
sidered. 

In the example of the longitudinal motion of an elastic rod, 
series (k) will represent for the entire length of this rod, and 
for the different hypotheses that are made respecting its ex¬ 
tremities, the two arbitrary functions that have been dcsig-l 
nated and in No. 495 ; and these scries will coincide 
witli the expressions for and that have been mode use' 
of ill that number, and which have been already demonstrated. 

617. It follows from what precedes, that in order to ex¬ 
press in a problem relative to the small vibrations of bodies, 
and also in other physical questions, each unknown quantity, 
by means of series (g) or (i), it is necessary previously to de- 
monstmte that this scries represents the most general value of 
the unknown that can satisfy the equation of partial diffo-! 
renccB on which it depends, and then to determine all tlio 
arbitrary quantities that this series contains, by means of the ) 
particular data of the problem, which belong to the extremities 
of the system and to its initial state; or what is the same thing, it 
is necessary to know, « priori^ as in No. 495, the expressions in 

voL. u. 2 a 
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Iseries of the arbitrary initial value of each uiikiiomi, all whose 
I terms multiplied by the sines or cosines of arcs proportional to 
i the time, or by exponentials, satisfy separately the given cqua- 
\ tions of partial diflFerences, and the other equations which res]>oct 
the exti’eme points of the system. Any solution in which the 
generality of series (g) or series (i) that is employed, is not 
demonstrated or in which it is not verified d 

that thifl series may represent the initial value of each un¬ 
known, whatever this value may he, in the entire extent of 
the system, including the extreme points, ought to he deemed 
^ incomplete. It appears from what precedes, that the fimt mc- 
^ ’ thod will be always applicable; the second will be only so in 
[ a small number of particular cases. 

V. Transversal Vibrations qf an Elastic Rod. 

518. Elastic rods are susceptible of four lands of vilmi- 
tions, having corresponding tones, which may coexist in the 
same rod, whose natural state may be either straight or curved. 
These vibrations are longitudinal, transversal, normal, and 
tlmse produced by torsion. The normal vibrations consist in 
alternate dilatations and condensations of sections of the rod 
perpendicular to its length; they have not been hitherto ch'- 
termiued by theory. But the three other species have, and 
the relations between the tones which correspond to them, that 
are indicated by analysis, have been confirmed long since hy 
experiment, and already pointed out by natural philosophers. 
Such is, for example, the curious observation for which wo are 
indebted to Chladni, namely, that a rod firmly fixed at one end, 
and free at the other, gives out a tone that is graver by a 
when it is made to vibrate by torsion, than when it vibrates 
longitudinally; which implies that the tone which is given out 
in the first case is the same as would he heard in the second, if 
its length was increased m the ratio of three to two. Now IVT. 
Poisson, has found that this ratio ought to be that of i 0 

to 2, which differs by a little lesB(«) than a twentieth from the 
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resiilt stated by Chladiii in round ntimberfl. Tho reader is re¬ 
ferred, for more extended developments of this impoiiiant part 
of mathematical physics, to the author’s memoir on the Equi¬ 
librium and Motion of Elastic Bodies, that has been already 
cited in No. 306, where the vibrations of flexible membranes 
and elastic plates are likewise discussed. In tho present ti'eatise 
it will be sufficient to consider the less complicated cases of this 
description of questions, which are those of vibrating cords and 
of the longitudinal vibrations of elastic rods, to which we now 
proceed to add the case of traDBYersol vibrations. 

519. It is supposed, as in tbe case of longitudinal vibra¬ 
tions (No. 493), that the rod is homogeneous, and taken in its 
natural state, of either a prismatic or cylindrical form; in like 
manner, it is assumed tliat it does not experience any torsion! 
on itself, so that all tlie points of each longitudinal fllament> 
exist in the same plane during the entire continuance of the! 
motion. 

Let AMB (fig. 2T) be the rectilinear direction of the mean 
filament in the natui'al state of the rod, I its length, and x the 
distance am of any point whatever such ns M from tlie extre¬ 
mity A. At the end of the time let m bo supposed to be 
transferred to m'; from m' let the perpendicular m'p be let fall 
on AB, and let us make 

MP = w, m'p =: y. 

If these two variables be supposed to be constantly veiy^ 
small, and if, in consequence, tbeir squares and products bo ne¬ 
glected, their values in functions of x and t will depend, as in 
the cose of vibrating cords (No. 483), on linear equations, in 
which these unknown quantities are separated; hence the very 
small motions, in the longitudinal and also in the transversal 
direction, will coexist, without mutually influencing one ano¬ 
ther; and as the longitudinal motion has beeu completely de¬ 
termined, we need not now tolce it into account. Therefore 
wo may make w = 0, in which case all tho points of the mean 
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j filament will oscillate on lines perpendicular to its natural di- 
{ rection, and x and y will be, at any instant, the coordinates of 
I the plane curve a'm'b' formed by this filament. We shall 
also abstract from the consideration of tlio small motions of 
dilatation or contraction which may have place in each section 
of the rod perpendicular to its length, in which case the motion 
which it is proposed to determine will be the some for all the 
points of the same section; bo that it will be sufiicieiit to con¬ 
sider that of the point which belongs to the mean filaincut. 
The equation of this transversal motion may be dcdiiccil 

from equation (f) of No. 320, by substitutiug Y — or 

simply — in place of y, if no given force is supposed Ut 

be applied to the different points of the rod. Therefore this 
equation will he 


being a positive constant, which will depend on the material 
of the rod, and on the area and figure of the normal section. 
Besides this equation (1), which is common to all tlio points 
of the mean filament, there are also equations relative to its 
extremities, which will he the same as in the problem of oqui- 
I librium. In this respect, six different coses may occur, ac- 
j cording as each of the two extremities of the rod will be firmly 
j fixed, or merely pressed against, or entirely free. But as these 
I cases may be treated in the same manner, we shall restrict 
I ourselves to the consideration of one in detail, and wo bIuiII 
I suppose that the rod is entirely fi'ee at its two extremitioH a 
and B, to which, moreover, no particular force will be applied. 
This being so, for all values of ty we shall have (No. 320) (w) 


a; = 0, 


etc® 


= 0 , 


at the extremity a', and 


<Py _ 


0 , 


(2) 
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-I ^-0 iM-o 


( 3 ) 


at the extremity b'. 

At the commencement of the motion, the curve that the 
mean filament assumes, and the velocities of all its points will 
be known; if therefore the time t be reckoned from this com¬ 
mencement, and if fpx and denote given functions fi’om 
a? = 0 to a; = Z, we shall have at once 


Z = 0, y = 00?, 



( 4 ) 


Nevertheless, these arbitrary functions should satisfy the condi¬ 
tions relative to a? == 0 and i? = Z, which will be expressed by 
equations (2) and (3) for the function 0x, and by their diffe¬ 
rentials relative to t for the function 

Thus the question to be resolved will consist m finding 
the value of as a function of t and x, which satisfies equa- «. 
tions (1), (2), (3), (4), the first of which is the only one wliicli 
has place for all values of these two variables. But, it is 
useful, previously, to compare, for the some elastic rod, tlic 
cooffident which occurs in tlie equation of its transversal 
motion, and the coefficient a that is contained in the equation of 
its longitudinal motion. 

620. If ff denotes the gravity, p the weight of the rod, and 
q the tension which should be employed to double its length Z, 
we have (No. 494) 



P 


The product of the density of the rod and of the area of its 

normal section is equal to ^(v) ; and by equation (f) of No. 

320, irom which equation (1) of the transversal motion is ob¬ 
tained, we shall have 




( 5 ) 
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in which v, A, k' have the same signification as in No. 314) 
and the constant a of the same number is tho value of (jy rO" 
ferred to the unit of surface, so that 

g = aw, 

in which w denotes the area of the normal section of tlio ro(L 
Likewise, if we moke 

(A will be a line the value of wbich wDI depend on tho area 
and form of its contour), we shall have 

~ V 

heuce there results 

b=: ah. 

If the normal section of the rod is a rectangle whoso huso is 
perpendicular to the plane of the curve a'm'b', ami hclg-lit 
equal to 2 e, we shall have 


0 ) _ 2ns, A' = A r= E, a)h*~ V ^ J s:§ We ’, 

and we shall obtain (a;) 

A= ^ 

/ 3 ‘ 

In the case of a cylindrical rod, whose radius is i cprcBcn t(>d 
by e, we shall have 


u> = r^, A' = A=:e, n = 

from which we can deduce at once 


and hence(y) 


wA* = J TTE^, 
6 = 


If now the normal section of the rod is an isosceles triiuifflo 
whose base is perpendicular to the plane of the curve a'isi'u'. 



TRANSVEaS^L VIDRATIOKS OP AN ELASTIC ROD. 303 


and if, for greater clearness, we suppose that this plane is ver¬ 
tical, and that the base of the triangle corresponds to the upper 
faco of the rod, then if we denote this base by X, and the 
lieight by 2 c, we shall have alwayB(z) 

(I) =: Xc: 

but tlie value of h will be different, according as the convexity 
of upper face of the rod is directed upwards or downwards 
(No, 316). Ill the first case, we shall have (o') 



from which there results 


and, consequently, 




2Xe'* 

9 ’ 


6 = 




3 


In the second ease, we shall have(&'), 


A = 


4c 
3 ’ 




wc may deduce from it 
and, tlieu. 




A = a£\ 


These results will be of use, farther on, in enabling us to 
compare together the tones of the same elastic rod, when it 
vibrates longitudinally, and when it vibrates transversally. 

621. Let now j> and q be functions of a;, and 7n a constant ^ 
relatively to t and x. In order to satisiy equation (1), let us 

assume(c') ^ 

y n: p Anrn^bt + qcoBm^bt ; 

as this equation should obtain for all values of we must have 
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d*p 


=im% 


d^q 


= 


and, by integrating these two differential equatioiiH of the 
fourth order, there ariBeB(rf') 

p = Asinwia; + A' coswia; 

+ i B (e*^ — e-«®) + ^ b' 

7 = c sin 9720 ; + c' cos 972 a; 

+ Jd (c®^ — ; 


in which a, a', b, b', c, c', n, d' are eight arbitrary uoiistnnts, 
and e as usual denotes the base of the Naperian system of 
logarithms. 

In consequence of the linear form of equation ( 1 ), it may 
be also satisfied by taking 

y = Sp Bin 7?2“6^ + Sy coa m^bt^ 


in which the sums S are supposed to extend to all possihlo 
values, both real and imaginary, of m and of the eight othtn* 
constants, a, a', &c. Moreover, it is evident from what 1ms 
been stated in the preceding paragraph, that tbiw valno of ?/ 
will be the complete integi*al of equation ( 1 ). 

If it be substituted in equations ( 2 ) and ( 3 ), wliiclt liavo 
place for all values of and, consequently, for all tho tt*rms 
of the sums S taken separately, we shall have(c^), 





fora;_0, and x^L If there he substituted for p and 7 
their preceding values, there results at once 


® = A, d'z= c', d = c, 

and, besides, 

A (2 sinmZ _ e»*+ tr^i) - ^(e-J + g-'"' _ 2 cos mf), 
A '(2 sin ml + fi»‘ _ = a (2 cos jmZ - c"*' — €-«"), 

c (2 sin - c"* + 2 cos mt), 

c '(2 sin ml + = c (2 cos ml ~ ^ 
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NoWj if the corresponding members of the two first, or the 
two lost of these four equations, be respectively multiplied 
together, and if, in these products, the common factor aa^, or 
cc', be suppressed, we obtain 

4 sin® ml — + (2 cos wiZ — 0; 

or, by reducing(/^) 

(c^ + cos mZ — 2 = 0; (a) 

this equation will enable us to determine tlie values of 
Momover, the values of a, a', &c., which may be obtained 
from tlie preceding equations, will be 

n =: A — E (e™' + — 2 cos mZ), 

b'= a'=: b (2 sin 2 fnZ — c"* + 

D = c = e'(c”*^+ — 2cos mZ), 

n'zr c'=: E'(2 8in27;/Z — cr^ ; 

E and b' being two new constants which continue unde¬ 
termined. 

If for conciseness, we make 
X = 2 cosmZ) (sin + 

+ (2 sin ?»Z — + e-*^) (cos -j- 4 J 

the preceding value of y will becomc(|/) 


y = 2X (b sin m^t + cos m?bt ); (i) 

in which the sum S extends as before to all possible values of ^ 
B and e', but with respect to wi, only to tliose values of it 
that are furnished by equation (a). For all these values, we/ 
shall have 


da? 


= 0 , 



(0 


when a: = 0, and when a? = Z; and, whatever ho the quanti¬ 
ties m and a;, we shall have identically(A'')» 

rZ^x 
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522. It only remains to determine tlie values of the coeffi¬ 
cients B and b' relative to eacli value of wi, from knowing tho 
initial state of the rod; this we proceed now to do, following 
the general process that has been adverted to in No. 515. 

In the first place, we may remark that if m is a root of 
equation (a), so also will —w, 1, —m\/ — l(i05 more¬ 

over, the corresponding values of x will only differ either in 
the sign, or in the factor \/ ^\ ; hence it follows, that in 
formula (b), we can unite in one sole term, tlio terms which 
belong to these four roots, and then only extend the sum S 
to real and positive values of or to values consisting only 
of a real and imaginary part, if there be such, and in which 
case the real part is iK)3itive. In this manner, if tn and 
are two roots of equation (a) that are employed, and 
will differ from ± m and dz 

This being agreed on, if equation (1) be multi plied by 
xcir, and if it be then integrated from ic == 0 to a? = 7, there 
ro8ults(ft') 



x^dr = 0; 
drx 


and we shall obtain by partial integration(/') 

dxtPy <p7idy \ 
jO" dx* V dxdx^ dx^dx dx^^) 


L d:x? d!x?dx ^ 


The teims comprised between the parentheses belong to 
a; zr 7, and tliose contained between the braclccts, to a’ zz 0; 
they mutually destroy one another, in virtue of equations (2), 
( 3)3 ( 4)3 I’olative to these limits; and,by equation (d), wliich 
obtains for all values of a?, if wi'^x be substituted in [dace of 

-pi under the sign we shall have 
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Therefore, because 

0 df^ ^ — dr~* 

we shall have 

+ J^wi^Jxycic = 0. 

The complete integral of this difFerential equation of the 
second order is 

HC0Bf»®W+ n'sinTn^if; 

in which H and h' denote two arbitrary constants* In order 
to determine them, if ^ = 0, in this formula and in its diffe¬ 
rential with respect to there will result 

Whatever may be the magnitude of we shall have 
xy cte = X0a; dw . cos m^ht^ 

I Cl 

If formula (b) bo substituted in place of y in the first 
member of this equation (e); as its second member only con¬ 
tains cos and sin m^ht^ if m' be a root of equation (a), 
such that m* and differ from ± w and ± m\ as we have 
supposed above, the term corresponding to mf must disappear 
from the first member; in order to this, it is necessary that 

S'xx'ir=0; (f) 

in which x' denotes what x becomes when m is changed iiito 
m\rnf). But in the case of m'zi >», it follows from this same 
equation (e), that 

B x<j,'xdx, 
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by means of this the values of b and e' will be known in 
functions of tii, and formula (b) will become 


j/ = Sx 


-COS rn^bt • 


^Q^'xdx 




sin m^bL 


(g) 


ulJ 

As tMs expression for and the value of which follows 

Irom itj BO longer contams any unknown quantity, they will 
make known at each instant, the ordinate and velocity of m' 
any point whatever of the curve a'm'd'; which is the complete 
solution of the problem. The integral maybe obtained, 

under a finite form, by the ordinary rules, but the values of 
the integrals and cannot, in general, be 

computed hut hy the method of quadratoes- 

623. If ^ be made equal to cipher in the expressions for 

2 / and we shall have, by equations (4) and (g), 


0a; =: 2 


0 ^ 0 ;» 2 






X. 


(10 


These two similar formula ohtmn for auy functions what* 
ever of Zy such as 0 a; and 0'a;, whether continuous or discon* 
tinuouB, but solely from a; = 0 to a? = ^; and it should be ob¬ 
served, that they have not place for the extreme values of a*, 
unless those of these functions satisfy the condition stated 
above (Ko^ 619)f Although these formulce cannot be directly 
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demoustratodj they are, howeverj not less certain on that ac¬ 
count, as has been explained in No. 516. 

In the particular case in which all tlie points of the rod 
have received at the commencement a common velocity, and 
also a velocity proportional to their distances from its middle 
point, it is evident that it ought to be actuated by a motion 
of translation and a rotatory motion, witliout experiencing 
any curvature, or undergoing any vibrations. This might 
also have been inferred from these equations (h), and from 
formula (g). 

In this case if c and y denote two constant quantities, we 
have 

= 0, 0'a? = c + 7 (a — JZ) ; 

and if the second equation (h) be differentiated, there results, 
by talcing into account equation (d), 



in wliich i may be any positive integer wlinteveT(w'). Conse¬ 
quently, the development according to the powere of t, of tlic 
part 

/ So X sin m^t 

of tho formula (g), will be reduced to its first torm(o') 



the value of which will be, in virtue of the second equation 
(b), Hence, in consequence of the equation ifix = 0, and 
of the value of tp'x, formula (g) will be simply 
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y = [^^ + 7 - iO] t, 

aa it ought to be. 

624. It may be demonstrated by means of equation (f), 
that equation (a) does not admit of a root consisting of a 
real and imaginaiy port. In fact, if there exists such a root 
^ /*+ <7 "" 1; there will be also another which only differa 

from this in the sign of 'v/ —1, which will be y — —15 

therefore, we may assume in equation (/), 

m' zif— g 

in which /and g denote real quantities, none of which can be 
cipher. We shall also, at the same time, have 

x:rr + o\/“-l, x'=:r — G V'—1 ,* 

in which f and o are lilcewise real quantities. Consequently, 
equation f will become 

So = 

which is impossible, since, in order that it should obtain, 
it would be necessary that an integral of which all the ele¬ 
ments are positive, and which expresses'tlieir sum (No. IH), 
should be equal to cipher. Hence the supposition of a root 

f+g is inadmissible. This last equation would be 

also inadmissible, if yor were cipher; but then wo could 
no longer assumey+^ andy-r/ \/‘^for wimd w»'; 

for equation (f) implies that Tri and differ from d:: m and 
^ which would not be the case, if one of the two quan¬ 
tities y and g was cipher. 

626. When in equation (a) the root m is equal to ciplier, 
the corresponding term of formula (g) ussumoR the form J} j 
Its true value is obtained by supposing that m is only an 
infinitely small quantity; iu this case, we^shall huvc(//) 

X = [x — ^7), cos n?bt = 1, sin zz: 



TRANSVERSAL VIBRATIONS OV AN ELASTIC ROD. 311 


and the tenri. in question will be 

Go (3®- 0 <t>a!dx + t^^^ (3ai - /) 

It refers to the motions of translation and rotation that are 

t 

common to all the points of the rod; as we shall not take 
them into account^ nor consider the root tt) » 0, all the terms 
of the series (g) will be periodic- 

But, if we advert to the circumstance that the different '\ 
values of m are incommensurable, it will appear that all the 
points of the rod will never in general revert, at the same 
time, to their primitive state, or, in other words, an elastic 
rod will not, in all cases, perform, like a stretched cord, iso- 
clu’onal ti’ansversal vibrations- In order that the isochronism 
may have place, and that the rod may produce an unique 
appreciable tone, it is necessaiy, that in consequence of its 
curvature, and of the velocities of its several points at the com¬ 
mencement of the motion, all the terms of formula (g) should 
disappear, except one only, by which means it will be reduced 
to tlie form 

y =: X (b sin + e'cos m^bt)^ (i) 


In which the constants b and b' are substituted, for the sake of 
abridging, in place of their values found above. When for¬ 
mula (g) is reduced to a small number of terms, the rod will 
cause to be hoard at the some time several distinct sounds, tho 
tones of which cannot be accurately compared together. 

626. If X denotes a numerical value of ml deduced from 

equation (a), so that m = p and if t be the duration of an 

entire oscillation of the rod, corresponding to this root m, and 
n the number of vibrations in the unit of time, we shall have, 
by means of equation (i), 
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BO that the different tones, vhich a rod bent in the same di¬ 
rection, andvibradog transrerBally, produces, when free at its 
two extremities, will depend on the values of X, and the grayest 
or fundamental tone corresponds to the least of these values. 
It is evident that the quantity furnished hy formula (6), 
depends only on I the length of the rod; if the rod be oylin- 
dncnl or circular, it likewise appean that this quantity is pro¬ 
portional to the square of the diameter. Consequently in the 
cose of two oylindrioal rods, consisting of the same materials, 
and of which the order of vibrations is the same, i. e. for 
which the value of X is the same, the number n will bo in the 
direct ratio of the thickneBS, and inversely as the square of the 
length (j'). 

In the case of a rod of a prismatic form, there will, in 
general, be two different sounds produced, according as it will 
vibrato transversely in one direction or another, llms, if for 
example, the nornisl section be supposed to be a rectangle, and 
if the rod be mtide to vibrate BUOceBaiveiy(»*^, so that the base 
or altitude of the rectangle may be perpendicular to the plane 
of the curve a'u'd', the BucoeBsive vslues of n will be to each 
other as this altitude and this base, for the same order of vi¬ 
brations. When the normal section is triangular, as in the 
third example of No. 620, the value of will not be the same 
for two sucoQBSLve Bemi-vibrations; their durations will con¬ 
sequently be unequal; this, however, will not prevent their 
entire vibrations from being isoohronouB, if formula Cg) is 
always reducible to one sole term(0. 

By putting the footer x of formula (i) equal to cipher, we 
oan determine the values of c which correspond to the uodos 
of vibrations, that is to say, to the immoveable points on the 
.line AB, for each v^ue of m, or for each tone that the rod can 
cause to be heard. 

627 . When the elastic rod that is considered is firmly se¬ 
cured at its extrei]iiit]j^ a, and free at its otlior end, tlio mean 
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iilamcnt will be a tangent at a to the line ab, duiing the 
entire continuance of the motion ; bo that equations (2) of the 
preceding problem ought to be replaced by 

a: = 0, y = 0, ^ = 0. 

The preceding analysis must be modified in consequence of 
tluB, which it can be, without any difficulty; ^ and the general 
value of y will be still expressed by formula (g); but the 
values of w, that ought to be made use of, should be deduced 
from the equation (tf) 

(c”* + er-»i*)co 3 mZ +2 = 0 , (a') 

which only differs from equation (a) in the sign of the last 
term; at the same time, the value of x should be determined 
by means of the equation 

X = + 2cob»zZ) (sinwa; 

+ (2Anml + c*"* — (cosma; — ^ ^ 


In order that the rod, when vibrating thus tranBveraally, 
may produce only one sound, it is necessaiy that formula (g) 
should be reduced, by means of its initial state, to one sole term 
or to formula (i), as in the preceding case. If be a positive 
value of vil deduced from equation (a'), p' the duration of a 


vibration corresponding to m/ 


X' 

T 


and n' the number of vi¬ 


brations in the unit of time, we shall have 


^ 27rP , 

and every thing tliat has been stated in the preceding numbers 
respecting the comparison of the tones of rods free at their 
two extremities, is equally applicable to the case of rods firmly 
secured at one of their extremities 5 in like manner the nodes 
of vibrations wliich accompany each tone given out by the 


314 tranbvehsal vidratiokb of an elastic rod. 


game rod, will be deteTmined by putting tlie preceding value 
of X equal to cipher. 

528. In order to resolve equations (a) and (a') by upproxi- 
ination, let 

7nl — X 4 4" l)7r ^ 8, 

in equaticm (a), and 

wiZ = X'=i(2i+l)'n-± S', 

in equation (a'); in which t denotes any positive iiitc'goir num¬ 
ber or cipher, and 8, S' two positive quantities, which cmiiioi 
Burpafls i7r(tt0. These new unknown quantities should be 
affected with the superior or inferior signs, according as i is 
even or odd; and, by this means, equations (a) and (a') become 


sin 8 = 
sin 8' = 


2 


e-4(5W4'l)Tr ^ 4'“ 




It is easy to perceive that in consequence of the limii,s of 
S and S', neither of these unknown quantities can have more 
than one value for each value of«; that of 8, for i = 0, will lie 
8 = J 7 r(i;'); and as it coiTeaponda to mlzi 0, we should not 
take it into account. Tor * = 0, we have 8 0, 017!17, hy 

neglecting 8 in the second member of the preceding oqiuition(/i;); 
and if in it this first approximate value of 8 he suhsLituted, wo 
sluJl luive, more accurately, 

8 = 0, 017G6. 

The values of S relative to * = 2, i 3, will be Btill(:f7') less 
than this; thei‘efore the values of X will differ very little from 
the odd multiples of ^tt; and, it appears from the expression 
of the number that the tones of a rod tlxat is free at its two 
extromities will constitute, very nearly, a sericH intTcasiug hh 
the squares of the numbers 3, 5, 7, &c. The least value of 
X, which corresponds to tlie gi’avest sound, is 
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\ = 57r + 8= 4,74603. 

In the case of i = 0, we find after some trials, to a sufficient 
degree of approximation (i/Q, 

8'= 0,30431. 

Therefore the least value of X' will be 

X' = ^7r+8'= 1,87011. 

Hence there results, by comparing its square with that of 
the preceding value of X, and observing that these squares 
are to each qther as bjxA n their respective numbers of 
vibrations, 

” = 0.15716, 
n 

for the ratio of the gravest tone given by the rod firmly fixed 
at one of its extremities, to that of the same rod, when free at 
its two extremities. The other values of 8' are very small; 
tlierofore the corresponding values of X' will be, very neaidy, the 
3, 6, 7, &c., multiples of ^tt; and the tones of the rod, one 
of whose extremities is firmly fixed, will, with the exception 
of the gi’tivcst, constitute a series increasing as the squares of 
those odd numbers. 

Experiments mode long since have confirmed every thing 
indicated here by theory, relative to the series of tones produced 
by clastic rods, which oi’e either free or fixed firmly at their 
extremities, to the position of the nodes which accompany 
these different modes of vibration, and to tlie relations of the 
tones, in the directions of their lengths and thicknesses. 

We proceed now to compare together the tones or number 
of transversal and longitudinal vibrations of the same elastic 
rotl. Observation has likewise confirmed on this point the 
results of the calculus. 

629. Wc shall suppose for greater clearness, that in these 
two descriptions of vibrations, the rod is free at its two extre¬ 
mities, and we shall restrict oui’sclvcs to the consideration of 
*l»f» flijif ia frivpTi nnt hv each of them. 
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There results, by making use of the least value of X found 
in the preceding number. 


n 


(4,74503)^6 


(3,56082) 


6 


for the number of transversal vibrations in the unit of time. 
If n-i denotes the number of longitudinal Aribrations in tlie same 
time, we shall have, by the third case of No. 496, 



and as 6 = oA (No. 620), there will result 
n = (7,12164)^', 


a formula that is independent of the material of which tlie rod 
consists, and by means of which the transversal tone may be 
obtained when the longitudinal tone is given, and vice vei'sa. 
The magnitude of h which occurs in the expression, will 
depend on the figure of the normal section, and will be propor¬ 
tional, every thing else being the same, to the thickness. As 
this dimension is very small relatively to the length Z, it fol¬ 
lows that the tone of the transversal vibrations will be very giuvo 
relatively to the other; which agrees with the observations 
that have been most usually made. By No. 620, if the rcnl 
is a cylinder of which the radius is e, we have A =; J c; and if 
it is a pamlleUopiped, and that 2 e is also the thickness, we 


e 

have h therefore, in these two cases, we shall have 


n = (7,12l64)y, w = (7,12164)1^. 


As the number Ui is independent of the figure and dimeuHions 
of tlie normal section, it follows that for the same values of e 
and Z, the number of ti’ansversal vibrations is less in the first 

1 A-lirtn in t>i 0 flPPfvnil- in tbp tflrin nf i/3 to 
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GENERAL EQUATIONS AND PROPERTIES OF THE MOTION OF A 
SYSTEM OF BODIES. 

I. General Equations of this Motion. 

530. Since the forces lost by all the points of a system 
during each instant, ought to constitute an equilibrium, (No. 
530), if the principle of virtual velocities be applied to these 
forces, a general formula wiU be obtained, from which can be 
deduced, in each particular case, all the equations respecting 
the motion of bodies, just os all tliose relating to their equili¬ 
brium have been deduced &om the general equation of vir¬ 
tual velocities. But, however natural and obvious this com¬ 
bination of the general principle of dynamics with that of 
equilibrium may now appear, still it was not made at the time 
when the first of these two principles was discovered, although 
tho second had been previously given in all its generality- 

We ore indebted to Lagrange for thus connecting these 
two principles; by this means the solutions of all the problems 
of mechanics, or at leiut the forinatipn of the differential equa- ^ 
tions on which they depend, ar(^reduced to one uniform pro¬ 
cess. It is this general process which we now proceed to 
explain. It may not, however, be superfluous to apprise the 
reader here that the order which has been pursuedin this treatise, 
in which problems relative to solid or flexible bodies have been 
directly resolved, is by proceeding from the simpler to the 
more complex and diilicuU cases, and tlie reason is, because it 
appears to bo most suitable to a profound study of mechanics 
and knowledge of this science, which should not be solely con- 
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GENERAL EQUATIONS OP THE 


sulered in an abstmct point of view, and independently of phy¬ 
sical circumstances. 

531. Let Wj 9n^i ftc., denote the masses of t he points 
of the system in question. At the end of the time reckoned 
from the commencement of the motion, let z denote the 
tlivce rectangular coordinates of w, and x, y, z the components 
of the accelerating force applied to this material point, acting 
in the direction of the positive productions of ic, y, z. Let tlie 
same letters, with corresponding accents, represent the liomo- 
logous quantities which refer to the other points &c. 

The components estimated in the directions of x, y, z, of the 
forces lost by any point m during the instant dt^ will be 



consequently, the system will be in equilibrio if the point ni 
be supposed to be solicited by these forces, and each of the 
other points m", See., by similar forces. Now, the general 
equation of this equilibrium will be formed by substituting iu 
equation (e) of No. 341, the three preceding components in 
place of X, T, z; this gives 

in which, as the sums S extend to nil the points wi, Wi", 

■ &c., of the system, they consequently consist of a number of 

pai’ts equal to the number of these points. 

We shall suppose, as in the number cited, that the mode 
in which these material points are connected together, is ex¬ 
pressed by the equations 

L = 0, l' = 0, L'' = 0, &c. (2) 

in which l, l', i/\ &c., are given functions of tJio variables 
a?j {/, x‘i &c., or of a part of them, which may also contain 
pthe time j^plicidy . If, for example, thopoint m is constmined 
X J to remain on a surface which gradually changes its form, or 
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which is in motion in space, and if l = 0 represents the equa¬ 
tion of this surface, then l will be a given function of 
2/» sf, i- 

Although the forces of which equation (1) expresses the 
equilibrium refer to the quantities of motion lost during the 
interval of time dt, and that during this instant the positions 
of the points wi', wi", &c., change by infinitely small quan¬ 
tities, we can, nevertheless, suppose that this equilibrium 
obtains in the positions that these points occupy at the end of 
the time that is to say, we need not take into account their 
change of position during the instant dt^ which can niter the 
quantities of motion lost while it is takuig place, only by an 
infinitely small quantity of the second order, and the corres^ 
ponding motive forces by an infinitely small quantity of tlie 
first order(a). Consequently, tlie infinitely small displace¬ 
ments which the principle of virtual velocities implies, and 
which are expressed, in the directions of the coordinates, by 
Swf 8y, Sz, for the point tw, by Sa)', 8ff', for the point f?i', 

&c.; must satisfy the conditions of the system, sucli os they 
are at the end of the time t\ hence equations (2) must also 
have place when a? + 8®? y + 8^, z + 8^;, af + &c. arc 

substituted in placo of a?, y, a/, &c., the time which they! 
may contain explicitly, b^g supposed not tojyarj; therefore j 
we obtain, os in No. 341, 




"8,+"8j, + "&+|;8»'+fe = 0, 


&C. 


( 3 ) 


By means of these equations, a part of the quantities 8a;, 
Sy, &c,, con be eliminated in the fii'st member of equation 
(1), and then the coefficients of each of the remaining quan- 
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titles may be put equal to cipher. If, as in "No. 342, the 
method of indeterminate factors be employed, we shall obtain 
die following equations: 


«,^ = «T + X^ + X^+X«-^+&c, 

.d^x^ f f , \ djj * ^rfii Q 

™' -3^ = »■*'+ X ^, + X' ^ + X'-^ + &o.. 


& 0 . 


( 4 ) 


in which A' A''', &c., are factors whose values make known 
the forces arising from the connexion of die points of the 
system, and from the resistance of the sui'facoB or curves on 
which they are constittined to move (No. 343). 

The number of equations (2) and (4) taken together, will 
be always the same as that of all die unknown quantities of 
the problem, that is, the number of quantities A, A', A", &c., 
, is equal to that of equations (2), and the number of coordi- 
^ nates of the points jn, m\ m'\ &c., is triple that of these 
J moveables, and equal to the number of equations (4) ; conse¬ 
quently, they are sufficient in all coses to determine the values 
of all these unknown quantities in functions of the time. 

632) If the given forces which act on all the points of the 
system be supposed to be distributed into two groups, so that 
we may have 


X=P+U, YZZQ + V, Z=ll + W, 

x^=;P'+ u^, y'= q'+ v', 7/= ii'+ w'; 

" &c.; 

and if wo assume also, that the differential equations of the 
problem can be integrated by considering solely the forces 
p, Q, n, p', ofy It', fitc.; a, 6, c, &c., being the arbitrary con¬ 
stants introduced by these integrations; we can extend this 
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solution to the complete forces x, Y, z, x', y^, z', &c.j by means 
of the method founded on the variation of arbitrary constants, 
the principle of which was explained in No. 229. The diffe¬ 
rentials of the quantities a, ft, c, &c., supposed to become, 
variable, will bo linear relative to u, v, w, u', v', w', &c., and' 
o f the fo rm 

da = AU + BV + cw + a'c' + &c,, 
db = AiU 4- DjV 4- c,w 4- a/u' + &c., 
dc = AaU + BjV 4- CgW 4- Aa'u' 4- &c., 

&c. 

A, B, &c., being functions of the aamo unknown quantities, 
a, ft, 0 , &c.(ft) By this moans, the second differential equa¬ 
tions of the problem will be changed into twice tlie number /! ; j\ 

of (Uj^erential equatipnB_of^tlie fii*st order; but this trans- ^ / 

formation will be principally useful, when the secondary forces n 
u, V, w, u', &c,, are very small with respect to the primitive 
forces p, Q, n, p', &c.; for this circiunKtance will enable us to 
consider, in the first approximation, the qnnntiticH r/, ft, &c., 
which the coeificients A, n, &c., contain, as constant, and con¬ 
sequently, to deduce from the preceding formulio liy immo- j 
diate intcgiution, or by the method of quadratures, the vnri- ' 
able parts of these unknown quantities. 

It was Lagrange who thus extciido<l to iill problems of 
mechanics the method of tli6 variation of arbitrary con¬ 
stants, to which ho had before reduced the theory of the 
particular solutions of differential equations, and of whicli lie 
also made other applications leas general. But he mitri ctqd 
himself to assigning the general exprcaaions of the quan¬ 
tities u, V, w, u^, v', w', &c., in linear functions of tlio dilTb- 
rentials cZfl, dft, dc, &c. 5 and it still romjiincd to find the in- 
vei*se formulsR which give, directly, iii the gtMicnil cohc, lIic 
differentials of the unknown qnantitii‘S «,ft, r, in linciu 
functions of the forces i), v, w, &c., and to tlomonstvalo, in a 
voii. n. 2 T 
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direct and general manner, the important properties wliieli 
their coefHdents a, b, c, &c., possess. This has been done 
by M. Poisson in the memoira relating to this subject, Tvhich 
have been inserted in the 16th of the Journal of the Poly^ 

technic School^ and in the first volume of the Memoircs of 
th£ Acadefny of Sciences, to which the reader, who wishes to 
know this theory in all its details, and the consequences which 
follow from it, is referred. If the general expressions of 
da, db^ dc, &c., be successively applied to the problem of the 
motion of a material point attracted to a fixed centre by n 
force varying according to any function whatever of the dis¬ 
tance, and of the motion of a solid body 

about a fixed point, the same expressions will bo obtained for 
the differentials of the bomologous constants in these two 
prohlertiB, which in other respects arc so different from each 
other; and it thus appears, that the two principal questions 
in astronomy, namely, the determination of the motion of 
; the heavily bodies, considered as isolated material points, 
and the determination of tlie motion of these bodies about 
! theh rc^pcctiye centies of gravity, are reducible to the same 
[^fpmulae, depend on the same analysis. 

533. It is evident, that if one of equations (2) is a conse¬ 
quence, or may be deduced from the others, tlicn one of the 
quantities X, X^ X", &c., m ust re main nndctcnniTiotb since 
then this superfluous equation may be suppressed or retain lmI, 
just as we please. If, for example, a and b are given con¬ 
stants, and if 

l" =: «l + 6l', 

each of the three first equations (2) will odd nothing to the 
couditions expressed by the two othci's, and, consequently, one 
of the three unknown X, X'', must remain indeterminate* 
This is, in feet, what will be the case; for if we make 

\ + dk"=n, X'+6V' = /u', 

these three nnknnwn will be reduced, in onuatioilH to the 
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two quuntities fi and /x', which can ulono be detormined by 
means of these equations, and from which the values of only 
two of the three quantities X, X', X", can be obtained. 

If the material point m is constrained to remain at con* 
stant and given distances from the thi’ee iijicd points A, 

(fig. 28), its position will be completely determined; the 
values of i ts coordina tes will conse quent ly be^^epn^ant j and 
the three first equations (4) will be reduced to the equations i 
of equilibrium, that will determine the tensions of the 
threads aw, a'/^Xj a''w, by which the moveable w is attached to 1 
the three fixed points. If this material point is constramed 
,to remain at a constant distance from a fourth fixed point 
^one of the four distances AW, a'w, a'^'w, will be deter¬ 
mined by means of the three others p and os one of the four 
given conditions is thus a^conjequonce of of the three others, it 
appears from what has been already stated, and agreeably to 
Avhat has been establishod in No. 292, that the tension of one 
of the four threads aw, aw', aw", aw'", will remain undeter¬ 
mined, In fact, if the four given distances be denoted by 
Z, Z', Z", Z'", the three coordinates of a, by a, c, those of a', 
by a!^ />', o', &c.; we shall have for equations (2), 

h = /(a — 0)”+(2/ — &)“+(« — ti)*— ^=0) 
i/ = ■/(® — a')“+ {y ~ b')‘^+ {z — o')*— Z'= 0, 

L"= /(.'B -a")"+ 


L'"=: /(a;- a'")»+ V"f+ {z - c!"y~ P= 0; 

and if «, /3, 7 , denote the cons tant valuea of which 

satisfy these four equations, we shall have for equations (4)(c), 


wx 1 1 

VCa-o') 

\"{a-n") . 

X'"(«-«"0_q 

wx r ^ n 

h 1 \ 

MP-V) 

1" 

X"(/3-Z/0 . 

1"! ~ ’ 

mY -h - 

1- ,, + 

l" ■' 

X"(7-c") 


//i/j “p ^ n 

h -1 

1" ^ 
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from whicli it appears, that one of the four quantities X, X', 
X", X% which denote, as has been stated in No. 345, the 
tensions of the threads a'jw, a"w, a'^'tw, will be undeter¬ 
mined- But, however little extensible these threads may be, 
if this physical circumstance be taken into accomit, the ma¬ 
terial point m wiU make small vibrations, which may be com¬ 
pletely determined, and also the tensions of the four threads, 
at each instant. 

534. In order to demonstrate this, let us assume, for 
greater clearness, that the force which acts on the point m is 
that of gravity, which we shall denote by g. If we suppose 
tliat the axis of the coordinates z is vertical, and that it is 
drawn in the direction of this force, its three components will 
' be X = 0, Y = 0, z = f/. Let £, e", t'", be the extensions 

which the four threads /, would experience if the 

weight mg was suspended vertically at their inferior extremity, 
and S', the extensions of these threads at the end of 

the time during the motion; the values of their tensions at 
the same instant will be (No. 288), 

gm'^ gmV gmXj^* 

E ’ e' ^ ^ e"' ' 

I As the moveable is no longer constrained to remain at 
constant tlistances from a, a', a", a'", the terms of equations 
(4), of which the factors are X, X', X", X'", and which arise 
from these conditions, should be suppressed; but, on the other 
j hand, the four preceding forces directed from m towards a, 
from m. towards a', from m towards a", from m towards a'", 
^ must be joined to the weight of this material point; this is the 
same thing, os if the preceding values of l, l', l", l'", were 
substituted in equations (4), and if, at the same time, wc 
I made 

^ y//_ — .' 7 ”'?"' 

A—-- , A —-, A — , A — „f 

c c c c 

Likewise, let 
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3 end of the time a, /3 ,7 being the same constants as 
e, and v, v) being very small variables, the squares 
products of whicsh may be neglected; there will re- 

i) 

?:=7 [(“-«)« +0-6)w +(7/ '/'■ 
r=J[(a-a')M + (j3-S')« + (7-c')H ' 

r= i l{a-a")u + 0-6")i; + (7-c") z«], 

2'"= i [(«-«'")« + (^-nv + {y-c "')«>]; 


relatively to the unknown quantities m, v, w, equations 
will be linear, and will be reduced to(e) 




r(a-a)? (a-fl')S' , («-«")?" , 

L~ir~ + ~7r' + A" + "re'"' J-®’ 
,ro-6)2, , o-ft'or , o-nn-o 

L T, ' i',' fV' ri” J~ ’ 

h ^ ^z! ^ Z'V' ^ re" J 


cir integrals will be obtained by the ordinary methods; 
the six arbitrary constants which are introduced by these 
jgrationsj are determined by making the lengths of the 
aadfl At», a'w, a"ot, a'''#», at the commencement of tlio motion, 
lal to tlicir natural lengths Z, Z", P, and by supposing 
t the initial velocity is cipher, that is to say, that the six 


intitie^ u, arc nothing when ^ 0, This 


ng done, theso integrals will make known at any instant 
atever, the values of w, v, w, or tho position of the point 
and Z 7 the extensions of the four threads, and 

o their toiiBions at tho same instant, will be likewise deter- 
ned. Tho same analysis may be easily extended to tho case 
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in wliidx tho point m is retained by five or a greater number 
of thi-eacls atfc^hed,tQ fixed points. ^ ^ ^ 

If the quantities w, w be supposed to be ciplier, and if, 
^ in consequence, the first terms of the three last of the seven 
preceding equations be suppressed, the values of v, 

which result from these seven equations, refer to 
tho state of equilibrium of the point m and of the four threads 
of BuspenBion(/), 

636. In No. 353, it was shown how the principle of 
D’Alembert obtains, in the case of a sudden change of velo¬ 
city produced by forces termed impulsions or percussions^ 
which act on the moveables with great intensity, during ex¬ 
tremely short intervals of time, and impress on them velocities 
which may be very considerable, although the points of these 
' bodies are not sensibly displaced, '^erefpre, the equation 
furnished by the combination of this principle with that of 
virtual velocities, is equally applicable to this description of 
cases. Thus, if forces of this kind are simultaneously applied 
to m, &c., the material points of the system which we 

are considering, and if a, b, c denote t he give n velocities pa¬ 
rallel to the axes of tho coordinates, which these forces would 
impress on the point if it were free, and a, 6, c, t he un - 
known velocities which it will actually assume in these respec¬ 
tive directions, and if g', a ' V a", d", c", a", f/', &c., 

be the con-esponding quantities relatively to the points m', 

&c., then the quantities of motion lost in the directions of 
these coordinates will be 

m (a — ct), m (n — 6), m (c — c), 

for the point w, and similar expressions may bo obtained for 
the quantities of motion lost by each of the other points; eon- 
sequently, if to tins system of forces equation (e) of No. 341 
be applied, wc shall have 

[(a - a) Soj + (u — h) By + (c — c) Ss] == 0 ; (6) 
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in which the sum S is supposed to extend to all the points of 
the system, and So;, Sj/, 8 s, ore increments of the coordinates 
of wi, any point whatever. 

If the manner in which the points of the system arc con¬ 
nected is always expressed by equations ( 2 ), 8 a;, 8 ^, 82 :, and 
also 8 ®', dy\ 82 ', Sa;'', &c., the increments of the csoordhmtes 
of the other points w', w", &c., must satisfy equations (3) ; 
consequently, by means of these equations, a certain number 
of the quantities Sa;, Sy, &c., may be eliminated from formula 
( 6 ), and then the coefficients of the remaining quantities can 
be put equal to zero. If, as has been done above, the. [ 
method of indeterminate factors be employed, tlieir values 
will make known the percussions the connecting strings of 
the points of the system undergo, by the effect of a sudden { 
change of the velocity, and also the percussions which are ‘ 
normal to the sur&cea or curves on which these points are' 
constrained to move. 

536. When it is proposed to apply equation ( 6 ) to a sud¬ 
den change of velocity produced by the impact of the bodies of 
the system among each other, or against fixed obstacles, there 
are several important observations which should be premised. 

Let M and m' (fig. 29) be two of these solid bodies, k their 
point of contact, iikh' the normal common to their surfaces at 
this point. As the displacements of the different points of 
these moveables during the entire continuance of the impact, 
may be considered os insensible, the equilibrium of the quail- ^ 
tides of motion lost may be supposed to refer to whatever 
instant wo please of this continuance (No. 353); so that, if 
A, B, c be supposed to represent the components of the velo¬ 
city of any point whatever at the commencement of tho impact, 
we may, at the same time, assuino for a, A, c, the components j ^ / 
of its velocity at any instant whatever of this phenomenon, J 
and the velocities of all the points of the system, which vmy 
very rapidly during this continuance, ought always satisfy 
the conditions of this equilibrium, liut in order that these 



328 


GENE11A.L EQUATIONS OF THE 


conditioii8“inay be expressed by the equation of virtual vclo- 
citieSj the infinitely small displacements which are attributed 
I to tlie points of the system, should be compatible with its 
nature and with the relative disposition of its parts at the in- 
^ stant in question; and, it is besides, necessary that the same 
thing should obtain with respect to the displacements which 
ore directly opposed to them (No. 331). 

Thus, for example, if a material point is laid on the sur¬ 
face of a solid body against which it presses, this point may 
move in every direction on the plane which touches this sur¬ 
face, and only in one direction on the normal. This being bo, 
the equation of virtual velocities is true for all tangential dis¬ 
placements, since the opposite displacements arc equally pos¬ 
sible ; but it does not subsist for the nownol diaplacenicnts, on 
account of the impossibility of the contrary diaplaccmont. 

It follows from this observation, that if it bo proposed to 
apply equation (5) to a determinate epoch of the continuance 
of the impact, and if ju and are, at this instant, the material 
points of M and which refer to the point of contact k, wo 
may ascribe to p and jx* infinitely small displaceinonts, alto¬ 
gether a tbifam y and independent of each other, in the plane 
which is a tan gent to the sui’face at k ; hut the (lisplaeenients 
of and alo D^ the no rmal mu^t be and directed idong 
the same part kh or xh^ of this line; for if tlicy wore* unagiutlf 
I or if they did not talce place in the same direction, these <lis- 
-l^lacements, or the contrary displacements of the points /i suul 
^, would be impossible, and equation (5) would be no longer 
applicable to them. In consequence of not paying attention 
to this essential condition, some authors have fallen into error, 
in the explanation which they gave of the equation in queir- 
tion. 

If a third solid body m^' touches m' at the point k', whore 
the common normal to their surfaces is the lino lk'i/, and of 
which m' and m" are the material points of m' and u" that cor¬ 
respond to this point K', at the instant which is eojjHitlercd 
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while the impact is taking place; it is also necessary that the 
infinitely small displacements attributed to m! and along 
this normal, should be equal and estimated in the same di¬ 
rection in equation (5); and the same should bo the case for all 
the points of contact of the bodies of the system, when several 
of them impinge simultaneously on each other. In the case> 
of the impact of one of these bodies against a fixed obstacle,' ^ 
the normal displacement of the point of contact must be sup-, 
posed to be cipher, since it will not bo possible in the op- 
pQsite direction. 

537. When the two moveables m and m' slide the one on' 
the other during the continuance of the shock, it is nocessaiy 
to toko into account, in equation (6), the Motion which results 
from it, and which may be very considerable, as has been 
already stated in No. 353. 

The infinitely small quantity of motion which this force 
will abstract, during each instant, from the two moveables 
M, m', in a direction contrary to that in which tlie velocities of 
the material points and ju', which refer to the point of contact 
K, are estimated, will be proportional to that which m will 
have communicated to m', in the direction kh', or m' to M 
along KH) during the some instant. Hence, if the friction re¬ 
tains the same direction for each moveable, during the entire 
continuance of the shock, and if the finite quantity of motion 
communicated by one moveable to the other, along the ports 
KH or KU^ of the normal, during this same interval, be denoted 
by u, the entire friction con be represented by; f being a 
coefficient which depends solely on the nature of the two 
bodies near to their point of contact. This force should be 
applied to M in a direction opposite to that in which tlie 
sliding of /z takes place, and to m' in a direction opposite to 
that of ju', Tlierofore if these two motions take place along 
KF and kf' parts of fkf' a tangent to the two moveables, and 
if the projections of the infinitely small displacements, which i« 
equation (6) arc ascribed to the points f.i and ju', be denoted 
voii. II. 2 u 
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by p and p\ the term Tvhieh should be added to the first mem¬ 
ber of tliis equation^ in consequence of the friction in question, 

. will be equal to 

] —f^{p+p0y 

the quantity p is positive or negative, according as this pro¬ 
jection falls on KF, the direction of the motion of ju, or on its 
production kt' i and in like manner the projection p' will be 
positive or negative, according ns it falls on kf' or on kf- 
Similar terms should be introduced into equation (6), for all 
the points in which two bodies of the system impinge on eacli 
other. It is necessaiy in practice to talce these teims into con¬ 
sideration; the example of No. 477 is sufficient to show the 
influence that these terms, or tlie fidetions from which they 
aidse, may have on the percussions; but when the question is 
relative to general theorems on the impact of bodies, they are 
not taken into account, and accordingly, in the sequel, they 
will be supposed to be cipher or insensible. 

In like manner, the quantities of motion produced by the 
weight of the moveables during the continuance of the impact, 
are neglected, for since these quantities are proportional to 
this duration, they must be insensible. Willi respect to the 
^ quantities of motion produced by the molecular attractions 
which ai-e developed during the impact, either from^no body 
to ^(^her, when the distances of their surfaces become in¬ 
sensible, or m ^^jnje rior of each b od^ in consequence of the 
compressions or dilatations which it experiences, they have 
been already token into account in equation (5), and tlicir 
total components are precisely the quantities which have been 
represented by mA, win, sne, for m any point whatever. 

538. When a system of material points is^ entirely free in 
space, so that equation^ (2), which express their connexion, 
contain only the mutual distances of these points, none of 
which is supposed to be fixed, or constrained to remain on a 
given curve or sur^e, the motion of such a system in space 
may be decomposed, as has been already done in the case of a 
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solid body entirely free (No.433), into two simpler motions; 
namely, a motion of translatiou common to all the points of 
the system, and which will be that of its centre of gravity, 
and one of rotation about this centre. We now proceed to 
deduce succcBsively from formula (1), the differential equations 
of these two motions. ^ 

It is evident from the naturo^f the system, that all its ( 
points may be displaced by the same quantity, in any given 
direction. If a, j3, y denote the projections of this common 
displacement on the three axes of the coordinates, we slioll 
then have 

a = Sa 3 = Saj' = Saj", &c., 

3 = § 2 / = 82 ^' = Sy", &c., 
y = 8 ^ = Sa' = 8 s'', 8 sc.; 
equation ( 1 ) will then become 

-S) + (y- g) + ySHt (z - g) = 0; 

and as the tlirco quantities a, j 3 , 7 are independent of each 
other, this equation can bo decomposed into the following, 

— S7/i^ = S»nY, S»j^ = a7nz. (G) 


Now, if ail, yu Zi be the three coordinates of the centre of 
gravity of the system, we shall have 


Xi'Sm,— "Smx, y{2m = "Sirny, z{2an = Smzj 


hence wc obtain 




"Sm = "Sm 


5 ?’ 




(Pzi _ _ 


consequently, wc shall have 
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(PXl 

If 


"Sm — 2»ix, 



2m = Smv, 


(PZi 

Sm = Smz, 


( 7 ) 


for the differential equations of the motion of the centre of 
gravity, which will be the motion of tmnslation of the system. 
It appears from inspection of them that the motion of the 
centre of gravity of every system entirely free, is the same as 
if the masses of all the moveables were condensed into it, and 
their motive forces were transferred to it parallel to their di- 
rectiona, as in the case of a solid body (No. 438). 

If, among the points m, tw', wi", fee-, there are any which 
are constrained to move on g^ven surfaces, equations (4) and 
(7) may still subsist, by joining to the given forces, other 
forces of an unknown magnitude, whose directions may be per¬ 
pendicular to these surfaces, and which will express their resis¬ 
tances ; we are thus enabled to abstract from the consideration 
of the given surfaces, and consider the points wj, &c., 

as belonging to a system entirely free. 

539. The nature of such a system enables us also to malce 
all its points to turn at the same time about the same axis, 
with the same angular velocity, sojhat their mutua^^distfmee^ 

supposed to pass through tlio 
origin of the coordinates, and if X, /u, v are tlie angles which 
its arbitrary direction makes with the axes of the co- 

sines of the angles which the direction of the displacement of 
m makes with parallels to the three axes drawn through this 

point, will he ^ in which is supposed to be equal 

to Sa? + + S 2 ?; and as this direction exists in a plane per¬ 

pendicular to the axig of rotation, we must have 


c 


Moreover, as Ae axis of rotation passes through the origin 
of the coordinates, the quantity a?® + + 2 ;® will not Vary 
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during the displacement of m; consequently we sliall have 
also 

x 8 x + ydy + 2 : 82 : = 0 ; 

and from these two last equations there may bo obtained 
without any difficulty (f/), 

82? = (yCOsX — a 7 COBju)c, 

=: (fljcosv — zcoBX)e, - (8) 

8x = (zCOSjLl — yCOBv)€ ; 

£ being an indeterminate factor. In lihe manner we shall 
have 

= ( 3 /" cosX -- a?'coB/i) ff, 

8 y' = (a/cosv ^ 2 'cosX)e^ 

8®' = (®'cos^ — y'cosv) e'; 

being also an indeterminate ffictor which must be equal to e,\ 
in order iMtjhe motion of rotation may be the same for m and'; 
for and;^t the distance of these two points may not vary. I 
In feet, as the square of this distance is 
( 2 — 2 ;^^, and OB it appears from the preceding formulm that 
the two parts + ^ + s? and a/® + ^ of this quantity 

are constant, the variation of flia/ + + zz^ must be like¬ 

wise cipher, hence there results 

+ y'Sy + + x8x^ + y8y^ + z8z* =: 0; 

or which comes to the some thing, by substituting for 8 ®, 8 a/, 
&c., their valueB(A), 

[{x'y — y'®)co8v + (z^x — 2 ;'®) cos/I [ 

+ (y'® — *'y)coaX] (e - £0 = 0; 

an equation which evidently cannot obtain for all tlie points ‘ 
of the system, unless e'n c. ^ 


li in equation ( 1 ), formulas ( 8 ) be substituted for 8 ®, Sy, 
there results, by observing that c, cob X, cos ;i, cos v, are quan¬ 
tities common to all the points of the system, I 
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.=<.svSr»[ai(g-Y)-y(J-x)] 

+ ..«O.XS» [j, (g - z) - Y (g _y)]= Oj 


and as the coefficients of the sums 2 are three quantities 
independent of each other, this equation may be resolved into 
three others^ namely. 


/ (Ps!\ 

^ j = 

^ (^S “ "'S)=^ 


(9) 


which equations will be those of the motion of rotation of a 
system entirely &ee, about a fixed point which may be arbi¬ 
trarily assumedj and where the origin of coordinates is placed. 
These equations will still subsist, when all the points 
m'', &c., or a part of them, £ge constrained to exist at given 
^ distances from this origin, since in that case the values of 
^ 8®, Sa?', &c., which we have made use of, satisfy this con¬ 

dition. 

If the system is reduced to one solo point, the motion of 
rotation will not then be distinguished from that of transla¬ 
tion ; in fact, equations (9) will only be a combination of equa¬ 
tions (6) 5 and moreover, it is evident, that each of them, is a 
consequence of the two others; for if the system be reduced 
to a point wi, and if equations (9) be multiplied by 2 ?, y, Xj 
respectively, and then added together, there will result an 
identical equation. 

In place of causing the system to turn about any axis 
whatever, in order to obtain at once the three equations (9), 
v^h of them can be obtained more simply, by making this 
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line to coincide, as in No. 340, with one of the axes of the 
coordinates ; but the advantage of the preceding calculus is /> 
to show, that the consideration of the motion about any axis | 
whatever, can only famish the three equations (9), in the"' 
same manner as a considemtion of the motion p^oUel to any 
axis whatever, can only give the three equations (6)- 

If there is a fixed nyia in the system, and if it be assumed 
to be that of for example, the first of the three equations 
(9) will be the only one that will subsist, and it will be that 
of the motion of rotation about a fixed axis, as in the case of 
a solid body (No. 391). 

540. If in the case of a system entirely free, in which 
equations (6) and (9) obtain simultaneously, the origin of the 
coordinates be transferred to the point of the system of which 
the variable coordinates are denoted by yi, ^i, relatively 
to the first origin; and if, for this purpose, we malce 

a; = + a,, y = ^ + 2r,, 

® y'= +y/j ^ 

&c. 


so that 03^, y^, a;/, y/, s/, &c., may be the coordinates of 

»7», &c., referred to the new origin. The first equation (9) 

may be at once written os follows: 


/ cPaj\ > ^ 

+ sw - y. “ y>'^) s 


the terms multiplied by Xi and yi are respectively equal to' 
cipher, in virtue of the two first equations (G); and by actually j 
substituting the preceding values of x^, &c.,in the remain- j 
ing port of the first member, we shall have | 


<Py\ 




d\c\ 

Smy^ + Sm 
= S??»(a!,T-y,x), 


\ >dt^ d^J 
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■whatever may be the moveable origin of the coordinates. Biit 
if this point is the centre of gra'vity of the system, the sums 
Sroffi, and Smy, will be cipher; consequently, the terms mul¬ 
tiplied by ^ and ^ will disappear also, as well as those 

of which the factors are Xi and yi ; by which means the pre¬ 
ceding equation -will be simplified. By making similar re- 
dnctions on the two other equations (9), we shall have 


s» ^ - j, 5^)=»»- y.^>’ 


( 10 ) 


for the three equations of the motion of rotation of the system 
about its centre of gravity. It is evident from a compniison 
of them "with equations (9), that this motion ■will bo the samo 
as if the centre of gravity was a fixed point and the given 
forces wMch act on all the points of the system were not 
ichanged; ajroperty ■which is peculiar to the centre of gravity, 
and which’ has been already demonstra’tcd (No. 438) in the 
case of a solid body entirely free, 

541. If the same values as in No. 638, be assigned to the 
quantities Sa;, 8y, &c., which equation (6) contains; tliero will 
result 

2/na =: SmA, ^mb = Smn, '^mc = ; ( 11 ) 


from this it appears, that in the sudden changes of velocity, 
the sum of the quantities of motion of all the points of a sys¬ 
tem entirely free, parallel to each of the axes of the coordi¬ 
nates, remains unchanged, and, consequently, this must be 
■V the case in any direction whatever. It likewise follows, that 
the magnitude and direction of the velocity of the centre of 
gravity, does not undergo any change; for the components of 
this velocity, before and after the sudden change, arc the 
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respective membei’S of each of equations (ll)j divided by tbei 
total mass Dtti. Hence, in the impact of two, or a greater f 
number of bodies, of any nature or form whatever, the velo- , 
city of their centre of gravity, and the entire quantity oflj' 
motion estimated in any direction, never experience any j 
change, as bos been already remarked in a particular case 1 
(No. 364.) 

If a, i, c, a', i', c', &c., are the components of the initial 
velocities of w, m \ &c., and a, b, c, a', b', c', &c., the compo¬ 
nents of the velocities which would be impressed on them in 
any manner whatever, at the commencement of the motion, 
if these material points were detached and isolated from each 
other, we shall have 

dx\ dv\ dzi 

-T7 = S»aa, ^ Sw = Swifi, Sw = 5w2c 5 

at ’at at 


and, consequently, 

dSCl _ _ dZ\ 

Swi = Sota, Sffi = Smb, Sm = 


for J_= 0; by means of these equations, the given velocities 
A, A^, &c., or even the entire sum of the quantities of motion 
communicated to the system, parallel to the three axes of co¬ 
ordinates, will malce known the components of the initial ve¬ 
locity of the centre of gravity. 

If the values of 8a?, 8y, 8z, given by fonnulse (8), ai’e again 
substituted in equation (5), there results(t) 


(pDb — ya) = Sw (®d — ^a), 
Sm (za — xc) = Sw (za — a?c), 
S»J (yc — zb) = Sw (yc — zb) ; 


( 12 ) 


from which it appeal's, that in all sudden changes of velocity,! 
the moments of the quantities of motion of all the points of a 
system entirely free remain unchanged, with respect to anyjuds 
whatever; this theorem still obtains, though there should be 
VOL. II. 2 X 
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one or more fixed points in the system, provided that these 
I points exist on the axis of the moments. 

If these equations (12) be supposed to refer to the com- 
.mencement of the motion, so that we may have 


Tt 


b, 


dz 

Tt 




when ^ 0, and if, as in the preceding number, the origin of 

tlie coordinates be transferred to the centre of gravity of the 
system, which is assumed to be entirely free, these equations 
(12) will be changed into the following: 

^ 

f dx dz\ , \ 


in which are the coordinates of m any point what¬ 

ever, with respect to the new origin. These equations will he 
these of the initial motion of the system about its centre of 
^ gravity; and as they do not contain the components of the 
velocity of this point, it follows that this motion of rotation 
will he the saine as if the centre of gravity was a fixed point, 
and the given velocities a, &c., which occur in their second 
members were not changed ; a result which agi’ees with what 
has been already established, in another manner, in the case of 
a solid body (No. 436). 

I It may he observed here, that equfitiona (11) and 

1(12) can be deduced ft'om equations (6) and (9), by supposing 
^ in these, that ^3ix, wit, mz, mV, &c. are the compo¬ 

nents of motive forces, which acting on the points Wi, m', &c., 
Iwith great intensity, ar ^capable of producing in a very short 
[inte rval of li me, which we shall denote 0, thc^ given quaii- 
lities of motion, jnA, mn, mC^ wi'a', m'n', m'c', &c. 

In feet, according to this, we shall have, 
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aad if the points of the system are supposed to be in repose at 
the commencement of the time 0, and if a, ft, c, o', ft'a c'j 
arc the components of their velocities at the end of this inter¬ 
val of time, we shall have also 


® Ydt = D, V® = c ; 
0 JO 


w*=“- 



■ 0 ^ 


dt = c, 


V 


for m any point whatever. 

Now, if tlie first equation (6) be multiplied by dt^ and if 
its two members be tlien integrated from i rr 0 to t we 
obtain 




which coincides, by what precedes, with the fii'St equation 
(11), and the same is the case for the two other equations 
(6) and (11). 

Moreover, if the displacements ot the points Wi, &C'-, 

during the time 0, are not talcen into account, and if, conse¬ 
quently, their coordinates are considered as constant during 
the action of the given forces, we can deduce from the first 
equation (9) 


whicli, in virtue of the precocUng suppositions, is the same ex¬ 
pression ns the first equation (12); and in the same manner, 
the two other equations (12) may be obtained from the two 
last equations (9). 

643. As in the expressions for the increments of the co¬ 
ordinates given in No. 639, it is assumed that the distances of r ^ 
the respective points of the system from each other, and from J •), 
tlic origin of the coordinates, are invariable; their expressions 
divided by <U, should coincide with the components of the vc- 
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locity, relative to the elements of a solid body, turning about 
a fixed point; it will not be useless to verify this. 

For this purpose, let oar, oy, 0-3 (fig. 30), be the axes of 
the coordinates, and 01 the axis to which the angles X, /i, v of 
No. 639, about which the system is made to turn by an infi¬ 
nitely small quantity, refer. In this motion, the points of the 
system describe similar arcs of a circle, and they have all the 
same ongulu velocity ; in order to determine this velocity, it 
will be sufficient to determine that of a point k, which may, 
for example, exist on the axis oz at the commencement of the 
instant dt^ Now, in the ease of this point, we have a; = 0, 
and ^ = 0 ; this reduces formulee (8) to 

8® =: ze cos/i, = —ze cosX, §3 = 0; 
consequently, the absolute velocity of the point k will be 
a/ Sx^ _ ZFsin V 

since cob“X + cos*|ii + cos®v = 1 . And os its distance from 
the axis 01 is zsin v, its angular velocity will be equal to 
wliich will be that of the entire Bystem(A). 

Hence if it be denoted by w, we shall have e = wdt^ and 
by making 

w cosX =p, (ij cos/i = g, ti) cos V = r, 
formulae (8) will become 

^=(yp-a:g), ^ = {pr-xp), j^ = (zq-yr)i 

^ results which evidently coincide with those of No. 408, when 
[in these last, the directions of the moveable axes ox ,, oy ,, os ,, 
j at the instant that they are considered, are iissumed to be 
those of the fixed and arbitrary axes oz, oy, oz. 

It may be observed, that if the plane inoz describes first 
L an angle Tdt about the axis 02 , and if the motion has place 
from ox towards or in the direction indicated by tlie sa- 
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gitta 8 ^ the increments of x, y, z, the coordinates of the point 
will be obtoined, by making p = 0 and g rz 0 , in the values 
of 8 a ?5 Sj/j Sz ; consequently, its three coordinates will become 

X — yrdt^ y + xrdt^ zJ' 

If, after this first motion, the plane moy describes an angle 
qdt about the axis o^, by revolving from the axis oz towards 
the axis ox, the increments of the coordinates of m, will be ob¬ 
tained by maldng = 0 , and r = 0 , in the values of Sa?, Sy, 82 :, 
and then by substituting the three preceding coordinates in 
the place of x^y, zi from which it follows that after this se¬ 
cond motion the coordinates of the point m will be 

X ^ yrdt + zqdt^ y + xrdt, 2 ? — (a? — yrd£) qdt ; 

and if infinitely small quantities of the second order be ne¬ 
glected, the third coordinate will be reduced z — xqdL Fi¬ 
nally, if after the second motion, the plane mox describes on 
angle pdt about the axis o®, by turning from the axis oy 
towards the axis oz, we shall find, by neglecting infinitely 
small quantities of the second order, 

j X + {zq — yr)dt, y{xr ~ xp)dt, z + (jfp — xq) dt, ] 

for the values of the three coordinates of the point m, at the 
end of the third motion, which were originally equal to 

Hence it follows that if a point m turns successively in v 
equal intervals of time, about three rectangular axes, with an-| 
guhu' velocities denoted respectively hyp, q, r, its final dis-j 
placement will be the same, as if it turned during ono of these 1 
instants, with an angular velocity denoted by to, about one ^ 
sole axis, which makes with the three first, angles whose co- , 

sines arc This remark relative to the three velocities 1 

(a) 10 U) 

of rotation j), q, r, which are termed the components of the 
velocity w (No. 407), may bo also applied to the components 
of the velocity of translation. 
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The composition of velocities of rotation follows the same 
laws> and. is comprised in the same formulm as that of velocities 
of translation; by means of this analogy between these two 
descriptions of motiong we are enabled to deduce the identity 
of the composition of forces and of tlie composition of mo- 
ments, which was already inferi'ed (No. 281) from a similar 
analogy eadsting between the projections of right lines and the 
projections of surfaces. 


II. General Laws of Small OscilUitions, 




544, Besides the motions of translation and rotation, in 
which, as all the points of any system participate, their mu¬ 
tual distances do not vary, there ore likewise other motions, in 
wliich the moveables recede from or approach to one another. 
Now, if their displacements ore always very small, we can 
reduce tlie problem to linear equations, and determine, by ap¬ 
proximation, the coordinates of the moveables in functions of 
the time. A great variety of interesting phenomena depend 
on these small oscillatory motions, of wliich we now propose 
to explain the general laws. 

Let i denote the number of the moveables wi, Jw", &c., 
and V the number of equations ( 2 ) of No. 531, which express 
the conditions of the system. The number of coordinates of 
tliese material points will be denoted by 3z, and, if wc make 
3a — V = «, equations ( 2 ) will determine a number v of the 
coordinates in functions of the n others, or, more generally, all 
the coordinates may be determined by means of these equa^ 
tions, in functions of n independent variables. Let a, j3, 7 , &c. 
be the initial values of these n variables, and a+ jS + 'Wj 
7 + an, &c., their values at the end of the time in wliicli 
w, u, &c. are supposed to continue very small quantities 
during the motion. Each of the coordinates of the moveables 
will be a given fimetion of a + ]3 + u, 7 + w, &c., wluch 

# may, beside^ cqntiunj^e tim^ if this vaiiablo should occur 
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ic5 in equations (2). These functions may he developed 
V'Oi’y convergent serieSj ranged according to the powers 
jj^-oducts of M, V, Wy &c- Let these developments be re¬ 
canted as follows: 

p^^au + bv + cw &c. 

^ I ^ :^eu^ + + + huv + kuw + Zvm; + &c., 

Pi + flitt + biV + CxW + &c. 

^ + ^giW^ + hiUV + k^uw + liVw + &c., 

nrr P 2 + + b^v -J- + Sec. 

^e<iU^ H- + Livw + &c., 

' p' + fl'w + Vv + c^w -f- Sec. 

4 e V + 4/'u* 4- + I'vw + Sec., 

' := Pi + aiU + biV + c/w + Sec, 

-H- + J/i'u® + + ki^uw + li'vw + Sec,, 

= Pa' + fla'w + /Vv + Ca'w + Sec. 

+ + h'^ + &C., 

&€.; 

tLS by hypothesis, equations (2) are not supposed to con-' 
L tlie time t explicitly, all the coefficients of the powers 
]pxoducts of M, Vf Wy Sec., in these soiies, will be given 
stcints. 

If the system is actuated by a motion of translation or ro- 
on common to all its points, the variable parts of tlieir co- 
Lncites, which result from this jnotion, must be comprised 
■lie first terms p, Pi, Sec. ; but, for greater simplicity, we 
11 assume that this circumstance does not obtain, conse- 
intly, tliese first terms will be also given constants. 

A.a the components of the forces which act on the points 
77 i'^ Sec., are given functiona of their coordinates, if the*^ 
txoa of ic, y, Sec, be substituted in their expressions, they can 
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be then developed accoTcling to the powers and products of 
Wj 77 , w, &c. By this means, we shall have consequently 

X Zl F + A.U + BV + cw + &c., 

T = Pi + AiM + BiV + CiW + &C., 

z — p 2 “H AjM B 2 V "h c%iv &Ct, 

x' = p' + a'm + b'z; + &w + &c., 

Y' = p/ + a/m + b/v + Cl'tO + &c., 

Zf “ “ 1 “ Aq^M 53^77 "b C2 &Ctj 

&c.; 

the first terms p, Pi, &c., and all the coefficients a, Ai, &c., are 
given functions of p, &c., a, i, &c., wliicli may, besides, 

I contain the time if this variable occum explicitly in the ex- 
1 pressions of the given forces. However we shall suppose that 
^this is not the case, and shall therefore assume that tlie quan- 
'tides p, Fi, 8ec., a, Aj, &c., are given constants. 

645, This being established, in order to apply equation 
(1) of No. 531 to the motion in question, we should attidbute 
to the independent voiiablea u, v, &c,, infiiiitely small in¬ 
crements, which we shall denote by 8 m, Su, Szo, &c. ; and then 
substitute in this equation (1), the corresponding values of 
8j7, 8^, 8^, which, if infinitely small quantities of the second 
order be neglected, will be(/) 

8aj = (a + CM + Aw + Am? + &c.) 8 m 
+ (b +Jh + Am + /to + &c.)Sw 
+ (pj^gto + ku + lv + &c.) 8m? 

+ &c., 

iy = (a, + CiM + AiW + ICiW + &c.) 8 m 
+ (^1 +fl^ + *lM + ^iM? + &c.)8w 
+ (^l + "1“ + fi^ + &C .)820 

+ &c., 
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Sjaf (Oa + + /igV + h^ + &c.)Sw 

+ (p2 +A^ + hu +ky> + &c0 dv 

+ (ca + + AjiW + hv + &c.) 8 m; 

+ &c. 

The values of 8aj', Sy', 82;' may be obtained from these for- 
mulro by marldng all the constants with a superior stroke ; and 
those of Saj'', Sy", Ss", by marking them with two, &c. After 
the substitution of these values of Saj, Sy, &c., is effected, as 
the quantities Sm, Sn, 8 m;, &c., are arbitrary and independent, 
the coefficient of each of them should be put equal to cipher, 
in the first member of equadon (1). By this means, we shall 
have 

Sw» \j^ — x) (a + CM + hv + hw + &c.) 

+ (^— y) (ai + CiM 4- 
+ (Qj + CjM + Ihv + I12W + &c.)|] = Oj 

Smi +/^ + + ^‘^0 

+ (y) {bi +/iw + AiM + hio + &c0 
+ - Z^j +f2V + IhU + + &c-)] = 

Sj» j^(^— (c + gw + Am + + &c.) 

+ _ y) (Cl + giw + A,^^ + hv + &c.) 

+ ^ J _ z) (cj+ AjM + hv + &c.)] = 0, 

&c. 

in wliich the sums S are always supposed to extend to all the 
points m, m', m", &c., of the system. 

VOL. II. ^ ^ 
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It still remains to substitute in these equations, in place of 
V’i &c., X, r, &c., their preceding values. If when this 
Bubatitudon is made, the squares and products of u, to, &c., 
^,and also the products of these unknown quantities, and of their 

I , ■ 

idifiFerential coeflScients -ns-, &c., which likewise are 

I dft do 


always very small, be neglected in a first approximation, 
there will then result a number n of linear equations with con¬ 
stant coefficients, which we shall denote by (a), each of which 
will be of the form 


cPti . cPv 


d^w 


+ GM + HU + X 24 ; + &C. = Q ; 


(a) 


in which the coefficients D, u, r, &c., g, h, k, &c., and also 
the quantity q, denote given functions of the constants that 
occur in the preceding values of a, y, &c., x, y, &c. After 
having determined the approximate values of w, v, to, See., by 
means of these n equations, we should substitute them in the 
teimg of the rigorous equations, wi^h ^vq^enjaeglectedjipi 
hj: ‘St ap proxim ation ; the new equations which result will 
difier from the first in this, that their second members, instead 
of being constat, will be known fumetions of t j we can 
obtain &om them other values of u, v, to, &C .5 more accurato 
than the first, and so on, by the method of successive approxi¬ 
mations. According to the usual mode of proceeding in 
questions of this Idnd, we shall restrict ourselves to the first 
approximation, the number of material points tw, wi', 

&c. is infinite, equations (a) will be.changed into equations of 
p^tial di^Te nceBj common to all the points of the systeni, 
the number of which will be always equal to that of the uii- 
feown^ quantities 2 £, u, This has been already ob¬ 

served, for example, in the problem of vibrating cords (No. 
483), in which the number of these unlcnown quantities, that 
^preaa ^placements of any point whatever of the cord, 
in the direction of three rectangular coordinates, and whose 
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values depend on three equations of partial differences of tlic 
second order with respect to ^5 is three. 

646, As the second members of equations (a), and the co¬ 
efficients which occur in the first, are constant quantities, we 
can always make these second members to disappear, by in¬ 
creasing each of the unknown quantities, v, &c., by a ^ 
constant, which it is easy to determine. Consequently we can 
suppose, without Kmiting at all the generality of the question, 
that Q = 0 , in each of equations (a) ; this implies that a, j3, 7 ,- 
&c., the initial values of the n independent variables, refer to a!^ 
state of equilibrium( 7 ») of the system, from which it has heenl 
made to deviate, by displacing by ever so little the points 
W 2 , wi', 7 / 1 ", &c., and impressing on them very small velocities. 

As these displacements and velocities must be compatible with 
the connexions of the points of the system, they are not the! 
initial values of the coordinates a:, y, &c., and of their first \ 
doc du m 

differential coefficients &c., which are given arbitra^^^ ^ 

I 

7 'ily in each case, but solely the initial values of the inde- ■ 
pendent unknown quantities u, w, &iC., and of their firstj 


differential coefficients &c. 

ut (Jit dc 


a ^' 




Equations (a), in which the second members ai'e sup¬ 
posed to be cipher, may be satisfied by assuming 

K = UN sin (jf — r), 

V = rn' sin — ?'), 

w = RN^'am (tV'p - r)i 
&c. 


(h) 


11 and r being arbitrary constants, the second of which may 
be supposed to be positive and leas than tt, and n, n^, n", 
&c., denote constants which we shall have to determine- The 
substitution of these values of ie, u, to, &c., in equations (a), 
will evidently give a number of equations equal to w, and of 
the following form(?i), 
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(dn + fiN'+ rN"+&c.)pr:GN + hn^+ kn"+ &c. 

If between these equations w — 1 of the quantities n,n',n^', 
&c., be eliminated, the quantity will disappear at the same 
tim^ and we shall have, in order to determine p, an equation 
of the 7^^ degree, which we^shall denote by 

A = 0. 


Moreover, the values of the w — 1 quantities n, n', n", &c., 
for example, of n', n", &c., which are obtained from these 
same equations, whj. be rational ftmctions of the degree w, 
with respect to p, having a common denominator, and all 
multiplied by the quantity n, which remains undetermined- 
|If this be made equal to the common denominator, the n 
I quantities n, n', n", &c., will be symmetrically expressed by 
Ipolynomials of the degree n/i'elatively to p. Now, in con¬ 
sequence of the linear form of equations (a), they may be 
satisfied not only by the preceding values of % w?, &c., re¬ 
lative to such a root as we please of equation a = 0 , but also 
by taking for w, to, Src., the sums of all these particular 
values, in which the constants n and r will be changed at 
the same time as the root of a = 0 , Therefore, if p, pi, pa? 
Sec., be the roots of this equation, and if n, Ni,Na, Sec., de¬ 
note the corresponding values of n; n^, n/, Nj', &c., those of 
N^, &c.; equations (a) may be satisfied by means of 


w = RN sin {i /p—?■) + RiN] sin {t rO + &c., 

i) = RN'8in(iV^—r)-l-R,Ni'sin(^V^p^-ri) + &c., 
to = nN"Bin(i V^p — r) + ii;N/'8in(^ l/p, - r,)+&c., 
&c., 


(^0 


in which n, Hi, Ra, &c., r, ri, Sec., are arbitrary constants, 
and as the number of them is 2n, it follows that these formulro 
^ (c) will be the n complete integrals of equations (n), each of 
which is of the second order. 

In each case, the values of R^osr, RjCOBri, &c,, ii sin r, 
^ Hi sin rj, &c. can^he deteinuned by means of the given valucfc 
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of the 2n quantities w, &c., ^5 &c., when t r: < 


As all these values are supposed to be very small, those of 
&c., will be bo likewise; consequently, if p, pi, paj &c., 
the roots of the equation ^ = 0 , are all real and positive, the 
values of w, v, m?, &c., in functions of will be periodic, and\l 
will continue very small, as has been supposed, during the ^ i 
entire continuance of the motion. But, if one or more of' 
these roots are imaginary, or negative, the terms which cor-' 'r,. 
respond to them in equations ( 8 ), will be changed, by known 
formula, into exponentials, and will increase indefinitely; con¬ 
sequently, however small the values of m, t), w, &c., may have 
been at the commencement of the motion, they will eventually 
cease to be so, so that formulss (c) will no longer represent 
approximate values of these unknown quantities, except for 
very inconsiderable intervals of time. In the first case, 
which we propose to examine particularly, the state of equi¬ 
librium, from which the system has been made to deviate a 
little, is one of stability; in the second case, this equilibrium 
is instable, at least relatively to tho primitive derangements, 
for which the coefficients R, Ri, 1I2, &c., of the terms that are 
not periodic, are not equal to cipher. 

647. When all the coefficients n, Ri, Ra, &c., are cipher, 
except, for example, the first, formultB (c) become reduced to 
formulro (b). Therefore, if^ and Jg, ]/ 

&C .3 be always neglected, we shall have simply (No. 544), 


X =. p + (an -I- 6n'+ cn''+ &c.)R.sin(^\/p — r), 

?/ = Pi + (CTiN + &iN^+CiN''+&C-)R.Bin(<V^ p — ?'), 

2 = Pa + (^‘ 2 ^ + 6 ‘ 2 ^^+CaN'^+&c.)R.Bin(^\/p — r), 
ai'=p' + («'n+ c'N"-^-&c.)R.Biu(^\/p — ?•), 

2^'—Pi'+ ( 6 {/n + Z//n'+ CiV'+&c.)R.Bin(^\/ p — 7-), 
s'r:pa'+(^ia'N+/7/N'-i-6‘a'N" + &c.)a.Bin(itV^p - 7-), 

&c. 
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As the first terms p^pi^ &c., and also the coefficionta of 
the second terms are constant, it follows, that in this case, all 
the points of the system, will perform, in the direction of each 
of their coordinates, oscillations wliich will be isoclironous 
and of a constant amplitude, the common duration for all 
these moveables, and in all possible directions, will be equal to 


-^(o). The relations which will exist between the oinpli- 

Vp 

tudes for two different points, or two different directions, will 
be determinable, and will depend on the nature of the system, 
and on p the ro ot of the equation^ a = 0 . As their absolute 
magnitude depends on the factor r, it will be arbitrary, and can 
not influence the duration of the oscillations. AU the move¬ 
ables will return at the some time to their position of equi¬ 
librium, which answers, by hypothesis (No. 646) tott= 0 , 

7 ? = 0 , = 0 , &c., or to a; = p, y = pj, &c.; the first return 

i will take place after the lapse of an interval t = — 7 =, which 

^ . .... 

win depend, as also n, on their primitive derangement. 

If a system of material points, in which the connexion 
of these points allows a number n of independent vari¬ 
ables, be deranged veiy little from the state of equilibrium, 
it may assume a number n of motions similar to the pre¬ 
ceding, which correspond to the n roots of the equation a = 0. 
Moreover, m virtue of formules (c), and of the corresponding 
ydu^ of the coordinates a;, &c., aU these small motions, or 

^ certmn number of them, may have place at the same 
time in this system; and conversely, whatever the initial de¬ 
rangement may be, the motion of each of these points can be 
always resolved in directions parallel to each axis of the coor¬ 
dinates, into a number >i, or less than w, of simple oscillations 
(like those which respect equations (d)), the independent 

Stt 

durations of tlie initial derangement of which will be —=■, 
When all these durations are commen- 


Stt 






pa 
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siirable, the entire system will revert to the same state, after 
the lapse of each interval equal to thejongests this is what, 
for example, obtains in the motion of vibrating ^ 

has not place in the transversal motion of plagtic rq^ (Nos. 
490 and 626). 

It is in this general theorem, that the principle qfthe co- ^ 
existence of small oscillations consists. It likewise obtains 
when the number of points w", &c., of the system 

is infinite; and the number of simple oscillations which 
are then possible mayJbe also jnfinite; but notwithstand¬ 
ing this, both their durations and the relations wliich exist 
between their amplitudes are still determinable quantities* 
Thus, in the transversal motion of a stretched chord, thei ^ 
length, the weight, and the tension of which are denoted byj 
0 ), respectively, and the gravity by the durations ofj 
the simple oscillations can be no otlier than the quantity! 


I'/H 


and its submultiples; and by formula (d) of No. 489,! 


the amplitudes of the oscillation which corresponds to any. 

Bubmultiple «, ai*e to each other in the ratio of sin.^^ toi 

/ * [ 
sin.^^, for those points of the chord, of which x and £c' de| 

note the distances from one of its ex trend tieB(jD). 

648. When the points wi, ?»', &c., oscillate in a resist¬ 

ing medium, x, v, &c., the components of the forces wldch 

solicit them, will contain in their expressions, &c., the 

Cw £06 

components of the velocities of these moveables. If the 
resistance of the medium be proportional to the square, or to^ 
a higher power of the velocity, it will not influence the mo¬ 
tion of the system, at the degree of approximation to which 

* ■ 

■we have restricted ouraelves, since the terms 

which result from it, in the expressions of x, y, &c., are of 
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the same order of Braallness as the quantities which have been 
neglected. But if the motions of the points wa", Sc., 

are not very rapid^ tlien we should suppose, as in the case of 
very small osdllations of a simple pendulum, that the resist¬ 
ance is proportional to the first power of the velocity; this 
supposition will introduce into the expressions x, y, &c., and 
hy consequence, into equations (a), terms multiplied by 

dx dy dz . -, _ _ _ _ , 

^5 -^9 occ., which ought not to be neglected. 

These equations which we shall denote by (e), will then 
be of the form 


(Pu ^ cPw , cPw , - 

+ QU + Hi) + KW + &C., 

,du , ,dv , ,dw , „ 




d', b', f', &c., being likewise constant coefficients, which will 
be proportional to the density of the medium, and, for the most 
piul;, extremely small relatively to tliose which occur in the 
first member. Now this system of equations may be satisfied 
by means of fonnulffi (b) multiplied by exponentials, that is 
to say, by assuming 

^ tt == RN sin (t\/p — r) 

V zz iiN'sin {t\/p — r) 
w zz nN"sin(i V' p^r) 

&G.; 

in which uj, <u', w'', &c. are very small constant quantities, and c 
denotes, as usual, the base of theNaperion system of logarithms. 
The squares and products of these unknown quantities, and 
of the coefficients d', e', f', &c., are supposed to be neglected, 
and as the values of w, v, to, &c., already satisfy equations (c) 
if their second number he cipher, when the exponentials arc 


(0 
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not taken into account, their substitution in equations (e), 
will furnish a number w of equations of the form 

2DNa) + 2ENV4-2rN'V'=—( d'n 4 -b'n' + &c.), 

by means of which the values of the n unknown quantities 
w, 0 )', w", &c., can be obtained( 5 '). 

Since tlie effect of the resistance of a medium is to dimi¬ 
nish gradually the amplitudes of the oscillations, these values 
will be positive. This diminution wUl be more or less rapid 
for the different independent variables w, t?, w, &c.; it will 
also depend on p the root of the equation a = 0, which occurs 
in the values of n, n', n'', &c. ; so that the amplitudes of tlie 
simple oscillations of which the system is susceptible, will not 
all decrease with the same rapidity. However, the resistance 
of the medium will not otherwise have any influence on the 
duration of each of these oscillations, which will be alwa 3 r 8 

2 TT 

—^ for that which corresponds to the root p- By talcing 

y p 

the sums of formulae (f), relative to all the roots of the equation 
A = 0, we shall have, as before, the most general values of 
&c. 

549. It results from the principle of No. 647, that if the 
points of the system are so connected togcthei’, that there re¬ 
mains only one independent variable, they can perform only 
one species of oscillations, for which the duration and re¬ 
lations between the amplitudes in the cose of the several 
moveables, will depend on the forces that solicit them, and 
on the nature of the system. This case will obtain, for ex- \ 
ample, in the modou of two material points m and attached | 
the one to the other by a thread of a constant length, and 
constrained to move on given curves. 

If, on the contrary, the points wi, m\ &c., arc not con¬ 
nected together, nor constrained to remain on given surfaces or 
curves, a circumstance that_docs not prevent them from being 
subjected to their mutual attractions or repulsions, and to other 
similar forces diioeti^d towards fixed ix)ints, idl tlieir cooi'di- 

VOL, II. 2 
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nates will he independent variables; and in this case, which 
^ is in some measure the inverae of the preceding, the number of 
^ simple oscUladons which may have place, will be triple of that 
of these material point8(r). This is what in fact obtains in 
'' the problem of No, 534, relative to the very slight motion of 
; a point fn, considered as entirely &ee, and subjected to die 
^ action of forces directed towards four fixed points. 

For another example of the application of the preceding 
principle, let us consider the small oscillations of a heavy 
material point such as on the surikco of an ellipsoid, one 
of whose axes is vertical. Let 2 c denote the length of this 
axis, 2a and 26 those of the two horizontal axes, and, con¬ 
sequently, 

a* ^ + c* “ ’ 

is the equation of the surface, the origin of the coordinates 
being at its centre. If this origin be transferred to the lowest 
point, and if the postive zs he supposed to be directed upwards, 
c — z should be substituted in place of z in this equation. 
As the oscillations of the moveable on each side of this inferior 
point are supposed to be very small, the horizontal abscissm 
a? and y will be so likewise, and its vertical ordinate will bo 
very small relatively to Therefore, if after the sub¬ 

stitution of c — zia place of ar, the square of z he neglected, 
we shall have(5) 

ca? . cy^ 

and if h and k denote the radii of curvature of the two prin¬ 
cipal sections of the surface, with respect to the lowest point, 
where ar = 0, y ^ 0, we shall have, 



This being established, as in this question there are only 
two independent variables, namely x and y, the moveable can 
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only perform two sorts of simple osoillations; and its most 
general motion will result from the coexistence of these two ^ 
particular motions. Now, if the moveahle be made to move 
from the lowest point of the ellipsoid, by impressing on it, in 
the section of which the horizontal axis is 2a, a velocity di¬ 
rected in the plane of this section, it is evident, that it will 
not deviate from it during its entii*e motion- Therefore, if 
the force of ginvity be as usual denoted by the duration of 


these small oscillations will be then 27 r 



like to that of 


the simple pendulum, the length of which is h (No- 183); and, 
at any instant whatever, wc shall have 


a; = n sin 



y = 0; 


4 


u and r being as before, two arbitrary constants. In the 
case, in which the small oscillations are performed in the 
phme of the section whose horizontal axis is 24, their dura- 


o’ 

* = 0, y = ii'sin {t 


tion wouldbe 27 r K “s and wo should have, at any instant 
whatever, 


ii' and being also arbitrary constants. Consequently, die 
most general values of oo and of y will be the sums of these par¬ 
ticular values, that is to say, 



y = ii'sin f 


In order to determine the four arbitrary constants, ii, n^, 
r, r^, let us suppose that at the commencement of tlio motion. 
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then there results from this, 

u sin r n' sin r' = — g, 

‘ n'ces/^ g'V^S 


H cos r: 


g’ * 9 

hence, by substituting for the values of h and A, wo shall 
have, at any instant whatever(^), 

Vgc 


X =/> cos^- 


pa , .Vgc 
==z.Bin^— 
a 


^Vge , g'b . qc 
y socosf— ~ + sin<— 

® V gc * 

In the cose of a = 5 = c, these formulee ought to coincide 
with those of No. 20^, by making, os in them, 

x^aQ cos i/f, y = ad sin yfj. 

In &ct, they then become, 

ad cos t/( = p cos t + p' ^ - sin t » 

a g a 

ad sin = g cos t A/l m a* sin t ; 

a g a 

but in this number we have supposed 

fl = a, i/i = 0, ^ = 0) aB^ — ^y/ga, 

when ^ = 0; this requires that we should assume 
p=aa, p'=^0, gr = 0, g' = (5\/^; 
there will consequently result(««) 

d cos i/; = a COB d sin t// =: j3 sin ; 


hence we obtain 
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= i(a“+ /3*) + i(a*- /3») cos2< 


o tang ^ (3 tang t 


v/i, 



as in the number already cited(?)). 
i650i Let us suppose generally, that 


M = u, u = V, =5 w, &c., 


are the values of the independent variables at an?/ instant 
wUateoer^ when 


M = Mi, 

11 

du 

dv 

Tr^'> 



tt? = Wi, &c., 
dv) 


at the commencement of the motion; likewise let us suppose 
that we have at any instant whatever, 

tt == V = v', w = w', &c., 


when 


u =: «/, V r: v/, w r; w/, &c., 




dif 


dt 


for ^ = 0; and so on. Then, at the end of any time wliat- 
ever, we shall have 


w = u + u'+ + &c., 

U = V + V' + + &C-J 

w=:w + w'+W"+ &c., 

&Cp, 


(ff) 


when we auppose tMt at the coounencent of the motioii) 

M = ttl + Ml' + Ml" + &c,, 
t) =: Ml + Ml' + Ml" + &c., 

W = Wi + Wi' + Wi" + &c., 

&c., 
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^ = K, + m/ + m/' + &c., 

do 

— z=v, + v/+ V," + &c., 
dw 

= tv, + w, + w," + &c., 

&c. 

In fact, it is evident, from the initial values which have 
been supposed in the first instance, to have been given to 
„ du dv dw 

u, V, w, &c., —, —, &c., that formulte (g) wiU satisfy 

J' these last equations, when i = 0; moreover, as by hypothesis, 
the paiticulax values of «, v, w, &c., satisfy the differential 
equations of the motion, their sums, or formulte (g), will also 
satisfy them, since these equations are linear, and contain no 
terms independent of the unknown u, v, w, &c. (No. 64G) ; 
formulte (g) will therefore satisfy all the conditions of the 
question, and will, eonseqnently, be the values of the un¬ 
known at any instant whatever. 

i This general theorem may be denominated the 

ciple qf the superimposition of small motions. We should 
talte care not to confound it with that of the coexistence of 
small oscillations; it is independent of the particular laws of 
the sm^ motions that have been considered, and results solely 
from this, that the displacemenls and velocities of the move- 
ables are treated as infinitely small quantities, since their 
products and all powers superior to the first are neglected. 

It is in virtue of this principle, that sonorous waves which 
issue from different points are propagated and superimposed in 
the air, without producing any modification in each other; so 
that at each instant the displacement and velocity of a mole¬ 
cule of the air in any direction whatever, ai-e the sums of the 
displacements and velocities which would belong to all these 
waves separately considered; which circumstance enables us to 
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hear distinctly, and without confiiBion, several sounds produced, 
by different sonorous bodies. Simultaneous sounds may also re¬ 
sult from the coexistence of small oscillations in the same sono¬ 
rous body. Thus, for example, when a stretched cord performs, 
at the same time, isochronous oscillations which correspond 
to its entire length, and also oscillations which correspond to 
the third of this length, the motion of the air is precisely the 
same, os if two cords, whose lengths were as one to three, 
performed simultaneously the slowest vibrations of which they 
are susceptible; and, the fundamental tone of the given cord, 
and another more elevated tone, which is the JiJlh of the up¬ 
per is heard at the same time. This is also the rea¬ 

son why die sounds produced by the longitudinal vibrations 
and by the transversal vibrations which have place at the same 
time, in the same stretched cord, or in the same elastic rod, 
are heard distinctly. 

In consequence of the same principle, the waves produced 
in several points of the surface of water, ai’e simultaneously 
propagated round about from these diflTcrent centres, and may 
cross in all directions on this surface, witliout modifying one 
anotlier, so that at any instant whatever, the elevation of the 
water at each point will be the sum of the positive or negative 
elevations which would have place in virtue of all these waves 
separately considered. 

The explanation which is given of the phenomenon of 
interferences in the theory of luminous undulations, is also 
founded on tlie principle of the superimposition of small mo¬ 
tions, which, it may be observed, is susceptible of numerous 
applications. 

In order to complete it, we may add, that if forces emor-j p / 
nating from moveable centres, act on the points of the system, 
the second members of equations (a) of their small motions ^ 
(No. 546), will be linear functions of the components of these 
given forces. The same will be the case with respect to tlie 
complete integrals of these same differential equations; hence 
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it follows, that the parte ofv, &c., independent of the 
initial state of the system, and consequently, the similar parts 
of the coordinates of the moveables, will be tlie sums of the 
values which they would have, if the given forces acted sepa¬ 
rately. Thus, for example,, in the phenomenon of the tides, 

I the total elevation of the sea at each point, and at each instant, 
j is the sum of the devations which would be produced by the 
I separate actions of the sun and moon; and this is the reason 
1 why, every thing else being considered as equal, the height of 
! the tides is greatest in the syzygies, and least in the quo- 
I dratures. 

II. Principles of the Conservationof the Motion of the Centre 
qf Grmity^ and of the CoThsei^vation of Areas. 

552, Since the motion of the centre of gravity of a system 
entirely free is the same as if the masses of all the moyenbles 
being united in it, their motive forces were transferred to it 
parallel to their respective directions, it follows that the given 
^ forces, whose components paiaUel to each ordinate oi'e equal 
and contrary, will not occur in the differential equations of this 
motion. Now, this case is that of the motive forces arising 
from the mutual actions of the points of the system, in virtue 
of the general law of action equal to reaction^ which is always 
ohseroed in nature, as we now proceed to explain. 

If a material point situated at m acts on another point 
situated at and impresses on it, or tends to impress on it, in 
an instant, an infinitely small quantity of motion which we 
shall denote by /i, it is invariably observed, 

Ist. That this action is directed along the line drawn from 
the point m' towards the point m, or along its production be¬ 
yond m'. 

2ndly. That at the same time the point situated at m', re¬ 
acts on the point situated at m, along the line drawn from m 
towards m', or along its production beyond M. 
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Srdly. That this reaction communicatos, or tends to com¬ 
municate to the point situated at m, a quantity of motion pre¬ 
cisely equal to fx{x). 

The mutual action between these two material points is 
termed attraction or repulsion, according as it tends to in¬ 
crease or diminish the distance !mm' ; if they are entirely free, 
and if their mosses are represented by m and wz', the velo¬ 
cities by which they will be respectively actuated will bo 

, that is to savs in the inverse ratio of their masses, and 
mm! ^ 

the quantities by which they approach to or recede from each^ 
other, in an infinitely small portion of time, will be equal to ] 
these velocities multiplied by the half of this time (No. 114)(a;). I 
Moreover, the quantity fx will either depend on the nature of 
the bodies to which m and m' belong, or be independent of 
them, and proportional to mm' the product of tliese mosses 
(No. 241), as in the cose of universal attraction (y). 

The first of the three propositions which have been now 
stated, may be considei'ed as sclf-evidciU ] for when the 
quantities of matter m and m' are reduced, to infinitely small 
dimensions, and placed at a finite distance from each other, 
there is no reason why the action of one of these points on the 
other should be exercised on one side of the line which joins 
them, and about which every thing is similar, rather than on 
the other; but with respect to the two other propositions, they 
con only be considered by us as the results of experiment, 
generalized indeed by induction, and confirmed by all the 
consequences which have been obtained from them. In 
fact, it cannot be considered, d priori^ as impossible for a 
material point tn to act on another without the latter 
reacting on the first, in an opposite direction with equal in¬ 
tensity* Thus, the principle of reaction equal and contrary to 
action may be admitted as a general law of nature, which is 
established by observation, in like manner as the law of 

VOL. II. 3 A 
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universal attraction, in the inverse ratio of tlic square of tlio 
ilistaiicG. 

553. This being established, if all the material points of a 
I system entirely free are only subject to their mutual actions, 
/these motive forces, transferred to the centre of gravity of tlie 
I system, will destroy each other, two by two, consequently, the 
I motion of this system will be rectilinear and uniform, and will 
{Constantly preserve its initial velocity and direction; lionce 
this theorem has been denominated the principle of the con- 

fj 1 

Iv.'' servation of the motion of the cent)'e of gravity. 

This motion is not altered by the impact of bodies, what¬ 
ever may be their degree of elnat^ty (No. 541) ; and, in fact, 
jthe phenomenon of the impact is produced, as has been 
! already stated (No. 499), by the mutual actions of the mole¬ 
cules of the strildng and struck body, which actions are 
>^ , exerted at distances, which, altliough insensible, arc of a finite 

^ / magnitude, and for wlaich the law of reaction, equal and con- 
[trary to action, must have place. For the samo reason, if the 
parts of a solid body in motion are separated by any internal 
explosion, the direction and velocity of the centre of gravity 
of all its parts after the explosion, will be the same as the di¬ 
rection and velocity of tlie centre of gravity, which have place 
previously to this event. In general, the sudden changes of 
velocity which accompany these impacts or explosions arc the 
effects of the mutual actions of the molecules; when the mo¬ 
lecules approach to or recede from each other, those forces vary 
in veiy high ratios, and they, consequently, cause the velocities 
of the bodies to vary also considerably, during very short in¬ 
tervals of time. 

, The principle in question is independent of the connexion 
of the points of the system, p ig yided that none of them is either 
I attache d to other uoints foreign fr ^om the system that is coii- 
{sidered, n or constrained to move on a fijoed or moveable 
! curve or surfece. Conditions of tliia kind, when they exist, 
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f^ivc rifle to forces which should be transferred to the centre ot 
grnvityj and which may cause its velocity to vary. This willi 
be also the case, when there are forces applied to the points or 
the system, which do not arise from their mutual actions; andj( i ^ 
in this case, the mutual actions influence indi^jjtiy the! ‘ 
motion of the centre of gravity, by diminishing or increasing',/ 
the distances of the points of the system from the fixed or 
moveable points from which tlie foreign forces emanate, and, 
consequently, changing their intensities. 

The inertia of a material point consists in this, that it 
cannot excite any motion in itself, nor in any way modify the 
motion which it has received, without the aid of forces ema¬ 
nating from other points; in like manner, tlm inertia of a' 
system of bodies consists in this, that the mutual action of its 1 jj 
ports can neither produce nor modify the motion of its centre ' 
of gravity, without the intervention of points against which ' 
the moveables are pressed, or of foreign forces. Hence, the 
motion of die centre of gravity of the sun, the planets, the 
satellites, and comets, must be untfoim and rectilinear in space, 
when the action that the fixed stars exert on all these bodies, 
and the resistance of the medium in wluch they move, if any 
such exists, is not taken into account. 

The manner in which tlie difierent ports of a muscle act on 
each other, in oixler to produce its motions, is unknown to us; 
and perhaps we shall be for ever ignorant of the means by which 
the will puts these parts, that are of a difierent nature, in tlie re¬ 
spective dispositions which are required, in order that they may 
actually produce their mutual attractions or repulsions; what¬ 
ever it may be, it cannot be doubted but that these actions are 
subjected to the law of reciprocity, like to all other natural 
forces; hence it follows, that an animal, in whatever manner^ 
it exerts itself, can never, by the mere act of volition, displace 
its centre of gravity, without the intovention of an oxtorior 
Ijoin^ f^ainst which it may press. A man or any other animal 
may cause their centre of gravity to rise or fall vertically, l)y 
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uretmg againrt the earth; they may oIbo eauao it to lulvnnoe 
horixontally by the aid of friction against its sur&ce; but their 
locomotion would be impossible on a perfectly polished plniie, 
wnrhiahTthls resistance would be entirely insonsiblo. lu t o 
flight of birds, it is the centre of gravity of Ihe nnimia luul of 
the entire mass of the air that it puts in motion, that romi ns 
constantiy at rest, and in a vacuo, it would be unable to 
displace its proper centre of gravity, whatever might bo lo 
rapidity with which it moved its wings- 

Neidier can it bo doubted, but that Imponderable fluids arc 
subject to the law of reaction equal and contrary to action, 
and that consequently, the principle of the conservafaon of the 
motion of the centre of gravity which follows iinmocllately 
from it, must likewise be observed in their motions ns in that 
of all other substsnees, from which they differ only in tlicir 
extreme tenuity- Thus, when electricity, heat, and light ouia- 
nate from one side of a moveable, this body should recede in u 
contrary directian, in order that the centre of gravity ot tho 
entire system may remain at rest; but the quantity of mo¬ 
tion by which it will be actuated will not be appreciable by 
the senses, unless that of the Imponderable fluid is so likewise, 
notwithstanding the extreme amaUness of its mass, and it will 
be proportional to the magnitude of its velocity. This oau 
only be decided by means of very delioate experiments. 

IIL Conservation qfthe Motion qf notation^ 

U4. It has been demonstrated that the forces arising fWim 
the mutual action of the points m, &c., of a systom oH" 

tirely free, do not occur in equation (7) of their motion of 
translation; it may be likewise shown that they disappear from 
» / the equafloDs of its motion of rotation about tho origiii of tho 
coordinates (Nos. 538 and 539). 

In fact, letT be the force arising from the mutual action 
of M and which is the same for these two material points. 
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and directed, if tlie force be attractive, from wi towai’ds m' for 
the point m, and from m' towards m for the point If the 
distance of these two points be denoted by p, the cosines of the 
angles which the line mm^ makes with lines, drawn parallel to 
the axes of a;, through the point w, will be 

a?'— X —z ^ 

> J 9 

P P 

hence then, relatively to the force f, 


„y,J£r‘X, 

..p p p 

will be the components of the motive force of m ; in tlic same 
manner we shall find 


= „v=(?=:2l, 

_ P P 

for the components of the motive force of m', aidsing from tliia 
force F. Now, it is evident from these values, that 

m(£CT—yx) + y'x')= 0, 

«i(srx-'j:z) + 7n'(z'x'—flj'z') = 0, 
ni(yZ"-jzfy) + z'y') = 0; 

consequently, the terms arising from the mutual action of the 
points of the system mutually destroy each other, two by two, 
in the second members of equation (9) of No. 639. 

If therefore no other motive forces act on the points 
&o., the motion of rotation of the system about the 
oiigin of the coordinates, will arise solely fi^om the initial velo¬ 
cities impressed on these points; so that unless there be some 
extraneous forces acting on the system, or some points against 
whidi the moveables press, taken without it, the sole mutual 
action of its parts can neither produce any motion of transla¬ 
tion or of rotation common to all its points^ or in any degree 
modify that which it has primitively received. 
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656. The second membei’s of equations (9) will be like¬ 
wise zero, when the points of the system, besides their mutual 
actions, are also solicited by forces directed towards the origin 
of the coordinates; for wx, WY, 7??z, the components of such a 
force applied to the pointj?!, are to each other as .r, y, the 
coordinates of this point, consequently we have 

XY = yXa zx = .TZ, yz =: zY ; 


and the term which arises from it disappears from each of equa¬ 
tions (9)- 

Thus, in every system entirely free, or which contains only 
one fixed point, and whose points &c., arc only 

subject to their mutual actions, and to forces directed towards 
tliw fixed point, when tliis point is taken for the origin of the 
coordinates, we shall have 




(Pa^\ 

1 = 0, 




(' tf a: 

(Pz\ 

1 = 0, 




2 m( 






1 = 0. 


It there is no fixed point in the system, and if the move- 
nblcs are only subject to their mutual actions, we can assume 
liny point we please, for the origin of the coordinates; and as 
in this same case, equations (7) of No. 638, become 


_ cPa3 /. „ ^ (Pz 

^”^=0, S>»J=0, s»3^=o, 


(!>) 


I it follows that we can assume for this origin, a point which has 
i ^ lUUfojm and rec^inear motion in space. 

In fact, if the coordinates of this moveable point be de¬ 
noted by a, )3, 7 , we shall have 
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and if the origin of the coordinates be transferred to it, wo 
should malce 

X = a + X„ = |3 + Z = y + Z„ 
relatively to m any point whatever; now by aubstituting these 
values in the first equation (a), it can bo made to assume the 
fonn(K) 

+ aS».g-ps.«5=0i 

which, in^onseg^uencc of the preceding equations, will be re¬ 
duced to 

and in like manner the two other equations (a) will become ’ 

when the origin of tlie coordinates is transfer!ed to a point, 
the motion of which is uniform and roctiliiioar. 

As in the caac in question, the motion of the centre of 
gravity of the system is uniform and rectilinear (No. 663), it 
follows, tliat when this centre is taken for the origin of the 
coordinates, equations (a) should obtain. 

660. Since 

^dx\ 
dz\ 

Tt)^ 

^y\. 

dt^’ 

if equations (a) be multiplied by dt, and then integrated, 
there results 


<Py 

(Px . 

< dy ( 

^ dt 



(H^x 

d^z 

^ dz i 

nf _ , 

“ dt 

1 

II 

- X- 

< dt 


u 

f dz 

^ dt 






3G8 


consbuvation or the motion or rotation. 


*!)=''> 

c, c\ d\ denoting the arbitrary constants introduced by the in¬ 
tegration ; it appears from these equations, that in the mo¬ 
tion of a system entirely free, in which the moveables are only 
subject to their mutual actions, or to the actions of forces di¬ 
rected towards a fixed centre; the moments of the quantities 
of motion of all Ae points of the system, with respect to three 
rectangular axeSj, that, intersect in this point, and conse- 
.quently, with respect to any other right line drawn through 
jthis point, are constant quantities. The value of these mo- 
^ments will not be changed in the impact of the bodies of a 
system, or when an explosion takes place in one or more of 
Ithem, for the forces which produce these phenomena, are the 
|niutual actions of their molecules i this agrees with the result 
of No. 541. 

It results from the preceding number, that if there are 
no forces directed to a fixed point, this theorem also obtains, 
with respect to any axis whatever, which moves parall el to 
itself, and p asses constantly through the centre of gravity of 
^ the system, or more ff^ Pgg^jjy^hrough any point the motion 
of .which is uniform and rec^near. Likewise it follows from 
equations (b), that m this same case, the sums of the quan-^ 
tides of modon of all the points of the system estimated in the 
direction of three rectangular coordinates, and consequently, 
in any direction whatever, are also constant quantities; this 
' jtheorem may he regarded as contained in that which refers to 
ithe moments of these forces, the centre of the moments, and 
ai Ithe origin of the coordinates being supposed to be infinitely 
Idistont. 
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667. The values of the constants c, o', will depend on 
the direction of the rectangular axes which are taken for those 
of the coordinates; hut if we make 


c* + + c''® = 7®, 


the quantity y will be not only independent of but also of\ 
this direction; for it expresses Hie principal moment of a sys-' 
tern of forces (No, 281), the value of which does not depend^ 
on the arbitrary direction of the lines along which those forces 
are decomposed. Hence, when there is no fixed point in the 
system, the value of y will be the same when it is computed 
at two different epochs of the motion, the centre of gravity ^ 
being token for the origin of the coordinates, whatever may 
be otherwise their direction, whether the same or different, at 
these two epochs. In these calculations, it is the relative 
positions and velocides of the moveables at the gpven epochs 
that are employed, namely, ar, y,the perpendiculars let fall 
from each point m on three rectangular planes drawn arbitrarily 

through the centre of gravity, and ^5 the differences 


between the components of the velocity of w, parallel to 
their intersections, and the components of the velocity of the 
centre of gravity in the same directions. Even If one or more 
impact or explosion of the bodies of the system should take 
place in the interval between the two epochs for which the 
value of y has been calculated, this value will not be changed, 
^rovid^ tliat in the case of an explosion, all the parts of the 
broken body are talcen into account, in the calculation made 
at the second epoch. It follows, therefore, if this value of yt,,; 
is not the same at the second, as it was at the first epoch, ‘ 
that in the interval, foreign forces have acted on the move¬ 
ables, or other bodies which do not constitute a part of the 
system, have impinged on them. 

If a, be the angles which the axis of the principal 
voii. n. 3 B 
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moment makes, with the axes of .r, y, s, whose origin is at tlio 
centre of gravity, we shall have (No. 281) 

c 

cos a == “, COB a = - , cob a" =; 

7 7 7 

]ionce, if these axes are constantly pni*allel to thcmselveB, 
the quantities c, o', *will not undergo any change, and the 
direction of the axis of the principal moment will he also in¬ 
variable, as well ns the magnitude of its principal moment* 
The some thing has place with respect to a fixed point, when 
there is one in the system, and the origin of the coordinntca 
18 placed in it; this has been already observed in No. 416, 
relatively to a solid body. 

668 . It is important to observe, that the terms arising 
from the mutual action of the bodies composing the system 
/ disappeoj* in the second members of equations (9) of No. 539,’ 
j- even when the intensity of this action varies with the time, 
f independently of the distance, that is to say, when the com¬ 
ponents of tins force contain the time i explicitly. Equations 
(c), and, consequently, the invariability of the principal mo- 
'ment, and of the direction of its axis, therefore, has still place 
, in this case, which occurs, for example, when the points of the 
' system lose, under a radiating form, a part of their proper heat, 
a circiunstance that diminishes, at equal distances, the intensity 
of their mutual action. Thus, if the action of the sun and moon 
on the mass of the earth is not taken into account, and if we 
suppose that our planet; was formerly in a gaseous state, and 
then that it became solid by the efiect of cooling, without 
losing any part of its ponderable matter, we may be aasurod, 
that in this transformation, neither the magnitude nor axis of 
direction of the principal moment of the quantities of motion 
of oil its points, undergo any change. This axis becomes tliafc 
of the figure of the earth about which it now turns; and it is 
easy to perceive (No. 386) that in this motion 

^ * 7 =: 
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is tho voluG of tho principal moment; w being tbe angular 
velocity of rotation, m tlie mass, and mA’** the moment of 
inertia with respect to the axis of figure. If tho cooling ofi 
the earth is still going on, and if, in consequence, its radius' 
diminishes, the value of k will diminish in tho same ratio; 
and since the quantity y is constant, the value of w will in¬ 
crease in the inverse ratio of the square of A, and the duration 
of the day will decrease proportionably to the square of the 
radius. A diminution, arising from this cause, of a ten mil- 
lioneth part in the duration of the day, would imply a de¬ 
crease of a twenty millioneth part in the length of the radius;, 
and as we are certain, that for the lost 2500 years, the day\ 
has not experienced this diminution (No. 443), it follows that 
the mean radius of the earth has not veiried a twenty mil- 
lioneth, or three metres very nearly in this long interval of; 
time, by the effect of cooling, if the mean tempei'ature of the' 
eortli has not yet attained to a permanent state. 

No change can arise in the quantity y from earthquakes, 
volcanic explosions, the blowing of tbe winds against its sur¬ 
face, or the friction and pressure of tbe sea on tbe solid ports 
of the terrestrial spheriod, for all these phenomena are coses of 
die mutual actions of the parts of the system; and as the dis¬ 
placements of these parts, which tokc place under all these 
cii’cumstances, are not considerable enough to produce any 
sensible change in the value of A, these different causes will 
not produce any appreciable alteration in the rapidity of cn the 
earth’s velocity, or in the duration of the day. 

569. The theorems which have been deduced from equa¬ 
tions (c) may be also stated in another manner. 

For this purpose, it may be observed, that tho formula. 
^ {cedy — ydo^ expresses the area described during the instant 
dt^ or the differential of the area described during the time by 
the radius vector of the projection of the point 7», on the plane 1 
of tho axes of x and reckoning from the axis of the positive I 
XH towards the axis of die positive ys (No. 154). In the same I 
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mannerj \(zdx^xdz) is the differential of the area desenbod 
by the radius vector of the projection of the same point on 
the plane of the axes of z and or, reckoning from the axis of fs 
towards the avia of s; and ^(ydz^zdy) expresses the diffo- 
rential of the area described by the radius vector of the pro¬ 
jection of this point on the plane of the axes of y and 
reckoning from the axis of y towai'da the axis of z. 

This being established, the areas should be coiiaiclcrcd os 
positive or negative, according as they oro deacribod in each 
plan^ in the direction indicated above, or in the opposite di¬ 
rection. Let be the sum of the areas described during the 
time t by the radii vectores of the projections of all the points 
of the system on the plane of the axes of a? and y, and multi¬ 
plied respectively by their mosses w, &c. Lot J A' 

denote the sum of the areas described on tlio plane of the axes 
of z and x during the same time, by the radii vcctoi'us of tlio 
projections of these material points, and likewise multiplied by 
their respective masses. Finally, let J X" ho the sum of the 
areas described on the plane of the axes of y and z cliudng tliis 
time by the radii vectores of the projections of these sumo 
points, multiplied also by their mosses. These three sums 
will be functions of the values of which will vanish with this 
vaiiable, and their differentials will be 

i dX = 4 ^m(xdy — ydx)^ 

^ dX' = ^ lLm{zdx — xdz), 

^dX"= J Sw(ydi 2 — zdy)* 

Consequently we shidl have, in virtue of equations (c) 
dX-edt, dk' = c'dt, 
and, by integrating, we obtain 

X = c^, \':=:c% X":=d't, 

Therefore, in the motion of a system entirely free, whose 
points are only subject to their mutual actions, the sum of tlic 
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areas represented by JX, ^X'', are proportional to the 
time in which they are described, and the sums of the areas 
described in the unit of time, retain their initial values during 
the continuance of the motion; the centre of the areas being* 
a fized point, either the centre of gravity of the system, or 
indeed any other point, the motion of which is uniform and 
rectilinear. 

It is in this that the principle qfthe conservation of areas 
consists. It obtains also, when there is a fixed point in 
the system towards which the forces acting on one or more of 
the moveables are directed, provided that this fixed point is 
taken for the centre of the areas; this comprehends the theo¬ 
rem of No. 164 relative to a single material point. 

It may be remarked here, that when the points m, 

&o., turn in the same direction about the centre of areas, os 
the centres of the planets do about the sun, tUs wiU be also 
the case with respect to their projections on the planes of the 
coordinates; so that the signs of all the terms of the sums 
^X, ^XS gX" will be the same: on the contrary, they will 
have different signs, and these sums may be either positive or 
negative, when a part of the moveables turn in one direction, 
and the otlior part in the conti'ary direction, os is the case in 
the motion of the comets about the sun. 

660. Now, let o (fig. 31) be the fixed or moveable centre 
of the areas; 021 , oy^ oz^ the directions of the rectangular 
axes of the coordinates; m and Mj the positions of any point m 
at the end of the times t and if+; i* and p] the projections of 
M and Ml on the plane of the axes of x and y. The triangle 
MOMi will be the plane oi'ea described during the instant dt by 
the radius vector of m, and the triangle poPi will be its pro¬ 
jection on the plane of the axes of x and y, or the area de¬ 
scribed during this instant, by the radius vector of the pro¬ 
jection of m on this plane. The projections of moMi on the 
two other planes of tlie coordinates, will be likewise the areas 
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described by the radii vectores of the projections of w* on those 
planes. 

This will be the case likewise for the areas described in 
space during all the infinitely small portions of by the radii 
I vectores of all the points of the system, and multiplied by their 
masses, or in other words, for aU these areas increased in tho 
[ratio of the masses f», m\ m", &c., to unity. Consequently, 
the quantities i X, J X', ^ X^ considered above, will he the sums 
of the projections of these infinitely small areas on the throe 
planes of the coordinates, and the theorems of No. 276 and 
the following numbers, may be applied to this system of piano 
areas and to their projections. 

Thus, among all the planes which can be made to pass 
through o, there is one on which the sum of the projections 
of the plane areas, respectively affected with the sign which 
results firom the direction of the motion relative to each of 
them, is a maodmum. If the value of this greatest area he 
denoted by |ti, we shall have 

iti® = X“ + V« + X"=*; 

and, if oh be the perpendicular from the centre o to tliis plane, 
by making 

afOH = j3, you = jS', a?OH = /3", 
we shall have also 

C0S/3=-, 008^'=-, 008/3"=—. 

fx fj. H' 

Now, from the values of X, X', X", given above, it is evi¬ 
dent that these formulae are the same thing as 

cos/3 =: ^5 cob|3'=: ^5 C 083 ''= —; (d) 

c'l ef\ 7 being the some constants as before- Hence it ap¬ 
pears that tile direction of the plane of the greatest area will 
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Tcmain constant during the continuance of the motion, and 
that the normal to this plane drawn through the centre of the j 
areas will always coincide with the axis of the principal mo¬ 
ment of the quantities of motion of all the points of the 
system. 

It foUows from this, that in the motion of every system 
entirely free, the material points composing which are only 
subject to their mutual actions, there exists a plane passing 
through tlie centre of gravity, which remains constantly pa¬ 
rallel to itself, and whoso position can be determined at each 
instant, by means of the mosses of all these points, of their co- i 
ordinates referred to the centre of gravity as their origin, an 
of the excess of the components of their velocities over those 
of the velocity of this centre. 

We are indebted to Laplace for this theorem, who has de¬ 
nominated the plane in question the invariable plane, and he 
proposed to make use of it in astronomy, in order to refer to its 
constant direction the variable directions (No. 244) of the 
planes of the planetary orbits. 

661. It is to the plane of the orbit of the earth, and to a 
right line drawn in this plane tlu'ough the centre of the sun,'^ 
and in a direction parallel to the line of the equinoxes, that as-^ 
tronomers refer the positions of the stars, and the directions of 
the planes in which they move. As the true ecliptic and the 
line of the equinoxes are in motion in space, their positions, at 
a given instant, ore determined by comparing them with those 
of the stars; but as the proper motions of the stoi's, which are 
for the most part unknown, may, after* the lapse of several ages, 
lead us into eiTor as to the absolute displacements of the orbit 
of the earth, it is useful, in order to prevent mistakes, to be 
able to assign its true direction at any instant whatever. 

Lot us therefore suppose that the plane of the axes of a? 
and y is the plane of the ecliptic at a given instant, or more 
accurately, a plane parallel to tliat of this ecliptic, and di*awn 
through 0 the centi'e of gravity of the solar system. Tlu'ough 
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the point o (fig. 32), let the axes ox and oy be drawn arbi¬ 
trarily in this plane; and also let the values of the quantities 
c, c" be supposed to be computed by means of the co¬ 
ordinates and the actual velocities of all the points of the solar 
system, refeiTed to the rectangular axes oa?, oy, oz^ and tho 
masses of these points. K oh is the perpendicular to the in¬ 
variable plane of this syatem, and eoe^ the intersection of this 
plane with that of the axes of x and y, then by equations (d) 
we shall have 

COBHO 2 : r:tangEO® = ^5 (®) 

by means of which the direction of the invariable plane rela¬ 
tively to that of the axes of x and y, can be determined. But 
in ordei’ to be able to infer reciprocally, the absolute direction 
j of the plane of tlie ecliptic parallel to that of the axes of x and 
j I y» it is moreover I'equisite that there should exist, on tlie in- 
(}\ : variable plane, a line which remains constantly parallel to 

i itself, and whose direction may he known at each instant. 

^ OK being this line, the angle kox will be known at the epoch 
in question. The angle eok can be deduced from this angle, 
and the angles hoz and bo® ; and the two angles boz and boH 
will completely determine the absolute direction of the plane 
of the ecliptic. 

Now, the existence of the invariable plane in the solai’ sys¬ 
tem, supposes, implicitly, that the action of the stars on tlie 
^ sun and on the planets, is not token into account, and that all 
the parts of the system ore subjected solely to their mutual 
actions. But, in this case, the motion of o, the centre of 
gravity of the system is uniform and rectilinear; consequently, 
unless the dii'ection of this motion is exactly peipendiculor to 
the invariable plane, the line which the point o describes in 
space, when projected on this plane, will continue poi'allel to 
itself. Tl^c ^es not appear to be any other line that con be 
taken for the line ok ; hut to be able to moke that use of it 
which we have indicated, the direction of the motion of the 
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centre of gravity of our universe should be previously deter¬ 
mined by observation, which is at present very imperfectly 
known. 

If the values of the angles ho;^; and bok be determined at 
two diflferent epochs, the real displacements of the ecliptic 
which take place in this interval will be known, and in this de- 
temiiuatiou it will appear that the angle hoz, or the inclination 
of the moveable plane to the invariable plane, is not sufficient 
of itself to determine them completely. Nevertheless, if the 
quantities c' and c" are very small relatively to c, the angle iioz 
wiU be also very small, and very small differences in the values 
of c and c" will produce considerable ones in the values of noa:, 
and consequently of eok; bo that in this case, it would appear 
that OB, the intersection of the ecliptic and of the invariable 
plane, will have experienced a considerable displacement on 
this plane. But, in general, tliis displacement will he only 
apparent, for the small differences of the values of c' and c'' 
will arise, in a great measure, from the inevitable errors in the 
observations, by means of which theso values are determined, 
and from the quantities wliich we are obliged to neglect in 
calculating them. 

In fine, when the angle xioz is very small, that is to say, 
when the inclination of the ecliptic to tlie in voidable plane is 
inconsiderable, tbe angle eok, which it is then extremely diffi- 
cult to determine, has very little influence on the true direction 
of the plane of the orbit of the earth. 

6G2. As the number and masses of the comets are un¬ 
known, the terms which correspond to them in the values of 
Cp c\ £?", relative to the solar system, must be neglected; how¬ 
ever, the values of c, c\ furnished by formulae (c), will be 
very little affected by this omission, in consequence of the 
smallness of these masses, and also, because the terms of these 
formulse, which respect the comets, are in a great measure de¬ 
stroyed by the opposition of their signs (No. 559.) 

The parts of r, o', c", which belong to the sun, the planets, 

VOL. ir. 3 c 
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and the satellites, may be determined in the following man¬ 
ner. 

Let M be the mass of one of these bodies, and dm the ele¬ 
ment of this mass, whose coordinates referred to the axes oy^ 

ozj are 2 ;, y, z. Let , denote the coordinates of the 

^ centi’e of gravity of m, with respect to the same axes, and 
the coordinates of dm, referred to parallels to these 
axes, drawn through this centre of gravity; so that, at any 
instant whatever, we may have 


a! = xi + x^, y =1/1 +y^, z = Zi-h 
^ ^ t x^Vi dz d^ .dz, 

dt'^dt^ di ^W^di" dt^df^dt* 


The origin of the coordinates y,, being at the centre of 
gravity of m:, we have 

^Xfdm zz 0, ly,dm = 0, ^z^dm = 0, 

^ and, consequently, 


I 



dm = 


0 , 


;4'*=o, 



0 ; 


in which the integrals are supposed to extend to the entire 
mass. Now, if these values of x, y, z, ^ he substi¬ 

tuted in the first equation (c), and if m and S be changed into 
dm and J, there results (a) 



from which it appears, that the moment of the quantities of mo- 
^ jtionofMwithrespecttothe axis oz, consists of two ports; the 
first depends only on the motion of the centre of gravity of M, 
^d is the same as if this mass was concentrated in this point; 
the second is independent of this motion, and the same as if the 
centre of gravity of m was at rest, and the axis oz was trans¬ 
ferred to this point, parallel to itself. The same result is 
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applicable to the quantities and and also obtains with 
respect to any axis whatever. Now, if a, n, c be the moments 
of inertia of m, with respect to the three principal axes which 
intei’sect at its centre of gravity; p, j', r, the components of 
its angular velocity of rotation relative to the same axes; 
A, ju, V the angles which their dii'ections make with a line 
drawn parallel to the axis o^r, through their point of inter¬ 
section ; then by what has been established in No. 409, we 
shall have 



dm = Ap cosX + B^ycoSju + crcosv, 


it' 


for the moment, with respect to this parallel, of the quantities 
of motion of all the points of m, arising from its rotation about 
its centre of gravity. Hence it follows that the complete 
value of c will be 

c = y,^j+S(ApcosX + Bg'co3/ti-l-crcosv); (f) 


in which the two sums 2 comprehend the sun, all the planets | 
and their satellites, and therefore consist of thirty terms.) 
Now, as tho relations of a, b, c to m, depend on the internal 
constitution of this body m, they will be, without doubt, ^ 
always unknown; all that we know respecting them is, that 
these tliree relations differ very little from each other, in con- [ 
sequence of tlie nearly spherical form of the heavenly bodies, 
and also tliat they are less than if these bodies were homo-^ ' 

r I 

geneous, because the densities of the con centrical strata de¬ 
crease from the centre to the surface of m. It would therefore^ 
he impossible to calculate the values of c, c^, if it was ne-1 
cossary to take into account that part of each of these quan-| 
titles, which arises from the rotation of the heavenly bodies.' 
But whatever may be the form and internal constitution of m, 
the port of ApeosX + b^cos/a -}- creosv, whicli is due to the ** 
initial state of tliis solid body, remains constant during the 
entire continuance of its motion (No. 416); so that this quan- 
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tity cannot voryj for each heavenly body, except on account 
of the attractionB of the other bodies, inasmuch as their resul- 
ftant does not pass exactly through the centre of gravity of ar, 
’that is to say, as far as they are exerted on the non-spherical 
part of M, i, e. the part by which it deviates from a sphere. 
It follows from this, that for each heavenly body the variable 
port of the second term of the formula (f) is very small, and 
may be neglected with respect to the part of the first term, 
which is relative to the same body. Thus for example, if the 
radius of the terrestrial globe be denoted by A, the angular ve¬ 
locity of its motion of rotation about its axis of figure by w, 
and the angle which this axis makea with the parallel to the 
axis QSf by S, the second term of formula (f), which respects 

the earth, will be less tlian - — w cos S, which would be its 

value if the earth was homogeneous; likewise, if p and 0 be 
the mean radius of the orbit of the earth, and its mean velo¬ 
city in its annual motion ; the value of the first term of 
formula (f), relatively to the earth, will be consequently 
Now, if the axis oz is peipendicular to the plane of 
this orbit, in which CEtse S will denote the obliquity of the 
ecliptic, then a variation of five degrees in the magnitude of 
this angle will not produce a variation in the value of 
2mA^ ^ 1 . , . . 

— cii cos 0 , which IB a hundredth millioneth part of the 

quantity It is easy to be assured of this, by observing 

that the ratio of to 0 hardly exceeds 366, that that of p to 
h is about 2400, and the angle 8 very nearly 23° 28 \ The 
same will be the case with respect to all the other planets. 
In the case of the sun, there is reason to think that the 
variable part of the second term of formula (f) which corres¬ 
ponds to it, is altogether insensible, because all observations 
indicate that its form is nearly spherical, and as the centri¬ 
fugal force, compared with the weight, is extremely small in 
different points of this body (No. 260), we may also assume 
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that its interior strata are likewise neai’ly spherical; hence it 
follows that the resultant of the attractions of the planets must 
constantly pass throughits centre of gravity, and, consequently, 
cannot cause any perturbation in its motion of rotation about 
this point(fi). 

It follows from these considerations, that if the second term 
of the second member of equation (f), be made to pass into 
its first member, the invariable part of this second term may 
be comprised in the constant c, by affecting it with a contrary 
sign; and if its variable part be solely neglected, and if si¬ 
milar operations he performed on the equations which furnish 
the values of d and c", we shall obtain, lo a degree of accuracy 
much superior to that given by observation, 

5G3. The origin of the coordinates a?i, which occur 

in these fonnuliB, is at the centre of gravity of the solar sys¬ 
tem ; it will be more convenient to transfer it to the centre of 
gravity of the sun. For this purpose, let A, A, be the co¬ 
ordinates of tliis point referred to the same axes os , jcifi; 
and let a, y, ;r denote the coordinates of the centre of gravity 
of M, referred to parallel axes passing through the centre of 
gravity of the sun; we shall then have 

i/j yi = y“A, = A; 

hence, if these values be substituted in the first equation (g), 
it will become(c) 

c = -sm{x±-s^ + 

- !/S» f + asm g +1 SMJ - I JiM»,, 
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and the expressions of c' and d* may be ti’ansformed in the 
same manner. Moreover, as the origin of the coordinates 
the centre of gravity of the system, we have 


(7Sm = Smj*, /*Sm = Sm^, asm =: Sm^, 
and, consequently, 

|sm=Sk^, §Sm=S«§, §a< = SM|; . 


if by means of these equations, A, A, be elimi¬ 

nated from the expressions of c, c', c'', they will finally become 



The coordinates a?, y, 0 , of the centi’e of gravity of each 
planet or satellite, and the components of its ve¬ 


locity, may be regarded as the data furnished by observations 
^ made at the diffei’ent epochs, for which it is proposed to eal- 
* culate the values of c, o', d\ and, consequently, the angles 
Hoz and Eoa? relative to the direction of the invariable plane, 
by means of equations (e). As the origin of the coordinates 
19 now supposed to be at the centre of the sun, the sums S 
which relate to them will not contain the mass of the sun. 
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wliich as it will therefore solely occur in the denominator Sm, 
the second term of each of the formulss (h) will be very small 
relatively to the fir8t(c). 

IV. Principles of living Forces and least Action^ 

564. When equations (2) of No. 631 do not coErtain the 
time explicitly, equations (3) of the same number may be 
satisfied, by assuming for So?, Sj/, 8r, Sx', &c., the differentials 
dXf dy^ dzy dx'y &c., relative to this variable; for then these 
last equations will become the complete differentials of the 
first, namely, 

dh =: 0, dL' = 0, dn" n 0, Sic., 

and since by hypothesis, the quantities i., l", 8ec., are 

cipher, duiing the entire continuance of the motion, their 
complete differentials taken by considering ar, z, x\ &c., as 
functions of t, are likewise cipher. But if l, for example, 
contains the time explicitly, its complete differential will be 

dhzz^^dt + ^ dx +^ dy ^ 8ec. ; 
dt dic dy ^ 

and by nssuining 

Sx = dir, Sy = dy, = ds, Sic' = daf, &c.; 

the first equation (3) will not agree with the equation dh =: 0, 
except for those particular values of if any such exist, for ^ 

which 0. We shall suppose in what follows, that the' 

condition of the system of material points 772 , See., ex¬ 

pressed by equations (2), are independent of the time t;\\ 
moreover, the quantities l, l', l'', &c., may be any functioiisj' 
whatever, of the coordinates of these moveables, which may' ^ 
not involve solely their mutual distances; for the system'' 
may contain fixed points, and also points constrained to remaia^ 
on immoveable surfaces or curves. 

This being agreed upon, if the preceding values of 8a;, 
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Sffy &c.» be substituted in equation (1) of the number cited, 
it will become 

, (Pi/ cPz , \ 

\dt» ^~ {^dx + Ydy + Zds). 


But if V, t/, i/', &C.J denote the velocities of the points 
w, m , in", &c., at the end of the time we shall have, rela¬ 
tively to»i any point whatever, 


dx^ ^ dz^ __ 


0*; 


and by differentiating with respect to t, there will result 


, , , d®a? , , ePy j . , 


dr 


from which it appears, that the preceding equation may bo 
changed into tlie following, 

Jd.Siwu* = Sw {xdas 4- Ytfy + zdz). (ft) 

Now, if the points of the system are attracted or repelled 
by forces emanating from fixed centres, and if these forces be 
any functions whatever of the distance, the formulae xdx + 
Ydy + zdz will be an exact differential (No. 158), for each 
of the moveables in particular. Moreover, if the points 
w, m*', &c., are subjected to their mutual actions, the 
intensities of which are likewise functions of their respective 
distances, and which satisfy the law of reaction equal mid 
t/ contrary to action, the sum of the quantities 'Sidx-^ydy zdz 
and z^ds/ relative to the mutual action of 7n 

and m\ will be also an exact differential (No. 346 ); and tlio 
same is the case for all the other parts of the sum S, taken 
two by two. It follows, therefore, that if there Is no force 
directed tq_an extraneous moyeaWe centre^ which would in- 
:troduce the tinie t into the expressions x, Y, &e-, nor any 
.resistance of a medium, for which these expressions would 
contain the velocities of the moveables, so that the points 
.Ml, m', &c., may be only subject to their mutual actions. 
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and to attractions or repulsions emanating from fixed centres, 
we shall have 

aw 2 (xdx + Ydy + zdz) = dtji (w, Xy x\ &c.) ; 

in which ^ denotes a given function of the coordinates of 
wi, wi", &c., depending on the laws of these forces in func¬ 
tions of the distances. Then, if equation (a) be integrated, 
we shall obtain, by denoting the arbitrary constant, introduced 
by the integration, by c, 

” C -|“ 2^ (jJSy Zy (xf y &C.^| 

In order to eliminate c, if the initial velocities of fn, wi', m^^y 
&c., be denoted by A, ft', A", &c., the initial coordinates of m, 
by a, by Cy those of w', by a', Vy &c., we shall have nt the 
commencement of the motion, 

Swft® = c -f 20 (a, by Cy afy &c.); 

and if this equation be taken from the preceding, there will re* 
suit, at any instant whatever, 

Swiw® — Smft*^ 20(aj,y, Zy of. Sec.) — 20(a, ft, c, a. Sec.) (b) 

The quantities STnt)® and SwA'** are the sums of tlic living 
forces of all the points of the system, at this instant, and at 
the commencement of the motion; it therefore appeal's from 
this equation, that the difference of these two sums depends 
solely on the coordinates of the moveables, at those two 
epochs, and not at all on the manner in which they ai’e con¬ 
nected together, or the routes which they describe in passing 
from their initial positions to those which they occupy at tlie 
end of the time t It is in this, that the law of motion, which 
has been denominated iiieprinciple qf liviny forces^ consists- 

666. It follows immediately from this principle thus ex¬ 
pressed : 

let. That the sum of the living forces is constant when the 
points of the system are not subject to any motive force, and 
that their velocities do not vary in magnitude and direction, 

VOL. n. 3 D 
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except in consequence of their mutual connexions, or because 
they are constrained to move on fixed and g^ven curves or 
suifaces. 

2 ndly. That if all the points of the system occupy the 
flame positions at two different epochs, the sums of their 
living forces will be also the same at these two epochs. 

As the forces which produce the impact of bodies of any 
nature whatever, arise from the reciprocal actions of their 
molecules (No. 653), it follows that equation (b) has place 
during the entire continuance of this phenomenon. Now, in 
the impact of bodies endowed with perfect elasticity, the 
moveables are supposed to resume, after the percussion is over, 
the exact form which they had previously, so that all their 
,points revert to their primitive positions; if, therefoi‘e, this 
jhas actually place in the case of two or more bodies of any 
[form whatever, then when they commence to separate from 
feach other after the impact, the sum of the living forces of 
I all tlieii* points wUl be the same at this instant, as it was the 
first moment of the percussion, or, in other words, there will 
1 be no loss of living force in the system, as has been already 
observed (No. 361), in the particular case of two homo- 
I geneous spheres, whose centres move in the same right line. 

666 . If the force of attraction or repulsion which emanates 
from a fixed centre, and acts on the point be denoted by 
R, and if r be the mutual distance of these two points, we 
shall have (No. 168) 

m {xdas + Ydy + zdz) = ± ndr ; 

in which the superior sign has place when the force is re¬ 
pulsive, and the inferior sign in the case of an attractive force, 
and R denotes a given function of r, which may be always 
regarded as positive. Consequently, if the distance r is a at 
the commencement of the motion, and u at the end of the 

^ time — 2 ndr -will express the variation of tlie living 

force of the system, produced by the force R during the time 
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that is to say, it will be the part of the second member of 
equation (b), which belongs to this force. Consequently,! 
when this force is repulsive, there will be an increase or dimi-\ 
Tiution of living force, according as tlie distance r shall have 
been increased or diminished, and the contrary will be the 
case when the force n is attractive. It is evident from what has 
been observed in No. 346, that this will also have place with 
respect to the mutual actions of the points of the system; and 
in fact, if, as in No. 554, we denote the mutual action of m 
and for example, by f, and the distance byp, we shall 
liave 


_(a!'-a!)F (?/-.v)r (aT-z> 

«IX — ^ ' , VlY -L -, WIZ ^ ZE --, 

p p p 

P P P 

the sign is — or +, according as f is repulsive or attractive ; 
hence since 

pdp -(x-aT) (dx—dixf)+{y~y')((hj^dy') + (z—iz^){d!s—dz'), 
there will result 


m (xrfa; + Ydy + zds)+m'{x.'dx* + Y'dy^-\- = ± Frfp, 

for the part of tlio second member of equation (a) which cor¬ 
responds to die force f, and consequendy, ± 2 ^^Frfp will be ^ 

die variation of the living force of the system, which this force 
F wlU produce, while the distance p changes from p = a to 
p = u. As die superior sign has place when the acdon is re¬ 
pulsive, and as the quantity f is always posidve, it is evident 
that diorc will be an increaso or diminution of living force, 
according ns > a or ti /L a, that is to say, according as p is 
increased or diminished; it follows, for example, that the mu¬ 
tual acdon of die molecules of a gas which tends to increase 
theii’ mutual distances, produces always an increase of living 
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forcje, in the system of which this fluid constitutes ci port, when 
it is actually dilated, and a diminution when it is condensed* 
When the force p is attractive, the preceding quantity should 
be affected with the infeiior sign, and it will produce opposite 
effects. It appeal's also that if a weight p be applied to a 
machine or any system of material points, it will produce an 
increase of living force expressed by the product 2 pA, when it 
jdescends through a vertical height A, and a diminution, like- 
(wise equal to 2 pA, when it is elevated the same height, what^ 
lever be the route which the body pursues in these two cases, 
whether a right line or a curve. 

567 • If the point m is constrained to remain on a moveable 
, surface, the equation of which is l = 0, then l is a given 
function of t. If the resistance of this suriaGe, acting 

in the direction of one of the two parts of the normal, he de¬ 
noted by N, and if for conciseness, we make 


then we shall have, for the components of this unknown 
force N, 

dh dh dh 

= wy = NV^, fnz=:^Y-^. 

Hence the part of the second member of equation (n), 
which coiTcspends to this force, will be 

m{xdx + vdy + zdz) = }iy(^~dx + ^dy+^ds^ ; 

and os by differentiatmg completely the equation L = 0, with 
respect to t, s, y, z, we obtain 




dh j dL , dh , dn , 


it 13 evident that this part may be reduced to — n v^ c?^. There- 
fore in order to take the force n into account, in calculating the 
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living force of the Bystem, we should add the double of the 
integral of this quantity to the second member of equation (b); 

consequently — will be the variation of the livingi 

iiZ I 

force, produced by the force n, during the time tlie integrall 
being taken in such a manner that it may be cipher, when; 
t = 0(rf). 

This variation will be positive or negative, according to the 


sign of —, and according to that of v, which last will depend 


on the direction in which the force n acts. As the magnitude 
of this resistance n depends in part on the centrifugal force of 
the point in order to know it, and consequently to be able 
to calculate the value of the preceding integral, the velocity, 
of the point m and its trajectory must have been previously i 
determined; this supposes that the problem with which we 
are occupied has been resolved, as far os concenis the point 
m» The vaiiation of living force produced by this unknown 
force, will be no longer independent of the track which this 
point pursues in going from one position to anotlier ; and tlic 
principle of living forces, such as it has been announced above, 
will not have place; indeed its demonstration implies, that the 
equation l == 0 does not contain the time explicitly. 

508. Ncitlier will this principle have place, although the 
surface, of which l 0 is the equation, may be immoveable, 
when the friction of the point m against this surface is taken 
into account j as the VEiriation of the living force produced by 
the friction, depends on the pressure, which is equal and con¬ 
trary to the unknown force n, we cannot calculate d priori 
the magnitude of this vaiiation; however it is easy to prove 
that the effect of the friction will be always to produce a dimi¬ 
nution of living force. 

In fact, os the friction is proportional to the pressure, that 
of the point m against tho surface, tlic equation of which is 
L = 0, may be represented by/N, in which/denotes a given 
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fraction, wliich, as well as the unknown N, will be a positive 
quantity. Moreover, os the friction acts in tlie direction of u 
tangent to the trajectory of the moveable, and as this direction 
is contrary to that of its velocity, if the arc described by tlic 
point m during the time t be denoted by the components of 
the force y’N parallel to the axes of a:, will be 





consequently, as tic* + dy^ + r: ds®, the term of the second 
member of equation (a), which arises Arom this force, will be 
reduced to and, there will occur in the second 

member of equation (b), a term ^ in wliicli the into- 

, should be taken in such a manner, that it may vanish 
with and this evidently indicates a diminution of living 
force. 

This result will equally agree to the case, in which one 
body of a system slides on another; by assutning for ds the 
element of the curve described by their point of contact in 
virtue of this sliding, for n the reciprocal pressure of thoflo 
two bodies, and fory*a coefficient depending on the nature of 
their surface, the quantity — 2 will still express the cli'- 
minution of hving force, which arises from this friction. 

In the same manner it may be shown that the resistance of 
a medium produces constantly a diminution of living force, 
wWch will,depend on the velocity of the moveables. Thus, 
the frictions of the parts of a system agEunst each other, or 
agmnst fixed obstacles, and the resistances of the medium which 
the moveables travei’Se, diminish continually the sum of the 
living forces of aU these bodies i and it is in this manner, tliat 
these forces eventually reduce the entire system to a state of 
rest, if it has been put in motion, and then abandoned to itself, 
without being subjected to the action of other motive forces, 
which may reproduce continually the living forces destroyed 
by these resistances. This is what, for example, the force of 



PtllNClPLB OP LIVINO TORCE. 


391 


the spring effects in common time-pieces ; its action restores,1 
to the vibrating body, the living force, which, without this, it 
would have lost at each return to the vertical, and thus causes 
it to reascend constantly to the same height, notwithstanding, 

the effect of friction and of the resistance of the dr. In time-1 

1 

pieces moved by weights, the living force lost is restored to 
the pendulum by a weight which descends a very small space 
during each oscillation. 

669. If the coordinates of the centre of gravity of a system 
m\ &c. of material points, be denoted, at any instant 
whatever, by yi, Zn and, if we make 


xzzxi + Xf9 2 / = yi + Vn z-=zzi+z,, 

so that z,, may be the coordinates of m any point 

whatever, referred to this centre as the origin, we shall have 


at at at 


and because 


—a?—* 


there wiU reBult(y) 

w= + a, 

or, what comes to the same thing, 


in which denotes the velocity of tlie centre of gravity, and 
V, the velocity of the point w, in its motion about this centre. 
Consequently, the sum of the absolute living forces of all the| 
points of the system, will be obtdned by adding the product 
of the square of the velocity of their centre of gravity and of 
tlie sum of their masses, to the sum of the living forces of dl) 
these same points in their relative motion about this centre, j 
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It appears irom this theorem, that if m denotes the moss of 
one of the heavenly bodies, u the sum of the living* forces of 
all its points in its motion of rotation about its centre of gra¬ 
vity, aiid« the velocity of this centre in space, u + *will be 
the sum of the absolute living forces of Consequently, if 
equation (b) be applied to the solar system, "we shall have 


So D + 20 (ir 5 x\ &c.) ; 

in which the sums 2 comprehend the sun, planets, satellites, 
and even the comets, if their masses were known; d is an arbi¬ 
trary constant, depending on the velocities and positions of all 
these bodies at a given instant, and tp denotes a function rela¬ 
tive to their mutual attractions. We shall likewise have, in 
virtue of the same theorem, 


+ Sw f 

\ de r 


in which v denotes the velocity of the centre of gravity of thu 
solar system in space, and a?!, the coordinates of the centre 

of figure of w, referred to this centre of gravity as their origin. 
Consequently, the equation of living forces will become 




In order to obtain the expression of the function 0 , it may 
be observed, that in consequence of the nearly spherical form 
of the heavenly bodies, and the smallness of their dimensions 
compared with their distances from each other, we may con¬ 
sider them as masses condensed into their centres of gravity 
(No. 242). Therefore, if the intensity of universal attraction 
at the unit of distance, and referred to masses talcen to repre¬ 
sent unity, be denoted by^ the masses of two of these bodies 
by m and wr', and the distance of their centres of gravity by pf 

their mutual attraction will be expressed by and the 
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value of the corresponding term of the function 0 will be 
- \ hence we shall obtain for its complete value, 


/ / O V ^ 

0 y> ® 9 &c.) = — y 2 5 


in which the sum 2 extends to all the heavenly bodies, taken 
two by two. 

Let it now be observed, in order to simplify equation (c),i 
that if the action of the stars on the bodies of the solar sys-, 
tern is not tsdcen uito account, the motion of its centre of, 
gravity is uniform and rectilinear, and the velocity v is a con-! 
stant quantity. Moreover, if the perturbations of the motion 
of rotation of each of the cdestial bodies, which arise from 
the attractions of all the others on that port of the one in 
question, by which it differs from a sphere, be not taken into 
account, the quantity n is likewise constant for each body in 
particular (No, 419); hence, if the variable part of 2u be ne¬ 
glected, equation (c) will become, by substituting another con¬ 
stant c in place of d — 2 ?)?u — V^'San^ 




= c - 2/2 


mm* 

P 


(d) 


If the origin of the coordinates be transferred to the centre 
of the figure of the sun, and if a;, y, z be tlie coordinates of 
the centre of m referred to this centre, and y, k the coordi¬ 
nates of this centre referred to the centre of gravity of the 
solar system, then we must have 

a;, =: a; - y, y - A, 


for the coordinates of the centre of ???, whose origin is at the 
centre of gravity of the system; there will result from these 
equations, 

dg dx dh dy dk dz 

3 K 


0 


VOIi. II. 
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and because 


Sot 


'<W±dyl±±l}^ _ ^ dx^ + dy^ + dz'^ 


d^ 


dt^ 


') 


4a»* 

(It dt dt dt dt dt 


+( 


dg^ + rf/i* + dA® 

~~de 


) Sm, 


equation (il) will be changed, by eliminating tlie quantities 

I’§■§■“*“ 

r_, - 1 1 . , , 

The sums S, with the exception of S?7« and S —ivill not 

contain the mass of the sum. However we can also sepai'ate 
from these two sums, the terms relative to this star, namely, 

Mm Mm' Mm" ^ 


by denoting the mass of the sun by m, and the distances of the 
centres of m, m", &c., from m by r, ?■', r", &c- By this 
means the equation of living forces applied to the solar system, 
will finally become 

in which tlie sums S extend only to the planets, the satellites, 
and, if it is possible to estimate their masses, to the comets 
also; the origin of their coordinates being in this expression at 
the centre of the sun. 
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We may remark on this occasion, that the moat direct 
meansof defcerminingwhether the combined action of thccomets 
has any sensible influence on the system of the world, would 
be to calculate at epochs separated by considei’ablc intervals 
from each other, the value of tlie quantity c, deduced from 
this equation, by means of the relative velocities, the mutual^ 
distances, and the masses of the other celestial bodies, at 
these different epochs; if the values of c are found to be 
sensibly unequal, their variations must be ascribed to the 
action of the comets, as we suppose that the action of the 
stars is always neglected, and that no impact or explosion 
takes place in this interval; for we shall see immediately, j 
that sudden changes of velocity alter the sum of the living i 
forces of the system^ and, consequently, produces a change I 
in the value of the quantity c. 

570. It is evident from No. 346, that the function denoted 
by 0 in equation (b), is a maximum or a minimum for the 
values of the coordinates a;', &c., which belong to a 

position of equilibrium of the system; it follows, therefore, 
that the sum of the living forces of all its points ceases to in¬ 
crease or decrease as often as the system, during its motion, j 
passes into a position in whicli it would remain in oquilibrio, j 
if its points wei*e not actuated by any acqubed velocities; and j 
as those functions of the time must bo alternatoly mamma • 
and minima^ it results also, that the positious of equilibrium 
through which tlie system pnssea will be alternately stedde | 
and instMe ; the latter corresponding to the minima of the i 
function 0, and tlie former to its maxima. 

Nevertheless, as the distinctive character of tlie two states 
of equilibrium has been merely stated in No. 347, it remains 
for us to prove, that, in fact, the stability of equilibrium ob¬ 
tains when the function 0 is a maximum, which wc proceed 
to do by means of equation (b). 

For this purpose, let a, 6, c, a\ o', &c., ho the coordi¬ 
nates of the points m, w", &c., in a sUite of equilibrium of 
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the system, then let them be made to deviate by ever so Hinall 
quantities from their positions, by impressing on them very 
small velocities A, &c., so that at the end of the time 
the coordinates of the same points may be 

x-a+p, y = b+q, z = c + r, 
a/=:a'+p', f/z:b'+g', z':=:c'+r', 

&c. 


It is proposed to show that the variables^, q, r, p\ &c., 
will always remain very small, if the quantity 0 (a, 6 , c, o', &c.) 
is a maximum. 

In fact, if 0 (a?, y, x\ &c.) be developed according to 
the powers and products ofp, See., then hy the com¬ 

mon property of meuxima and minima^ the sum of the terms 
depending on the first powers of these variables will ho always 
cipher, whatever the numbei* of independent vm'hibles, which 
occur in the question, may be. It is also demonstrated in 
I the differential calculus, that the sum of the terms depending 
on the squares and products of p, y, r, j/, &c., that is to say, 
the sum of the terms of the second order, with respect to 
these q^ntities, may, in the case of a maximum, be doeoin- 
^posed into M i^ny squares as there are independent vari¬ 
ables, each of wHc^is ^ected.with the sign Hence, if 
the remainder of the series which includes the terms of tlic 
thud and higher orders be represented by n, we bIiuII have 


^ y, 21 , a/, &c.)= 0 (a, b, c, of, fee.)-&c-)+a ; 

linear functionB of p, q,r,p\ &c., which 

nf w. variables. If this value 

of 0 be substituted in equation (a), we obtain 


the commencement of the moUon, 

this « fli ’ S'j j , &c., ai’e very small; and, as long as 
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and, conversely, when the values of 5, &c., arc very 

small, those of p, g, r, j?', &c. must be so likewise- More-* 
over, for such values, each term of the second order is greater, 
without reference to the sign, than n, which only contains 
terms of an order superior to the second; consequently, how-1 
ever small the squares 5 '^, s'^^, &c., may be, each of them, 
surpasses the value of r. 

This being established, we are justified in concluding that 
all the quantities s, 5 ', &c., will con tinue ve ry small, and / 

that none of them will ever surpass \/^ ; for as these 

quantities vary by continuous degrees, this cannot take place 
before that^, the greatest of them, for example, becomes equal 
to and as this value of 8 will continue very small, 

since by hypothesis all the quantities A, A', A'', &C .5 arc very 
small, we should have at the same time, 

^ SA^ 8^ > n, r, &c., I 

^ Sotu® = — (s^ + + &c.) + n; 

which, as J Swzu® is essentially positive, would be abHiird. 1 
Consequently the variables 71 , /*, p\ &c., wdll continue I 

always very small, and the system will only oscillate about' 
its position of equilibrium, which will be tlierefore a stable I 
equilibrium, as we proposed to demonstrate. 

When the quantity tp (a, A, c, &c.) is a the 

sum of the terms of the second order in the development of ^ 
ip (ic, y, 2?, ic', Sec.), is a positive quantity 3 the equation of 
living forces may then subsist, though the variables 7?, 

&c., be not always very small; but this is not sufficient to 
justify US, in concluding that they will in fact cease to he so, 
at the end of a certain time, however small they and the initial 
velocities A, k\ A", See., may be supposed to be at the com¬ 
mencement of the motion; and it is only by determining, 
each problem, their values in functions of that we can be 
certain that they are not restricted to narrow limits. 
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671. As the initial velocities by which the points wi, 

&C.J are actuated at tlie commencement of the motion, and. of 
which the components have been represented by g, A, c, o', l/^ o', 
&c., in No. 635, satisfy necessarily the given conditions which 
connect the moveables with each other and with the otlicr 
points of space; and since by hypothesis these conditions arc 
expressed by equations, namely, by equations (2) of No. 631, 
it follows that if an infinitely small portion of time be denoted 
by E, and if we assume 

So? = flE, Sy = ifi, hi zz ce, oi'e, &c. 

the displacements of the points w, ?«', w", &c., which corres¬ 
pond to these increments of their coordinates, and also the 
contrary displacements, will satisfy the given conditions, that 
is to say, equations (3), which have been deduced from equa¬ 
tions (2) in No. 531. We may therefore employ these values 
ofS®, Sy, &c., in equation (6) of No. 635; so that if at the 
commencement of the motion, the factor e common to all tlic 
terms be suppressed, we shall obtain the equation 

Sttz [(a - fi£) a + (b — 6) 6 + (c — c) c\ = 0, (e) 

between a, b, c, a', &c., the components of the velocities by 
which the points tn, m', w", &c., would be actuated if they 
were free and detached, and those of the velocities by which 
they are actually actuated. 

It is easy to veiify this equation in the initial motion of 
rotation of a solid body about a fixed point. In fact, if m bo 
changed into dm^ and 2 into and if we make 

5+ 6® + c ®)dm zz hi 

so that h may represent the sum of the living forces of all the 
points of the body, the preceding equation will become (A) 

S (Aa + b6 + cc) dm = h. (/') 

Besides, we shall have (No. 408) 

a =: rij,^ b = c = py^ — qXfi 
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0 ?,, y,, Zfi being the three coordinates of dm referred to the 
principal axes of the body which intersect at the fixed point, 
and p, y, r denoting the components of the velocity of rotation 
about tliese same axes. Moreover, if the principal moment, 
relative to the fixed point, of the quantities of motion impressed 
on all the points of the body, be denoted by ft, and the angles 
which the axis of this moment makes with the axes of Xp z, 
by a, / 3 , y, we shall have 

s (b®, — Ky') dm = A cos 7 , 
s (aj?; — cx^ dm = A cos j3, 
s (cy, — na:,) dm = A cos a ; 

for it Ls evident that the first members of these equations are 
the moments, with respect to the axes of of the 

quantities of motion, of whidi ft is the principal moment; 
so that the values of these integrals might be deduced from 
tlie value of A, by multiplying it by cosy, cos]3, cos a (No. 
281). Now, if the values of a, A, c be substituted in equation 
(f), there results, by taking into account these last equa- 
tions(?), 

ft (p cos a + (7 cos J3 + r cosy) =: A ; 

consequently, if the component of the angular velocity of ro¬ 
tation about the axis of the principal moment be denoted b}^ id, 
so tliat we may have 

(D = p cos a + y cos /3 + ^' cosy, 

there will result 

,k(i} = A,^ I 

which agrees with the theorem of 419, according to which; 
this component of the velocity of rotation is equal to the sum ^ 
of the living forces, divided by the principal moment of the | 
quantities of motion. 

C72. Now, if a sudden change should take place, during 
the motion, in the velocities of the moveables, we may assume 
for 8 y, &c., in equations ( 6 ) of No. 536, the infinitely 
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small displacements of all the points of the system, which 
actually take place at any epoch whatever of tliis change, 
provided, as is explained in the following number, that at 
this instant the points of the parts of the system that arc in 
a contact, are actuated by the same velocity for the two adjacent 
parts, in the direction which is peipendiculor to their common 
surface. This being so, there will be two distinct cases to 
consider: 

Ist. If the sudden change is produced by the meeting of 
two or more bodies of the system, or by the impact of tliesc 
moveables against fixed obstacles, the condition in question 
will be satisfied at the instant of the greatest compression 
(No. 468). Hence if a, b, c, a\ &c., the components of tlic 
velocities of the moveables, be supposed to refer to this instant, 
and A, B, c, a', &e., to the commencement of the impact, we 
may assume, as in the preceding number, 

8a; = ae, 8y = Je, = cc, So?' = a'f, &c.; 

^and equation (e) will obtain between the components of the 
jvelocities at these two epochs, which will be tliose of the 
commencement and end of the stock, when the moveables arc 
tdestitute of elasticity. Now, this equation (e) gives 

(Art 4- B& -f cc) Sm (rt^ + ft* + \ 

and as 

[(a - a)“+ (b - i)a+ (c ^ c)2] 

:= Sm (a*+b® + c®) + S m (rt® + 6^ + c®) — 2 Sw (Art + nft + cc), 
there results (A) 

Sm (a^+ b®+ c"*) - Sfn («“+ ft®+ 

= S?n [(a - rt)H (B cy~} ; 

'BO that the excess of the sum of the living forces of all the points 
of the syatembefore the impact, over the sum of the living forces 
after the impact, is a certain sum of living forces, and, conse¬ 
quently, a positive quantity. Hence, in the sudden changes of 
velocity, arising from tlie impact of bodies destitute of plasticity, 
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against each other, or against fixed obstacles, there is a loss 
of living force; tliis has been already observed in the case of 
tJic impact of two spherical and homogeneous bodies, whose 
centres move in the same right line (No. 361). 

2ndly. When the sudden change is produced by internal 
explosions, which break in pieces one or more bodies of the 
system, the condition of No. 536 will then be satisfied by 
A, n, c, a', &c., the components of the velocities at the com¬ 
mencement of the phenomenon, and not by a, c, a', &c., 
the components of the final velocities ; so that in tills cose, wc 
can no longer employ the preceding values of Sy, &c., in 
equation (5) of No. 535, But if the infinitely small portion 
of time be denoted as before by e, we may assume 

Sw = Afi, 8y = He, Sa = ce, = a'e, &c. ; 

by means of which equation (5) will be changed in the fol- 

[(a — A + (n — i) n + (c — c) c] =z 0; 
hence we obtain 

(a^ + + c®) — S»i (a® + n® + c®) 

= Sm [(« a)® + {b - b)®+ (c — c)®] ; 

from which it appears, tliat the sum of the living forces of all 
the points of the parts of moveables, after the explosion, is 
always greater than the sum of their living forces before tlie 
explosion. It is evident, in fact, that if the moveables be at 
rest before the separation of their pai'ta, tliis separation will 
be always followed by an increase of living force; but in 
virtue of the theorem that has been just stated, whatever may 
bo the motions of translation and rotation of a body, the'sud¬ 
den cliange produced by an internal explosion will always 
produce an increase of living force, and not a diminution, os 
in the cose of the impact of bodies destitute of elasticity. 

Without it being necessary to add anything to what has 
been stated in No. 469, respecting the impact of elastic bodies, 
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it is evident that the first part of this phenomenon, from the 
commencement to the tennination of the greatest compression, 

Is analogous to the first of the two preceding cases, and the 
second part, i. e., from this instant to the separation of the 
moveables, to the second of these two cases; there is, conse^ 
quently, a loss of living force experienced during the fii'At 
port, and an increase during the second. Moreover, if the 
moveables are perfectly elastic, so that they resume, when 
they separate, lQie same form which they had before the 
impact, and if the two parts of the phenomenon ai’e perfectly 
similar, the increase of living force, during the second part, 
will be equal to the diminution which talces place during 
the first; consequently, the sum of the living forces of the 
system will be the same before and after the impact, agreeable 
to what has been observed in No. 666. This, however, 
implies, that no account is taken of the loss of living force, 
which will always take place in the case of the friction, or oi 
the sliding of the bodies, the one against the other, during 
the continuance of their contact. 

673. The principle of the least action^ which it remains 
jfoT UB to consider, consists in this, that if in tlie motion of a 
'system of bodies, for which the principle of living forces has 
place, the product of the velocity of each material point of 
i the system, of its mass, and of tlie element of its trajectory 
, be taken, and if the sum of similar products for all the move- 
jables be taken and then integrated, from a given position of 
jthe system to another position likewise given, the value of 
this integral will be generally a minimum. 

This theorem is an extension of that of No. 160, and may 
be demonstrated in the same manner, on that account, we 
shall, for the sake of conciseness, suppress the demonstration of 
it here. If the element of the ti’ajectovy of m be denoted by ds 
and its velocity by “U, it will be the integral of 'Smvds^ whose 
value will, in general, be a minimum ; hut in some cases, as 
- in that of the motion of a material point on a surface wliicJi 
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returns into itself, the minimum may be replaced by maxhnim; 
and all that can be demonstrated on the subject is, that the 
infinitely small variation of JSfwucfe is always equal to cipher.*'" 
Because da = vdt^ if we make v = Swu®, the integral in 
question is the same thing as Therefore, the piinciple 

of the least action implies, that the integral of the product of 
the living force of the system, and of the element of the time, 
is generally a minimum; so that, in nature, when a system ^ 
of bodies is transferred from one position to another, the least 
quantity possible of living force is expended. When the move¬ 
ables aro not subject to the action of any motive force, the 
quantity v is constant (No. 666), and it is then the time of 
the transit which is a minimum. If the principle of least uc- ^ 
tion be compared with the principles of living forces, of the 
conservation of the motion of the centre of gravity, and of the 
conservation of areas, it is evident that the first is merely a 
rule to enable us to form the differential equations of motion, 
which is now useless, since these equations may be obtained 
in a more direct and general manner, by means of formula (1) 
of No. 631 1 whereas tlie other principles, at the same time that 
they indicate important properties of motion, have also the 
advantage of furnishing the integrals of these diffcreaitial ^ 
equations, which, in the greater number of problems, is the 
only thing that con be known respecting them. 

The principle of the conservation of the motion of the 
centre of gravity furnishes three integrals in finite quantities, 
namely(?w), 

SwM? = aSwi + A^, 

Swy = 6!Swi + B^, 

"Siinz = cSto + c^; 

rt, 6, c, A, n, c, being six arbitrary constants, the three first 
of which represent the coordinates of the centre of gravity of 
the system at the commencement of the motion, and the three 
othem arc the sums of the quantities of motion impiessed, at 
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this epoch, on all the points of the system parallel to the uxi-s 
of the coordinates. 

The integrals which result from the piinciplc of the con¬ 
servation of areas are three integrals of the first order, namely, 

{xdy — ydx) =: edt^ 

Sw {zdx — xdz) =: 

Sw (yd» — zdy) =: d^dt ; 

c, c', d' being three arbitrary constants which express the 
moments of the initial quantities of motion of all the points of 
the system, with respect to the axes of a?, y, or double of the 
areas described, in the unit of time, about these same axes, 
Fincdly, the principle of living forces furnishes only one 
integral, which is equation (b) of No. 664, and which may 
be written as follows, 

= D »'>&«■) ^ 

D being an arbitrary constant. 
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CHAPTER I. 

PRELIMINARY NOTIONS. 

574. Hydrostatics is the part of statics which treats of 
the equilibrium of fluids. A fluid is a collection of materinl\ 
points, which yield to the least effort that is made to separate/ 
them from one another. The fluids which we meet with in 
nature approach, in different degrees, to a state of perfect 
fluidity 5 the adherence which exists between the molecules ot 
several of these substances, and which is termed their viscidity^ 
prevents thc'separation of their parts; but in the theory which 
we now proceed to explain, we shall only consider the case ol 
perfect fluids, and, with the exception of certain liquids whose 
viscidity is considerable^ we shall find tliat tlio laws of equili" 
biium at which we shall arrive, may, without sensible eiT’or, 
be applied to all other fluids. 

Tliesc substances ore, like solid bodies, composed of de¬ 
tached molecules, and separated by empty spaces; but if a 
fluid be divided into parts of an insensible extent, each of 
which, nevertheless, contains an immense number of mole¬ 
cules, we may admit that the conditions of tho equilibrium ot 
each part arc the same as if it was infinitely small, that it 
always retains its fluidity, aud that its density is that of tho^ 
body, such as it has been defined in No. 98. This comeg, in 
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fact, to the same thing, as if the fluid was regarded as a con¬ 
tinuous mass, whose density is constant, or variable by in¬ 
sensible degrees. 

575- Fluids are divided into two classes, namely, liquids 
and aeriform fluids. 

Liquids are also termed incompressible fluids, but, in 
point of fact, they are substances which can be compressed 
sensibly, only when they are subjected to very great pres¬ 
sures. If, for example, a vertical cylinder is filled with water 
to a certain height, and if we suppose that the only pressure 
on its upper surface, is that of a weight equal to the atmo¬ 
spherical pressure, it appears" from observation, that in this 
case, if tlie cylinder roteuns the same diameter, and if its 
sides do not yield to the pressure transmitted to them through 
the liquid, the primitive height of the water is dimiuished 
only by 46 millioneths. If the pressure on the upper surface 
be increased until it becomes equal to several hundreds of 
atmospherical pressures, the condensation of the water, as 
given by experiment, increases proportioniibly to this pros^ 
sure. Mercury is still less compressible than water, and wo 
have not succeeded by any effort hitherto made, in diminishing 
its volume in an appreciable manner. 

Aeriform fluids, under which denomination the atmospheric 
air, and the different gases are supposed to he included, arc 
compressible, and endowed with perfect elasticity; so that they 
can at once change the form and volume by compression, ainl 
exactly revert to their original form, when this coinprcssion 
ceases. They have been, in consequence, donominated elHstie 
fluids. 

Vapours are also elastic fluids; but for a given temper¬ 
ature, a given space can only contain a determinate quantity 
of vapour 5 so that if, when the vapour has attained this limit, 
cidier the space or temperature be diminished over so little, a 
r' portion of the vapour liquefies. It appeal's from experiment^ 
7 that this maamum of vapour is always the siunc at equal 



HYDIIOSTATTCS—PTIELTMINAHY NOTIONS. 


407 


tempcratui-es, in space void of air, and in space filled with 
air more or less dilated or compressed. In general, the 
density of the vapour is incoDBiderable, relatively to that of 
the liquid from which it arises; but if, when a liquid is con¬ 
tained in a vessel closed on every side, of which it occupies,, 
for example, the third, or the half, its temperature be ele-' 
vated to a very high degree, the entire liquid, after being di¬ 
lated, is suddenly converted into a transparent vapour, whose 
density is a third, or one-half, of the primitive density of this 
same liquid. 

The air and the g^es are denominated permanent fluids, in 
conti’adistinction to vapours; but there is reason to believe that 
they may be liquefied by the application of a very great com¬ 
pression, or by means of a very great refrigeration, i. e. by 
reducing tbeir temperature considerably, and this, in fact, has 
been verified in the case of several of them. 

676. The characteristic property of fluids, which distin¬ 
guishes them essentially from solids, and which is the basis on 
which the theory of their equilibrium is founded, is the faculty 
which they possess of transmitting equally, and in all directions, 
the pressures exerted on their sm'faces. In the author’s me¬ 
moirs on the general equations of the equilibrium and motion of 
clastic fluids, inserted iu the twentieth volume of the Journal 
of the Polytechnic School, it is shown how (this property 
arises from a mutual disposition of the molecules of the fluid, 
to which it reverts very rapidly,) when it has been compressed 
or dilated ; and how the resultant of the molecular attractions 
and repulsions, which produces the interior pressures, may 
vary in a very high ratio, for the very small variations of dis¬ 
tance of the molecules, which have place in the liquids. But, 
in this present treatise, we shall consider the property in 
question, as furnished by experiment, and os admitted by all 
philosophers and geometricians who have treated on liydro- 
Btaticfl, so that its accuracy cannot be questioned, In the 
same way, when the equilibrium of the elastic plate was dis- 
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eusgetl (No. 306), we set out from a ^comlai^ principle, in¬ 
stead of referring to the molecular actions from which it was 
derived. 

677, In order to obtain an exact notion of the equality of 
pressure in all directions, we shall first consider the case of 
incompressible fiuids. 

Let a prismatic vessel, which is at right angles to its 
base, and rests on a horizontal plane, be filled up to mp with a 
liquid such as water, for example, and let abcd (fig. 33) re¬ 
present a vertical section of it, likewise let this vessel be sup¬ 
posed to be exactly closed by means of a horizontal piston. In 
order to simplify the question, we will not take into account the 
weight of the water, so that this fluid does not exercise of itself 
any pressure on the sides of the vessel. Finally, let a given 
weight p be laid on the piston, in which weight that of the 
piston itself is supposed to be included. It is evident tliat the 
horizontal base of the prism will be pressed in the same man¬ 
ner as if the weight p was laid immediately on this bsisc, and 
uniformly distributed throughout its entire extent. All its 
points will experience equal vertical pressures, and the pres¬ 
sure that will result for a, any portion whatever of this l)sise, 
will be proportional to a, and it will be equivalent to a vertical 
force applied to the centre of gravity of the area n, and ex¬ 
pressed by a denoting the ai-ea of the entire base of the 

prism, which is also that of the base of the piston in contact 
with the liquid. Now, the principle of the equality of ])res- 
Bure in all directions, consists in this, tliat the pressure which 
the weight p exerts on the upper part of the water is tr/ina- 
mitted by the intervention of the fluid, not only on the l)aRc of 
the vessel, but also on its lateral facos; all the points of tlui 
vessel are equally pressed in directions perpendicular to the 
sides; and an area a, taken on one of the lateral facos of the 

. ■ 1 Pel 

pnsm, expenencea the aame preasure —, as if it constituted 
a part of its horizontal base. 
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^^leroUy, if the foim of the veBsel is that of any poly- 
Tvhatsoever, of which figure 34 represents n section, 
this vessel is exactly filled with a liquid devoid of gra- 
^nd then exactly closed; when one of the feces of this 
^ is removed, and replaced by a piston, to which a given 
' is applied perpendicular to the surface of the adjacent 

^ the vessel and the fluid will remain at rest, and by the 

^ just explained, the pressure which the force p exerts 

' adjacent surfece, will be transmitted, by the intervention 
liquid, on all the faces of the polyhedron. All the points 
^ Vessel, and also the points of the base of the piston, will 
^^^^illy pressed from within outwards, in directions perpen- 
^ to the sides; and, relatively to an area a, taken on one 
sides, or on the surfece of the piston, the pressure will 
^ ^^Vee perpendiculoi' to its plane, applied to its centre of 


and equal to —, a being the entire area of the base 

CL 

<5 piston, In contact with the liquid. 

transmitted pressure acts in the same manner in the 
jfioi:* of the liquid; so that if we conceive a portion of the 
to be terminated hy plane feces, or if a solid polyhedron 
plunged into it, any part such as a of one of its feces will 


m Pd 

3"WiBc experience a normal pressure equal to —, and acting 
^ 'Without inwards. 

TThese results may, without difficulty, be extended to the 
e in which the pressed smfece is no longer plane; it is 
y svifficient to decompose it into inflnitely small elements, 
Loh xnay then be regarded as the plane faces of an infini- 
.xneil polyhedron; and if uy denotes the area of one of these 


merits, — will be tbe normal pressure which it will expe- 

noe ; o. being always the area of the piston, and p the per- 
ifiioiilar force applied to it. If the constant pressure which 
►Itin® equal to unity experiences be denoted by p, then 
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we shall have “ = Pj ond the products pw and pa will express 

the pressures on the element u and on the plane urea equal 
to a. 

If the liquid has a certain degree of viscidity, tlic property 
of pressing equally in every direction has still place, only in 
this case, the pressure is not transmitted laterally with the 
same rapidity as in the direction of the force v itself; hut, 
after the lapse of a definite time, the lateral presBuro becoincR 
equal to the direct pressure; and, it is at this instmit, that 
the equilibrium of the fluid is conBidered, 

578. When the liquid contained in a vessel is heavy, it 
transmits the pressure exerted on its surface in tlie same main 
ner as when it is devoid of weight, but it exerts beaidefl, on the 
aides of the vessel, a pressure which ariHes from its weight, 
and is variable from one point to another: the flame is the 
case when the points composing the liquid are Bolicited by 
the action of gravity and by otlier given forces, and it is 
in equilibrio in the vessel. If the sides of the vessel are 
necessary, in order to secure the equilibrium, so that if an 
opening be made, tlie liquid would immediately escape; it ne¬ 
cessarily follows that the sides experience in each point a par¬ 
ticular pressure directed from within outwards, along the nor¬ 
mal to the surface of the vessel; for it is only in this di¬ 
rection that a surface can prevent a material point in contact 
with it from moving, and thus destroy, by its resistance, the 
motive force of this moveable. 

The same thing has place in the interior of the liquid, both 
with respect to portions of the liquid itself, and also relatively 
to bodies plunged in it, os has been Btatcd in the preceding 
number. T-he pressure on any point whatever is an unknown 
quantity, which we shall determine in tho sequel, and which 
godtioji of this point and on the motive 
forces which act on the fluid. As in general, it changes from 
one point to another, it can only bo supposed rigorously con- 
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sLont; for an area of on infinitely small extent; now, in order to 
measure the pressure on a determinate element of a surfacei we 
suppose a plane ai'ea which is assumed to represent unity, and 
which experiences, through its entire extent, the same pressure 
as this element, then if p be the total pressure which this area 
sustains, and co the infinitely small extent of this element, the 
product will be the pressure corresponding to this element, 
and normal to the surface of which it constitutes a part. The 
coefficient p will be a function of the coordinates of this same 
element, which we shall term the pressure rtferred to the unit 
of surface. 

This being established, if a plane portion of the surfeme of 
the vessel be taken away, and if it be replaced by a piston of 
the same extent, it is evident that when a force equal and con- 
traiy to that which tjia^ppjrtion of the V-esael experiences, is 
applied to this piston, the equilibrium will subsist as before. 
Moreover, if the vessel is closed on oil sides, and is every 
where in contact with the liquid, and firmly secured, the 
equilibrium will not be distm'bed, by increasing this first 
force by the addition of any other force such as f ; for since 
the forces applied to the points of the fiuid are in equilibrio, 
every thing takes place relatively to this force f, as if these 
forces hod no existence, in like manner as in the preceding 
number. Consequently, the pressure exerted by this force p 
on the surface of the liquid in contact with the piston, will be 
transmitted equally in every direction, by the intervention of 
the fluid, and the presBum p referred to the unit of surface, 
will bo increased in each point by a constant quantity equal to 

—; in which a always denotes tlie area of the piston which is 

in contact with the liquid. 

It is important to distinguish, as has been done here, the 
two descriptions of pressures which are exerted against the 
sides of a vessel that contains a liquid in equilibrio, or which 
the parts themselves of this liquid sustain ; one of these pres- 
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Bures, namely, that which arises from the weight and other mo¬ 
tive forces that act on the fluid mass, varies from one point to 
another; the other, which uiisea from the forces applied to its 
' surfuco, and is transmitted through its intervention, remains 
tlio atimc throughout the entire extent of the fluid. The com¬ 
bined effect of these two pressures at each point constitutes the 
.total pressure. 

579. In consequence of this property which fluids possess 
of transmitting equally ill every direction the pressures excited 
on their surface, an incompressible fluid contained in a vessel 
firmly sccurod, must bo considered as a veal machine; for a 
machine is in general an apparatus by means of which a forae 
acts on points that are beyond its direction, and exerts on 
those points efforts which are greater or less than if it wns im¬ 
mediately applied to it, and this is evidently the case of tlie 
force p, which has boon considored in the preceding numbers. 

The principle of virtual velocities haa place in the equi¬ 
librium of this machine, as in that of all other known machines. 
In order to prove it, let us consider un immoveable vessel of 
any form whatever, which may have os many openings as we 
idcuae, lot a cylinder which extends indcfiiutely without the 
vessel bo applied to each of those openings, then lot this vessel 
be lilleil with any liquid, such us water, the given weight of 
which wo hIioII not take into account; and let ua suppoBO that 
tho water rises in all the cylinders to a certain ^listauco from 
their orifleoB, and that it is terminated by piano surfaces per¬ 
pend! ouhu* to the lengths of tho cylinders. Finally, let pistons 
be introduced into tho cylindors which fit thorn exactly, and 
which ut the same time are at liberty to slide without friction 
in tlie diroction of their length. Let a, a\ &c., bo the 
bases of thoHo pistons, which are likewise those of the cylin¬ 
ders ; and let the forces l>, p', p", &c., bo applied to these 
bodies, in a direction perpendicular to their bases, and acting 
from without inwards, and finally, let the given forces which 
act on one another through the intervention of the water, be 
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in equilibrio. In this state, the pressure referred to the unit 
of surface must be the same on all the sides of the vessel and 
on the bases of the pistons (No. 677)- If therefore it be de¬ 
noted by p, the total pressures which the bases of the pistons 
suatEun from within outwards, will be pa, p'“a, &c. In 

order that there may be an equilibrium, these pressures must 
be respectively equal to the forces p, p', p'', Sec. ; consequently 
we shall have 

p = op, p' = a'p, See, (a) 

By means of one of these equations, the value ofp can bei 
determined; and by substituting it in the others, the equa¬ 
tions of the equilibrium of the system will be obtained, the 
number of which will be Jess by one, than that„of the pistons.; ^ 
Now if we conceive, agreeably to the definition of the prin¬ 
ciple of virtual velocities, that the parts of the system are 
displaced in such a manner that the pistons actually correspond 
to the sections CD, c'd', c"d", &c., of the cylinders. One 
set of these bodies will have advanced, and another set 
must have receded; let these displacements be denoted by 
/i, A', A", Sec., and let them be considered as positive or nega¬ 
tive, according os the pistons have advanced or receded; then, 
in the figure, the distance k comprised between the sections 
BF and CD is positive, and the distance h' comprised between 
the sections b'f' and c'd' is negative. The volumes of water 
which issue from^ the cylinders, and flow into the vessel, cor- 
rlespond to the positive values of A, A', A", &c*, and those which 
issue from the vessel to flow into the cylinders, correspond to 
their negative values. Both the one and the other will be 
expressed by the products aA, €i!‘h!\ &c., no reference 
being made to the signs. Consequently, water being con¬ 
sidered as incompressible, and the figure of the vessel as in¬ 
variable, the sum of these positive or negative products must 
be cipher, and we shall have 

aA + dK + a"A" + &c. = 0. (b) 
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If this equation he multiplied hyp, there results, In conse¬ 
quence of equations (a), 

pA + p'A' + p'Vi" + &c. zz 0, (c) 

which is the equation resulting from the principle of virtual 
velocities, applied to the forces p, p', p". Sec., and to A, A', 

&c., the displacements of their points of application 
The condition of the system, which in the present case is the 
invariability of the volume of th6 liquid, is expressed by 
equation (b). Not only do the displacements A, A', A", &c., 
satisfy this condition, but also the opposite displacements, 
— A, — A', — A'', Sec., as is required by tho principle of vir¬ 
tual velocities (No. 331). The magnitudes of the quan¬ 
tities A, h\ A'', Sec., may bo finite, provided that none of the 
pistons enters Into the vessel, or moves beyond the cylinder 
in which it ought always to be contained. 

680. The principle of the equality of the pressure in every 
direction, belongs to elastic fluids as well ns to liquids; but 
in tho cose of the first, in order that they may press against 
the sides ofthe vessels which contain tliom, it is not nocessory 
that any motive forces should act on their molecules, or tluit 
any pressure should he exerted on their surfuces, tho elasticity 
of these fluids, in virtue of which they continually endeavour 
to occupy a greater volume, is sufiiciont to produce this pres¬ 
sure. Hence, if we suppose a mass of uir, of gas, or of any 
vapour to be contained in a vessel closed on all sides, and if 
the weight of the fluid is not considered, the sides of tlje vessel 
will sustain equal pressures in all their points, directed from 
within outwards, along the normals to those sides. The pres¬ 
sure referred to the unit of surfiicc, will bo the same tlu’ough- 
out the entire extent of the vessel; in order to dctormiiio it, 
let an opening bo made in any part wbatover of the vessel, and 
let a piston be applied to this opening, then if the force neces¬ 
sary to maintnin it in equilibrio bo divided by the area of tho 
base of the piston in contact witli tljo fluid, tlio quotient will 
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express the required pressure, which will be always the same 
quantity in whatever part of the vessel the opening is made. 

If, for example, the vessel represented by figure 35, is filled 
with an elastic fluid, the forces p, p', p", &c., that should be * 
applied to the pistons, which close the cylinders, in order to 
hinder them from sliding, will be proportional to the bases 
a, a', a", &c.; the ratio of each force to the corresponding 
base will be the same for all the pistons; and equations (c) 
will still have place, but only for the motions of the system in 
which the total volume of the fluid undergoes no change. 

This constant pressure, which an elastic fluid exerts on the f 
sides of the vessel that contains it, depends on its matter, its ^ 
density, and its temperature. It has been also termed the v 
elastic force of the fluid. It appears from experiment, that 
for the same fluid, when die temperature is not changed, the 
elastic force is proportional to the density; so that if p denote 
the meajsure of the elastic force, that is to say, the pressure re¬ 
ferred to the unit of surface, and p the density, we have in each 
fluid 

p = Ap; 

k being a coefficient which depends only on the matter and 
temperature of the fluid. When the gravity of the fluid is 
taken into account, or more generally, when its molecules are 
solicited by given forces, the pressure p varies from one point 
to another of the vessel, according to a law which depends on 
theee forces, and which we shall determine in the sequel. 
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&ENBRAL EQUATIONS OF TUB EQUILtBUlUM OF Ft^UIDfl. 

68 li In order to discuss tlie question in the most general 
manner, let us consider a fluid mass abcd (fig. 36), ^vluch may 
be either liomogeneouB or heterogeneous, comprcssihlo or in¬ 
compressible, all whose material points are solicited by given 
forces, and let it he proposed to express tlio conditions of its 
equilibrium by equations. 

Let a, y, « be the coordinates of m any point whatever of 
this moss, parallel to the rectangular axes ox^ oy^ oz i we shall 
suppose for greater clearness, that the plane of the axes of a; 
and y is horizontal, that the axis oz is drawn in the cllroction 
^ of gi’avity, and that the mass adcd is comprised below the 
i plane of the axes of x and y, in the solid angle, contained by 
^the three planes of the positive coordinates. Let the fluid 
mass be distributed into ports, which, agreeably to what is 
stated above (No. 674), we shall consider as infinitely small 
elements \ and let these elements be supposed to bo comprised 
between planes infinitely near to each other, and pai’aUel to 
those of the coordinates; so that these elomonts may be each 
of them rectangular parollelopipeds, the adjacent sides of 
which are parallel to the axes, and equal to the diflcrentiala of 
the coordinates, the two horizontal bases of that which corres¬ 
ponds to any point such as m, and which is ropresentod in the 
figure, will be equal to dxdy^ its vertical height mm' will be 
equal to dz, and its volume will be dxdydz. 

If the density of the fluid in this point, such as it has been 
defined in No. 98, be denoted by p, and the differential element 
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of coiTesponding to this same point by dm^ we shall 

dm zi pdx dy dz. 

In homogeneous liquids, if the small compressions that they 
and which maybe unequal in different points, be 
xx€>^ taken into account, the fector p will be a constant quan¬ 
tity 5 and it will be a known or unknown function of the eo- 
or^l^^^tes in heterogeneous liquids, and also in elastic 

fluids, which are not equally compressed in every direction. 
%uGt^dm{Zdm^zdmA.Q\\oiQ thecomponentsof the motive force 
acts on the element dm resolved parallel to the axes of 
f /9 SO that X, Y, z may be the components of this force re- 
to the unit of mass, or of the accelerating force relative 
to the point m. Each of these three quantities will be a func- 
tioxi of a:, y, z, the values of which shall bo regarded as posi¬ 
tive or negative, according as the force which it represents 
tends to increase or diminish the coordinate to which it is pa- 
XCLllol Moreover, the element dm will be pressed from with¬ 
out inwards, on its six faces, by the surrounding fluid, and, in 
oi’der that it may remain in repose, these exterior pressures 
must be in equilibrio with the intenqr forces xrfw, 

ThiB being the case, if tlie vertical pressure which is exerted 
on the upper base dxdy^ in the dhection of gravity, be de¬ 
noted hj pdxdy^ p being the pressure which corresponds to 
tlxo unit of sur&ce on this infinitely small base (No. 577); 
tliis quantity p will be all unknown function of x, y, z; 
nnd at the point m', the coordinates of which are a;, y, 2 ^ + dzy 

it •will become ^ express the vertical 

pressure, relative to the unit of surface, exerted on the infe¬ 
rior base of dfn. Consequently, this second base will ex¬ 
perience, in the direction of gravity, a pressure equal to 
dv 

^'^dz)dxdyi the resistance of tlie fluid on wliicli the 
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element dm presses, is a force equal and contrary to this pres¬ 
sure ; BO that this element dm is urged in a vertical direction by 

the two opposite forces pdxdy atid (P + ^ dxdij^ or by a 
"I force equal to tlieii' difference ^ dx dy dz, and directed up¬ 


wards. Now, in order that this element dm may bo ncitlior 
moved in the direction of gravity, nor in the contrary tlircction, 
this force must be equal to zciwi, the vertical component of 
the motive force which acts downwards, consequently, we 
shall have, 


^dadydz = zdm ; 


in like manner, if g and r denote the pressures, referred to the 
unit of surface, which correspond to the faces of dm pmullel 
to the planes of the axes of x and r, and of y iuu\ then, 
in order that the element dm may not move cither in the 
direction of the axis of y, nor in that of the axis of a?, wo should 
have 


^dxdydz = Ydwz, 


^ dxdydz = xtZm. 


Now if in these three equations, the preceding value of 
dm be substituted, they become, by suppressing the common 
factor dxdydz^ 



dq dr 


0 ) 


582. If the elements into which tlio mass adcd is divided 
be solid, so that this mass may be regarded as a collection of 
solid rectangular parallellopipeds, in juxta-positiou with each 
otlier, it is not necessary that any relation should subsist be¬ 
tween the pressures which oacli of these parallellopipeds ex¬ 
periences on those faces whicli arc not purnllcl; the olomeut 
dm may, for example, experience a considorahU; ]>ressiirc on 
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its liorizoutal bases, and none at all on its vertical faces; but 
as Ais mfinitely: ^maU element must-be as 

well os all the poi’ts of the entire mass, which should have a 
finite magnitude (No. 574), it follows from the fundamental 
property of fluids, that the three quantities p, r, must be 
equal to each other, or at least, if they differ, the difference 
can be only on infinitely small quantity, which may be 
neglected in equations ( 1 ). 

In fact, the pressure which the surrounding fluid exerts on 
each of the faces of the porallellopipedd^d'pd^, is transmitted 
on the other faces, by the intervention of the fluid, of which 
the clement dm consists ; this tinnsmission is made in the 
manner already explained, from which it follows, that if the 
pressure which has place from without inwards, on the upper 
horizontal base, be denoted h^pdoady^ the pressures trans¬ 
mitted on the lateral faces, and which act from within out¬ 
wards, will be represented by pdcffo and pdydzi moreover, 
we should add to these ti'onsmitted pressures, those which 
result from the motive force of the fluid dm^ consequently, if 
the pressure due to this force, and exerted, for example, on 
the fiice dydz^ be denoted by y, the entire pressure which has 
place from within, outwards, or from right to left, on this free 
dprfff, will be expressedbypdyc?s + y. On the other hand, the 
pressure aiising from the surrounding fluid, and exerted from 
without inwards, or from left to right, on this face dydz^ has 
been represented by rdydz ; this force is the resistance which 
the BuiTounding fluid opposes to the interior pressurepdyds+ y ; 
consequently, we must have 

rdydz'^.pdydz +‘y. 

Now, although tlie value of y may be unknown, we ore 
iievortlieless certain, that this quantity can only be an infi- | 
iiitely small one of the third order, like the motive force olv/ 
(Im{a)^ from which it arises 5 hence if y be neglected relatively 
to pdydz^ wc shall have r = p 5 in the same way it may be 
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also BhowR, that we must have q zzp* The conclusion would 
be still the same, if the element dm^ instead of being a rec- 
tangnlai' parallellopipedj was any polyedron whatsoever, all 
whose sides were always infinitely small; and it may be de¬ 
monstrated in the some manner, that tlie exterior pressure, ex¬ 
erted in a direction which is perpendiculai* to all the faces of 
the BUTTounding fluid, is proportional to their respective areas, 
and independent of the motive force of the polyedron. It 
follows, therefore, that all the elements of the surface which 
pass through the point m, experience the same pressure re¬ 
ferred to the unit of Burfiice, and that if cu be the area of one 
of them, the normal pressure which it sustains on one or 
other of its two sides, is equal to jow, whatever may be the 
direction of the plane to which it belongs. 

In consequence of the condition r = = /?, equations (1) 
become 





( 2 ) 


and they are the general equations of the equilibrium of fluids, 
which it was proposed to find. 

683. The conditions of equilibrium which they express, 
are reduced in each particular case, to our being able to find 
for p a function of ar, p, which satisfies at the Hamc time 
these three equations. Now, if they be respectively multi¬ 
plied by dx^ dy^ dz^ and then added together, there rosults 

= p (xflfc + ydy + zdz ); ( 3 ) 

therefore, in order that the value of p may bo possible, the 
product of p, and of the formula xdar + ydy + zrfc, should 
be an exact difi’erential of a fiinction of three independent 
variables a?, z. Conversely, when this condition is satisfied, 
p will be the integral of this product, and in this manner 
equations ( 2 ) will be satisfied. 

If the coordinates of any point whatever of the surface of 
ABCD be substituted in place of rc, y, 5, in this value of the 
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pressure at tliis point on the side of the vessel in which tliis 
fluid mass is contained, will be had; this pressure will be 
always destroyed, provided that this side is fixed and suscep¬ 
tible of indefinite resistance; but in those parts, where the 
vessel is open, and where the fluid is entirely free, there is 
nothing to destroy the pressure p, consequently, its value 
must be cipher, for all the points of the fi'ee surface of a fluid 
mass in equilibrio; this gives for the diiferential equation of 
this Bur&ce 

Xflfa + Ydy + zdz = 0. (4) 

This equation also obtains, when there is a constant pres¬ 
sure made on the free surface of the fluid; for then we must 
have dp = 0, for all its points, and as p the density is not 
cipher, equation (4) results at once from formula (3), If by 
any means whatsoever, a pressure be made on the free surfiiGe 
of a fluid, which is variable from one point to another, and if 
this pressure, referred to the unit of surface, be represented by 
/(a;, z), the value of p deduced from equation (4), should 

coincide, for all the points of the free surface, with the given 
function of x^y^z i and, in this case, the differential equation 
of this surface would be f 

p (xdx + Ydy + 7jdz) =; d/(Xj y, x). J 

In the subsequent part of this treatise we shall always 
suppose that the exterior pressure is either cipher, or con¬ 
stant throughout the entire extent of the free surface of a 
fluid in equilibrio. 

As the pressure j) is proportional to the density in elastic 
fluids (No. 680), it follows that this pressure can never be 
cipher in a fluid of this nature, os long as the density does not 
vanish, that is to say, os long as the fluid exists, and has not 
lost its entire elastic force by the effect of cold. Hence an 
clastic fluid cannot be in equilibrio, except when it is con¬ 
tained in a vessel which is closed on all sides, or, which is the 
Btimc thing, when a pressure is made on its surface directed 
from without, inwards. 
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684. It follows from equation (4), that the resultant of 
the accelerating forces x, y, z, which act on each point of the 
free surface of a liquid in equilibrio, is perpendicular to this 
surface, both in the case where there is no exterior pressure, 
and also when there is exerted on this surface, a pressure 
which is constant from one point to another. In fact, if any 
curve whatever be traced on this free surface, and if ds be the 
differential element of this curve corresponding to the point 

whose coordinates are a?, so that may be the 

as as as 

cosines of the angles which the tangent to this curve, at this 
same point, makes with lines drawn parallel to the axes of the 
coordinates, and if r be the resultant of the forces x, y, z, since 
the cosines of the angles which its direction makes with these 

X Y Z 

parallels, will be by dividing equation (4) by Rcfo, we 

R R R 

shall have 

from which it appears, that the direction of the force r, and 
the tangent to the curve traced axj^ari^ on the surface, are 
perpendicular, the one to the other, and consequently, this di¬ 
rection must coincide with the normal to the point which is 
considered. In general, this pressure ^ w^ from without 
inwar ds; but when the is not cipher, it maj, 

on the contrary, be dfrected from within outwards. 

If equation (4) be integrated, and if there be assigned to 
the arbitrary constant, introduced by the integration, any series 
of particular values, the determinate equations which will re¬ 
sult will belong to as many different surfaces, and equation (4) 
will be the differential equation of each of these, and conse¬ 
quently, each of them will possess the property of being equally 
pressed in every direction throughout its entire extent, and of 
intersecting at .a right angle, in all its points, the direction 
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of the resultant of the forces x, y, z. Such of these surfaces 
as, from the value of the arbitrary constant, must, when 
produced, lie in the interior of the fluid, are termed surfaces - 
of level. If this arbitrary constant be made to increase by 
infinitely small degrees, the fluid mass will be divided into an 
infinite number of infinitely slender strata, and comprised be¬ 
tween two consecutive surfaces of level, which, on this ac¬ 
count, have been termed strata of level. 

The value of the constant which belongs to the exterior 
surface will be determined in each case, by means of the given 
volume of the liquid; so that the exterior pressure will have no - 
influence, either on the figure of equilibrium, or on the dimen¬ 
sions of this fluid considered as incompressible. If the liquid 
should be reduced to a state of solidity, the equilibrium would 
not be deranged; hence it follows that a constant normal pres¬ 
sure acting from without, inwards, on all the elements of the 
surface of a liquid or solid body, is destroyed of itself, and can¬ 
not impress on this body any motion either of translation or ro¬ 
tation. For a liquid, this equilibrium of exterior pressures results 
from the characteristic property of fluids, of transmitting equally 
in every direction, the pressures exerted on their surface (No. 
5T7); in the sequel it will be shown that this is true, inde- t 
pendently of this property, and that it equally obtains for a 
solid body of any form whatever. 

586. Let us now suppose that the fluid in equilibrio is 
composed of homogeneous matter, and that it has every where 
the same density and temperature. As the quantity p is 
constant, it follows from equation (3), that the formula 
xdo? -h Ydy + %dz must be an exact differential of a function 
of three independent variables. If this is not the case, the^: 
equilibrium is impossible in the fluid mass, whatever form may " 
be given to it, even if it be contained in a vessel closed on 
every side. 

But the condition of the integrability is always satisfied, 
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with respect to forces which are either attractive or repulsive, 
and whose intensities vary in functions of the distances from 
the centres from which they emanate (No. 158). Conse¬ 
quently, the equilibrium of a homogeneous liquid, subject to 
the action of similar forces, will he possible; and in order that 
it may actually have place, there should be such a form given 
to the fluid, as that its free surface may intersect at right 
angles, throughout its entire extent, the resultant of these 
forces, whether they be attractive or repulsive (5). 

If, for example, the fluid mass be supposed to be entirely 
free, and that a constant pressure is exerted on its surface, 
then when only^f^^^^ which acts on its particles is directed 
to a fixed centre, the figure of the mass abcd in equilibrio 
about this point, will be that of a sphere whose centre is this 
point, and radius, a line depending on the given volume of 
this mass. If the force directed towards the fixed centre be 
supposed to be attractive, and to vary in the inverse ratio of 
the square of the distance, and if the intensity of this accele¬ 
rating force at the surface of the liquid be denoted by < 7 , its 

cic^ 

radius by and the exterior pressure by n, will be the 

attraction at the distance r, and it follows from equation (4), 
that the pressure at the same distance is equal(c), 

;) = n + ~ gpa. 

This will also have place, if the fixed centre be replaced by a 
solid sphere, all whose points attract tlibse of the liquid in the 
inverse ratio of the square of the distance; but in this case, if 
the radius of this sphere be c, the value of p is furnished by 
the preceding equation only for values of r comprised between 
r = c and r-z: a. When the attraction is changed into a re¬ 
pulsive force, it is only necessary to change the sign of ^; so 
that we shall have 

p-n + ffpa-^. 
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The least value of p belongs to r = c, and will be 

c 

It must be positive, in order that the liquid stratum may not 
detach itself from the solid body and be dispersed in space; con¬ 
sequently, the external pressure n must surpass the quantity 

—^(d). In general, it is necessary in the equilibrium 

of a fluid, that the value of p the pressure, should be positive 
throughout the entire extent of its mass, in order that the 
contiguous parts may press against one another, and the fluid 
be not separated. 

When the radius c is very great, the attractive forces di¬ 
rected towards the centre of the sphere are sensibly parallel, 
and the surface of the liquid is, for an inconsiderable extent, 
sensibly plane and perpendicular to the direction of this force. 
This is the case of a heavy liquid, which will be particularly 
discussed in the following chapter. 

586. If, whatever be the forces of attraction or repulsion 
directed towards fixed centres, which act on all the points of 
any fluid mass abcd, we make 

%d'x + Ydy + ; 

in which 0 denotes a function of the coordinates or, y, de¬ 
pending on the laws of these forces in functions of the dis¬ 
tances, equation (3) will then become 

dp = pd<^. 

In order that it may subsist when the density p is variable, 
this density should be a function of the quantity ^; and con¬ 
versely, when this condition is fulfilled, there is always a value 
of p which satisfies this equation of equilibrium. Now, by 
equation (4), the (q^ntity ^ is constant throughout the entire 
extent of each stratum of level; therefore in a heterogeneous 
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fluid and in a compressible fluid in equilibrio, it is necessary 
that the density should be constant throughout the entire ex¬ 
tent of the same stratum; and as the superficial stratum, sub¬ 
jected to a given constant pressure, is a stratum of* level, 
it is likewise necessary that it should have the same density 
throughout its entire extent(e). 

If the fluid is incompressible, the density p may be any 
function whatever, either continuous or discontinuous, of the 
quantity ^; when it is given, the value of p in a function of p, 
may be obtained by integrating the formula pd0, and deter¬ 
mining the arbitrary constant, by means of the constant and 
given magnitude of the external pressure. 

In the case of a heterogeneous liquid, subjected to the ac¬ 
tion of a central force, it is necessary, in order that there may 
be an equilibrium, that its mass should be composed of con- 
centrical spherical strata, whose density must be the same 
throughout the entire extent of each of them, though it may 
vary arbitrarily from one stratum to another(y). In like man¬ 
ner, if several heavy liquids are contained in a vessel, it is neces¬ 
sary, in-order to an equilibrium, that each horizontal and infi¬ 
nitely slender stratum should consist of only one liquid; this 
condition will be satisfied, if the upper surface which is sup¬ 
posed to be subjected to the action of a constant pressure, and 
’ the surfaces which separate two consecutive liquids, are all 
plane and horizontal. Moreover, in order that the equilibrium 
may be stable, it is necessary that the densities of the super¬ 
imposed liquids should decrease from the lowest to the highest 
stratum, in order that the centre of gravity of this system of 
bodies should be the lowest possible (No. 348). 

587. In an elastic fluid, the density is connected with the 
pressure (No. 580), and cannot be arbitrarily assigned, as in 
the case of an incompressible and heterogeneous fluid. By 
dividing equations dp pd^, mdp = kp^ the one by the other, 
therdJTesults 


dp ^ d<j> 

y “T‘ 


( 5 ) 
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If the temperature be every where the same, h will be a 
constant quantity, and, by integrating, we shall have 


t 


n I 


( 6 ) 


which expresses the laws of the density and pressure in the 
state of equilibrium of the fluid; e denoting the base of the 
Naperian system of logarithms, and TI an arbitrary constant, 
which expresses a certain pressure, that may be determined 
from knowing the pressure in a given point(g). If the tem¬ 
perature varies from one point to another, h will likewise 
vary; but in order that equation (5) may subsist, it is neces¬ 
sary that this quantity should be, a fun ction of^i^ which may 
be arbitrarily assigned. Consequently, the temperature must 
be also a function of and therefore it is constant throughout 
the entire extent of each stratum of level of an elastic fluid in 
equilibrio. This condition being satisfied, equations (6) should 
be replaced by the following, 


V 




When the centrifugal force and want of sphericity of the 
earth are not taken into account, the direction of the weight 
of the molecules of the air is towards the centre of the earth, 
and the strata of level are spherical and concentrical. There¬ 
fore, in order that the atmosphere may remain in equilibrio, 
it is necessary that the temperature should be every where the 
same at the same height above the surface of the earth, and 
that it should only vary with the elevation of the concentrical 
strata. Now, this is never the case; for the heat of the sun 
acts unequally on the different points of the surface of the 
earth and of each atmospherical stratum. As the temperature 
depends on the latitude, it is not possible that an equilibrium 
could have place, and this is the cause of those permanent 
winds which are, in fact, observed near to the equator. 
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j Moreover, the condition of the equilibrium of the atmospherical 
strata can throw no light on the variation of temperature in 
the vertical direction; for equation (6) obtains whatever may 
he the value of A in a function of and consequently, what¬ 
ever may be the law of this variation. 

When the mass abcd is composed of several gases of diffe¬ 
rent natures, the conditions of equilibrium may be satisfied 
in iwp different ways; when these gases are completely mixed 
together, so as to constitute a perfectly homogeneous fluid, 
and when they are, on the contrary, disposed in strata, resting 
the one on the other, so that their surfaces of separation are all 
faces of level. The first^ case obtains in an atmosphere of 
which the composition is the same at all heights. This state 
of perfect mixture is that of the most stable equilibrium; and 
when two different gases are placed the one over the other, in 
a vessel closed on all sides, they will become eventually per¬ 
fectly mixed together, unless we take care to secure the vessel 
which contains them, from the slightest agitations. 

588. The centres of the attractive or repulsive forces, 
which act on each point such as M of the fluid mass abcd, 
may be all ifie other material points of this mas§. In this 
case, X, Y, z, the components of the total accelerating force 
acting on the point m, will consist of an infinite number of 
terms, and if we suppose that the natural law of action equal 
and contrary to reaction, obtains in their mutual attractions 


and repulsions, and that besides, all these points are subjected 
^ to the action of the same extraneous forces, this will not pre¬ 
vent them from being certain functions of a:, y, z. 

In the case of nature, these mutual actions are of two dif- 
yTfferent kinds; the one varies in the inverse ratio of the square of 
the distance, and the intensities of the others are expressed by 
functions which decrease with extreme rapidity, so that their 
Values are only then sensible, when the distances are insensible. 
X, y, z, the total components of the forces of the first species, 
are computed by distributing the mass abcd into infinitely 
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small elements (No. 98), and then determining by the integral 
calculus, the sums of the attractions or repulsions of all these 
points, along each direction. Wi th res pect to ^e actions of 
tl^second species, which are properly termed molecular forces, 
and which are attractive or repulsive, according as the attrac- 
tion of the ponderable matter is greater or Jess than the calc- ^ 
ri^ repulsion^ they ought not to be taken into account in the 1 
calculation of the forces x, y, z, relative to an interior point: 

M; for it is precisely these molecular forces, which produce' t 
the pressure p, that is equal in every direction about m, and i 
which was already considered in forming the equations ofi 
equilibrium. 

' It results from this last consideration, that equations (2) of 
No. 682 are the necessary and sufficient conditions of equili¬ 
brium of all the forces, the molecular actions among the rest, 
which act on dm any element of the fluid mass; so that the 
equilibrium has certainly place, when there is such a value of 
jp as satisfies these equations for all the points of tlm^ 

^ which^^pincides wi^^^^ the value of the pressure at t^^^ sur¬ 
face, that is given directly, and which should not become ^ 
negative in any point, in order that the parts of the fluid may,’ 
remain contiguous. 

If the law of the molecular forces, in a function of the dis- 
• tance, was given, and if we could deduce from these forces the 
expression of the quantity p in a function of the mean inteiral 
of the molecules (No. 98), then by substituting this expression ^ 
in equations (2), one of them would determine the maguitude 
of this interval, about the point m, in the state of equilibrium, 
and the two others would express the conditions of this equi¬ 
librium. The numerical value of p would then result from 
that of the mean interval, or from the corresponding value of 
the density; and in the memoir cited above (No. 576), the 
author has explained how this pressure p may vary in a very 
high ratio, for the very small variations of the density which 
are observed in liquids. But as the direct determination of 
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the pressure p is impossible, its value must be deduced from 
the conditions themselves of equilibrium, or from formula (3)j 
which is a consequence of them. 

When the point m is situated on the surface of the fluid, 
or is less distant from it than the radius of activity of the 
molecular forces, these forces, and the rapid variation of the 
superficial density, should be taken into account in the calcu¬ 
lation of the components x, y, z, and, consequently, of the 
value of p deduced from formula (3). There results from 
this, an influence of molecular forces on the figure of the 
fluid in equilibrio, which, in general, is not sensible, and 
which only becomes so in capillary spaces. In this treatise, 
these are not taken into account; and for every thing con¬ 
cerning the phenomena of capillary forces, the reader is re¬ 
ferred to the new theory of capillary action lately published 
by the author. 

589. If a homogeneous, or heterogeneous liquid turns 
uniformly about a fixed axis, we can by means of the pre¬ 
ceding formulae determine the conditions which are necessary 
and sufficient to be satisfied, in order that it may retain a per¬ 
manent figure, and move like a solid body. For this purpose 
it will suffice to join to the components x, Y, z, those of the 
centrifugal force which results from this rotation. 

Let then the axis of rotation be that of the coordinates of 
r the distance of any point m from this line, so that we may 
have 

let a denote the constant angular velocity, which is common 
to all the points of the fluid, ra will be the absolute velocity 
of the point m, and since it describes a circle whose radius is r, 
the value of the centrifugal force will be r^(No. 174). As 
this force acts in the direction of the production of r, its com¬ 
ponents parallel to the axes of a? and y will be obtained bymul- 

^plying it by - and -; this gives, for their respective values, 
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cca^ and which should be added to the forces x and T ; 
and as the force z is not changed, formula (3) will become 

dp = p (xdx -h ydy + zdz + a^^xjdx + a^rfy). (a) 

The quantity comprised between the parentheses will be 
still an exact differential, namely, the differential of the func¬ 
tion 0 of No. 586, increased by or by -l-aV®. 

Consequently, the permanent form will be possible; and if 
the free surface of the liquid experiences a constant pressure 
throughout its entire extent, the equation common to this sur¬ 
face, and to all the surfaces of level, will be 

xdx + yrfy + zdz + (xdx 4- ydy) = 0. (b) 

In the case of a homogeneous liquid, it will be sufficient 
to determine the free surface by the integral of this differential 
equation, and its arbitrary constant can be determined by 
knowing the entire volume of the liquid, as we shall see im¬ 
mediately by an example. In the case of an heterogeneous li¬ 
quid, it is moreover necessary that it should be composed of 
homogeneous strata, whose figures may likewise be deter-^ 
mined by the integral of this same equation, and which will 
only differ from the exterior figure in the values of the arbitrary - 
constant. 

590. Let equation (b) be applied to the case of a heavy 
homogeneous liquid, subject to the action of gravity ; let it 
be supposed to turn about a vertical axis, and to be contained 
in an open vessel. If the gravity be denoted by < 7 , and if the 
coordinates of the positive zs be estimated in the contrary di¬ 
rection to this force, we shall have 

X = 0, y = 0, z = - 

>■ 

ponsequently, equation (b) will become 
gdz = a* [xdx + ydy); 

hencO) by integrating and denoting the arbitrary constant by 
c, there results 
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^ ^ + J'®) + c> 

from which it appears, that the free figure of the liquid is that 
of a paraboloid of revolution, whose axis will be that of the 
rotation. 

In order to determine the constant c, let us suppose that the 
vessel is a vertical cylinder with a circular base, and let its axis of 
figure be that of the coordinate or of rotation; let its radius 
be a, and h the height through which a body should fall in 
order to acquire the absolute velocity of the surface, namely 

cki, so that we may have and, consequently, 

Jiv^ 

+ likewise, let b Be the height of the water before 

the commencement of the motion, iTa% will be the volume 
of the liquid, which remains the same during. the rotation; 
now, if the paraboloid be divided into infinitely slender cy¬ 
lindrical strata, whose common axis is that of the axis of 
then 2Trr^rwill be the base, and ULttzrdr the volume of 
the stratum of which the radius is r, and the thickness dr, 
therefore, the entire volume will be obtained by integrating 
2vzrdr from r = 0 to r =z a; hence it follows that 

a^b = 2 zrdr. 

By substituting for z its value, and performing the integration, 
we obtain for the value of c(A), 

czz b I A. 

The equation of the upper surface will therefore be 
^ "" ^ + A — 

^ The least and greatest values of z which belong to r = Q, and 

I r = fl, will be & — ^A, and 5 + JA, so that the depression of 
j" the liqidd about the axis, and its elevation at the circumference, 
which are produced by the rotation, will be the sanpie, and their 
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value will be half the height through which a body should fall / 
to acquire the velocity of the circumference. 

591. When the forces of which x, y, z are the components, 
arise from the attractions of all the points of the liquid, in 
the inverse ratio of the squares of the distances, or according , 
to any other laws, the total values of x, y, z, depend, in ge- 
neral, on the form of the liquid and on its strata of level, and, v 
conversely, this form depends on the values of these compo¬ 
nents. This mutual dependence of the attractions of the 
fluid and of its figure, renders the determination of the latter, 
by means of equation (b), extremely difl&cult. Even in the 
case, when the fluid is homogeneous, the problem cannot be 
resolved in the ordinary case of the attraction varying in the 
inverse ratio of the square of the distance, except on the sup¬ 
position, that the centrifugal force is so inconsiderable, that 
the fluid differs very little from the spherical form, which it 
would assume if this force was cipher, that is to say, if the 
fluid was at rest. It might, in this case, be demonstrated by 
an analysis founded on the consideration of series, but which 
cannot be introduced here, that the figure of the fluid is ne¬ 
cessarily that of an ellipsoid of revolution, whose compressioir 
may be determined by means of the magnitude of the centri¬ 
fugal force at the equator, compared with the attraction of 
the fluid at this same point. 

But it is easy to verify the above statement, namely, that 
the elliptic figure always satisfies equation (b), when the ^ 
velocity a does not pass a certain limit, and that then there 
are two ellipsoids of revolution, which correspond to the same 
value of this velocity of rotation. In fact, if the equation of 
the surface of the fluid, in its permanent state, is 


? + c'^OT?) 


1 , 


(c) 


which is that of an ellipsoid of revolution, whose axis of figure 
and equatorial diameter are respectively 2 c and 2 c V^l +7'*! 
VOL. II. 3 K 
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and if x, y, z are the components of the accelerating force 
arising from the total attraction of this body on the point of 
its surface whose coordinates are x, y, z, estimated along the 
productions of these coordinates, that is to say, in a direction 
opposite to that of the components, the expressions of which 
were given in No. 106 ; then, by changing the signs of these 
expressions, and observing that the mass of the ellipsoid is 
expressed by (1 + y®), we shall have(f) 

^ ^ ^2) arc (tang = y)], 

Y _ _ (1 + arc (tang zz y)] , 

471^ (1 +7^)^ r / \ 1 

z =-= t) ~ 7 ]; 

in whichy*expresses, as in the number just cited, the inten¬ 
sity of attraction at the unit of distance, and between masses 
respectively equal to unity. It will be, therefore, necessary 
to prove, that these values, joined with equation (c), satisfy 
equation (b). Now, if they be substituted in this equation, 
and if all its terms be multiplied by which implies that y 
is not cipher, by making, for conciseness, 

ct 

4^-*’ 

there results 

ftv — 4(1 + 7 *) arc (tang = y) + ey®] {xcbs + ydy) 

+ (1 + 7*) arc (tang = y) — y] zdz = 0; 

by differentiating equation (c), we obtain 

xdx + ydy + {l-Jr'f)zdz = {ii 

and, in order that this differential equation may coincide with 
the preceding, it is necessary, and it suffices, that we should 
have 

4 7 ~ 4 (1 + 7 *) arc (tang = y) + gy^ — arc (tang = y) — y, 



equilibrium of fluids. 


435 


or by rcducing(A) 

"“3T7^^arc(taDg-7)==0; (d) 

so that it only remains to ascertain whether this equation has | 
real roots, and to determine their number. 

For this purpose, let its first member be represented by j3, 
and let a curve be supposed to be traced, of which the corres¬ 
ponding values of y and /3 are the abscissa and ordinate; this 
curve will cut the axis of the abscissa at the origin ; however, 
the root ^ = 0 , does not belong to the question, as long as 
the velocity a, and consequently e, is not cipher. The other 
roots of equation (d) are equal two by two, and of contrary! , 
signs; but it will be sufficient to consider its positive roots,! * 
since equation (c) only contains the square of y. This being! 
so, if the differential of /3 be put equal to cipher, we obtain(/f 

£ 7 " 4 - 2 ( 56 ^ 1 )y 2 + 9 ,- 0 , (e) 

by means of which the abscissae corresponding to the maxima^ 
or minima^ of this ordinate, may be determined. Now, as 
this equation is of the second degree wdth respect to it fol¬ 
lows that there can be only qng maximum^ or minimum^ on 
each side of the origin of the abscissae, hence it is evident, that 
the curve can only cut the axis of the positive abscissae, beyond 
this origin, in two points, so that, at most, there will be only 
twqpositive and real roots of equation (d). Moreover, we 
may observe, that if equations (d) and (e) have place for the 
same value of 7 , the curve will(m) touch the axis of the ab¬ 
scissae in a point which corresponds to a double root of equation 
(d). Now, from equation (e) we can deduce 

'“(i + r'^)(9+7‘0’ 

and if this value be substituted in equation (d), there results(?^) 
77^+ 307^ 27 7 

(T+?)(3'+?H9+7) 


= arc (tang = 7 ); 
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an equation which can have only one positive root, besides 
7 = 0 . This root really exists, and its approximate value is 
found by trial to be 

7 = 2,5293. 

The corresponding value of e is 

0,1123; 

from which it follows that for values of e less than this fraction, 
there are two distinct intersections of the axes of the positive 
abscissae, and two unequal roots of equation (d); that for this 
value of 6 , these intersections .coalesce into a contact, -and the 
two roots become equal; and that finally, for greater values 
of e, equation (d) has no real roots, and the intersections have 
not place. It is certain that these roots coiTespond to the less 
values of g, and not to the greater; for when e = », equation 
(d) has no value different from cipher; and on the contrary, 
when e is a very small fraction, the two real roots of this equa¬ 
tion may be easily determined (o). 

When by means of equation (d), the two approximate 
values, which answer to a given value of c less than the pre¬ 
ceding fraction, shall have been determined, the preceding 
values of x, y, z will make known the attraction of the fluid 
in any point whatever of its interior or of its surface, and 
the values of c can be deduced from the volume of the fluid, 
which is also given. When the value of e surpasses this fi’ac- 
^tion, we are not justified in concluding that a permanent 
^ figure of the liquid is impossible, but only that it cannot be 
^ an ellipsoid of revolution; for, with the exception of the case 
^ in which this figure is supposed to differ little from that of a 
i sphere, it has not been yet demonstrated that the elliptic figure 
of revolution is the only one which suits the equilibrium of the 
centrifugal forces and of the mutual actions of the molecules ; 
it has not been even proved that the sphere is the only figure 
-which a fluid mass at rest can assume, when its molecules 
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mutually attract each other, however natural it may appear' 
to be. 

592. If the quantity g is a very small fraction, equation 
(d) may be satisfied by making y a very small quantity. We 
then have 

arc (tang = y) = y |y^ + &c.; 




and if these values be substituted in equation (d), we obtain 
by suppressing the factor y, which is common to all the terms, 
and then neglecting powers of y superior to the first (p), 




I5s 


2 ’ 


which corresponds to an ellipsoid very little compressed. 

As the two semiaxes are c and l-hy®, the compression 
must be very nearly equal to | y^; a^c may be taken to ex¬ 
press the centrifugal force at the equator, and ^rrfpc the at¬ 
traction in a point of the surface; which would be the exact 
values of these two forces, if the body was exactly spherical. 
The ratio of the first to the second is Sg; consequently when] 
a homogeneous fluid turns about a fixed axis, and differs very 
little from the spherical figure, its compression is equal to foe i 
times the centrifugal fo at the equator dm^^ i 

tlie, attraction at the surface( 2 '). It may be also demonstrated ‘ 
that if the fluid is composed of strata that are very little 
compressed, whose densities decrease from the centre to the. 
surface, the compression will be always less than in the case of 
homogeneity, but still greater than the two-fifths of that^ 
which answers to this case(r). 

In the motion of rotation of the earth, the ratio of the 
centrifugal force to the gravity, or to the terrestrial attraction, 
is about (No. 177) at the equator. Therefore if the earth 
was a homogeneous fluid mass, its compression would be 
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the two-fifths of which is 3 .^^; the value which results 
from observation, is comprised between these two limits, as in 
the case of a fluid mass, whose density decreases from the 
centre to the surface. 

By making 

2: = c, \/~x^ + = c 


in the values of z and l/x^+ and then developing accord¬ 
ing to the powers of 7 , we find ( 5 ) 



for the attractions which have place at the poles and at the 
equator. By adding to the second the centrifugal force 
whose value is, by what precedes, or the product of 

^irfpc and there results 


for the weight at the equator. If z the weight at the pole be 
taken from this expression, and if it be then divided by z, we 
obtain [t) 

:so that if the squai'e of -y® be neglected, this ratio is equal to 
I the compression and consequently, the sum of these two 

'quantities is equal to five times the centrifugal force divided 
by twice the weight at the equator, conformably to the theorem 
eited in No. 193 (m), 

In this same case of a very small value of e, equation (d) 
may he also satisfied by means of a very great value of y. 
For such a value of y, we have the identical equation 
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arc (tang = -y) = | ir — arc ^tang = ; 

therefore we shall have in a converging series 

arc(tang = y) = ijir- - + 5 

T 7 T 

in like manner we have 


1 _ 1 
/+3 - 7 ^ 


i + &c.; 


and if these developments be substituted in equation (d), a 
value of 7 may then be obtained, arranged accordingj to the 
increasing powers of s, namely, 


7 



— - + &c 

TT 


*9 


which will be the second real root of this equation(i>). 

For more details on this important theory, and on its ap¬ 
plication to the figure of the earth, the reader is referred to the 
second and fifth volumes of the Mechanique Celeste. ‘ 

593. There is an^^entiaJ^ between the surfaces 

of level traced in the interior of a liquid, subject to the mutual 
action of all its points, and those described in a fluid the points 
of which are only solicited by extraneous forces, that is to say, 
by attractions or repulsions, which emanate from fixed centres, 
and are functions of the distances from these centres. Let 
ABCD (fig. 37) be the free surface of a liquid at rest, or for 
greater generality, turning about a fixed axis. Let Ei?aH be a 
surface of level ti’aced in its interior, and let r be the resultant 
of all the forces which act on m any point whatever of this 
surface. In the two cases adverted to above, this force will act 
in the direction of nmp the normal at this point; now, since, 
in the second case, its magnitude and direction do not at all 
depend on any action of the points of the fluid, it will continue 
to be perpendicular to the surface epgh, though the stratum 
of liquid comprised between EFGH .aud abcd should be taken 
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away, so that after this abstraction, the liquid terminated by 
EFGH will still remain in equilibrio; but in the case of the 
mutual actions of the points of the system, the force r will de¬ 
pend on the action of this interior liquid, and on that of the 
exterior stratuin; in general, its magnitude and direction will 
be changed, when the stratum comprised between abcd and 
EFGH is suppressed, and the equilibrium of the fluid terminated 
by EFGH will no longer have place. In order that it should 
be reestablished, the form of the surface efgh should be 
changed, so as to become perpendicular in each point to that 
part of the force r which remains. 

The action of the exterior stratum comprised between abcd 
and efgh, will be nothing on all the points of the interior 
fluid and of the surface efgh, when the entire mass of the fluid 
being homogeneous, it deviates very little from the spherical 
figure, and its points are only solicited by their mutual attrac¬ 
tions in the inverse ratio of the square of the distances, and by 
the centrifugal force. In fact, all the surfaces of level are then 
similar ellipsoids, and, consequently, the stratum comprised 
between abcd and efgh, two of these surfaces, does not 
exercise any action on the points situated in the interior space 
(No. 105). But this nullity of action of a stratum terminated 
by two surfaces of level on the interior fluid, is not a condition 
of the equilibrium of fluids; for if the forces be such as have 
been supposed above, it has no longer place, for example, when 
the liquid is heterogeneous; this renders the surfaces of level 
dissimilar, though they are still elliptical, and such that the 
ellipticity of any surface whatever as efgh depends on the 
thickness and constitution of the exterior stratum. See Me^ 
cJianique Celeste^ tom ii, p. 85, and following pages. 

In the case of homogeneity, the elliptic stratum comprised 
between abcd and efgh, may be taken away or replaced at 
pleasure, without deranging the equilibrium or changing the 
form of the interior fluid, provided that the velocity of rotation 
remains always the same. But there are also other strata 
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which may be added to the fluid terminated by efgh, without 
deranging its equilibrium, although their attraction on the 
points of this liquid may not be cipher- It is evident, that the 
exterior surface of the additive stratum may be an ellipsoid 
similar to efgh, and having its centre in a point of the axis 
of rotation different from the point o. The exterior surface 
of this stratum may also have its centre in this point, and be 
an ellipsoid whose compression is different from that of the 
interior surface. In order to make this appear, let abcd and 
a'b'c'd' (fig. 38) be the two different ellipsoids which satisfy the 
condition of equilibrium of the same homogeneous fluid, turning 
about a fixed axis with a given angular velocity (No. 591); 
likewise let efgh and e'f'g'h' be two surfaces of level traced 
in the interior of these ellipsoids, respectively similar to the 
exterior surfaces, having the same centre o as these, and in¬ 
tersecting at the point m; we can, without deranging the 
equilibrium of the liquid terminated by efgh, add to it the 
stratum comprised between the two dissimilar and concentrical 
surfaces efgh and a'b'c'd'. It should be observed, that not only 
the action of this additive stratum on the points of the interior 
liquid, and of the surface efgh, is not cipher, but that this 
action on each point of the surface is not even directed along 
the normal. Thus, at the point m, the action of the stratum 
comprised between the surfaces efgh and a'b'c'd' is not di¬ 
rected along NMP the normal to the first surface; for the 
action of the interior liquid terminated by this surface, is 
already directed along nmp, and if the action of the additive 
stratum had also this direction, the action of the entire mass, 
terminated by the surface a'b'c'd', would be still directed along 
this normal, while we know it should be directed along n'm'p', 
the normal to e'f'g'h', the other surface of level. 

Whatever may be the nature of the forces which act on a» 
heterogeneous or homogeneous fluid mass turning about a j 
fixed axis, we should not forget that the^qle condit^n of l 
equilibrium is the existence of a quantity p which satisfies ' 

VOL. n. 3 L 
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equation (a), and which must he cipher or constant at the free 
surface of the liquid. All other conditions which we may 
wish to add to this, are already comprised in it, or if not, the 
equilibrium cannot have place. 

594. Among the different laws of attraction, there is one 
which is not that of nature, but which possesses some remark¬ 
able properties. This law is that of a mutual action in the 
direct ratio of the distance, and one of the properties to which 
^ we refer is, that the resultant of the actions of all the points of 
a body on any point whatever, is independent of the form and 
constitution of this body, whether homogeneous or hetero¬ 
geneous, and is the same as if the entire mass was condensed 
into its centre of gravity (iu). 

In fact, M z be the coordinates of the attracted point, 
x\ .y\ z\ those of an attracting point, y the mass of this se- 
, cond material point, u the distance of the two points, li}xu the. 
accelerating force directed from the first point towards the se¬ 
cond ; & being a constant coeflS.cient, the components of this 
force in the direction of parallels to the axes of the coordinates, 
drawn through the attracted point, will be V) 

for the cosines of the angles which its direction 
makes with these lines are the differences a?'—a?, 
divided by u. Consequently, if the total components of the 
accelerating force of the attracted point be x, Y, z, we shall 
have 

X = ASjuaj' — AicS/x, 
y z= — %Sju, 

z = — kz'^p ; 

in which the sums S extend to all the points of the attracting 
body. Now, if the entire mass of this body be denoted by 
and the three coordinates of its centre of gravity by Xi^yx^z^ 
we shall have 

SjLi = m, 

'2px' = mxi , 

^py'= myi, 

'2pz' zz mzi ; 
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consequently, there will result, 

X = x)i 

Y — 

z'=ikm{zi — z)\ 

equations which evidently contain the proposition to be 
proved. 

If these values of x, y, z be substituted in equation (b), 
and if we make, for conciseness, — == g, there results 

{pi^x)dx + (yi- y)dy + {z^-^z)dz + f:{xdx + ydy) = 0; 

hence, by integrating and denoting the arbitrary constant by 
c, we obtain 

{x — aii)^ + ( 2 / — 2 / 1 )^ + — ^ 1 )^ “ «+ if) = c- 

This equation will be that of the surfaces of level in a- 
liquid turning about the axis of z^ and whose points are at¬ 
tracted in the direct ratio of the distance; it shows that all these* 
surfaces are concentrical, and of the second degree. More¬ 
over, if the origin of the coordinates be transferred to their 
common centre, that is to say, to the centre of gravity of the 
fluid, the first powers of the corresponding coordinates must 
disappear, which cannot be the case unless Xi = 0 , =: 0 , 

;si = 0 ( 2 /). The preceding equation will be therefore reduced to 

z^+ (1 - g) if + y^) = c; (f) 

consequently, the surfaces of level are ellipsoids, or hyper¬ 
boloids of revolution, according as g Z 1 , or g>l; and, in 
each case, they have the same axis of figure, which is the 
axis of rotation. When the volume of the liquid is given, the 
hyperboloid is not possible, except when the fluid is contained 
in a vessel, and then equation (f) is solely applicable to the 
free part of its surface. Therefore, when g ^ 1, the perma¬ 
nent figure of a liquid which is free on all sides is impossible, 
in the case of such forces as we have just considered. If 
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£ Z I, all the surfaces of level are ellipsoids, which differ 
from each other in the values of c. In order to determine the 
value of this quantity, which corresponds to the exterior sur¬ 
face, the volume of the ellipsoid, the expression of which is 
4'7rcV^ c 

^ should be put equal to the given volume of the liquid. 


■ It is remarkable, that in this example, the law of the den¬ 
sities of the strata has no influence on its exterior figure, or 
on that of its strata of level(5r). 



CHAPTER IIL 


OF THE EQUILIBRIUM OF FLUIDS ACTED ON BY GRAVITY. 

595. If in a vessel abcd open at its upper surface, and of 
which the horizontal base ab rests on a fixed plane, a heavy- 
homogeneous liquid be poured to the height a'b', then, in 
order that this liquid should be in equilibrio, it is necessary 
that the free surface a'b' slmuld be horizontal or perpen¬ 
dicular to the direction of gravity, and this equilibrium will 
not be deranged if a constant pressure of any magnitude what¬ 
ever be made on this surface. 

The pressure referred to the unit of surfece, will be the 
same throughout the entire extent of each horizontal section 
of the liquid. If it be denoted by p at the depth z below 
a'b', and if the constant density of the liquid be denoted by 
p, and the gravity by then by equation (3) of No. 583, 
we shall have dp zz pgdz. Hence, by integrating, we shall 
obtain 

P^pg^ + Hi 

n being the exterior pressure, which will be generally the 
atmospherical pressure corresponding to zzzO. This con¬ 
stant pressure will be transmitted, without alteration, on all 
the elements of the sides of, the vessel, and of the bodies 
plunged in the liquid; and it should be added, in each point, 
to the variable pressure due to the gravity of the liquid. It 
will be therefore always easy to take it into account; and, for 
greater simplicity, we can suppose it equal to cipher, and 
thus reduce the preceding equation to 

pzzpgz. 
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Let d denote the area of the base ab of the vessel, p the 
entire pressure exerted on this base, A the distance of a'b' from 
this same base, or the height of the liquid, then we shall have 
at the same time 

2: = A, p = = pffAA; 

from which it appears, that the pressure exerted on the hori¬ 
zontal base of a vessel, is equal to the weight of a cylinder 
filled with the liquid, whose base is equal to that of the vessel, 
and height that of the liquid, so that the mass and volume 
will be consequently pbA and bA. 

This pressure p is therefore independent of the form of the 
vessel; so that if three vessels represented by fig. 40, having 
equal bases, and placed on the same horizontal plane, be 
filled with the same liquid to an equal height, the pressures 
exerted on their bases are equal, although one of the vessels 
may be a right cylinder, another a vessel of the form of a 
truncated cone resting on its lesser base; another a similar 
cone resting on its greater base. The common pressure on 
each of the three bases, is the weight of the liquid contained 
in the cylindrical vessel; this remarkable result is fully con¬ 
firmed by experiment. 

In the case of several liquids placed one over the other in 
a vessel, it will be sufficient and necessary, in order to insure 
their equilibrium, that the surface of separation of two con¬ 
secutive liquids should be horizontal (No. 586) ; and in fact, 
if this is the case, each new liquid will exert on all the points 
of iis base a constant pressure, which will not derange the 
equilibrium of the inferior liquid. The total pressure exerted 
on the bottom of the vessel may be determined in the fol¬ 
lowing manner. 

596. Let a new liquid, the density of which is p', be 
poured on the fluid in equilibrio in the vessel abcd (fig. 
39), and then if its superior surface a^'b'' be horizontal, as 
that of the first, these two fluids will be in equilibrio in the 
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vessel, and if N be height of a^'b" above the level of a'b', and 
U the area of a'b', which is the base of the second fluid, it will 
exert on this base a pressure equal to p'ghV. This pressure 
will be transmitted, through the intervention of the inferior 
liquid, on ab the bottom of the vessel, and the area of ab 
being denoted by ft, there results from it a pressure on this 
plane surface, expressed by p'gh^b (No. 577); consequently, 
the entire pressure exerted by the two fluids on the horizontal 
base of the vessel, will be pghb + p'^/i'6. 

If a third liquid, whose surface a'"b'" is also horizontal, be 
poured into the vessel, the equilibrium will not be deranged; p" 
being its density, A" the height of its level a'"b'" above a"b", 
the upper surface of the second liquid, and J" the area of this 
last surface, this third liquid will exert on its base a"b" a 
pressure equal to which will be transmitted by the 

second liquid, and become on a'b', or i', the upper 

surface of the inferior liquid; this pressure will be transmitted 
in like manner, by the intervention of the inferior liquid, and 
become p'gh''b on the bottom of the vessel; consequently, the 
three superimposed liquids will exert on the bottom of the 
vessel, a pressure equal to pghb + p'gh'b + p'gK% or to 
(p/i + p7i' + p"7i")^6. 

By continuing in this manner, it is evident that when any 
number whatever of liquids of different densities are super¬ 
imposed and in equilibrio in the same vessel, the pressure 
which they exert on the horizontal base of this vessel, depends 
only on the extent of this base, on the thicknesses of the dif¬ 
ferent fluids, and on their densities. In the case of a cylin¬ 
drical and vertical vessel, it will be equal to the sum of the 
weights of all the fluids ; and it will not change with the form 
of the vessel, provided that neither the extent of its base, nor the 
thickness or density of each liquid undergoes any change. 

As this result is independent of the thickness of the hori¬ 
zontal strata, it subsists even when these strata are infinitely f 
slender, that is to say, when the density of the fluid mass 



448 


or THE EQUILIBRIUM OF FLUIDS 


varies by_coiitinuous degrees in the vertical direction, and 
consequent!jr corresponds to the case of compressible fluids. 
It is equally true when the gravity varies from one stratum 
to another with the density; this is the case when the height 
of the liquid cannot be neglected relatively to the radius of 
the earth. This also may be inferred from the equation 
which obtains in the equilibrium of all fluids, whe¬ 
ther compressible or not, and in which the gravity and 
the density p, ^yjbe supposed to be functions of the vertical 
Iprdinate 

597. Let us now consider the equilibrium of liquids subject 
to the action of gravity contained in several vessels, and which 
may flow through lateral openings from the one to the other. 
If all these openings are closed at once, the equilibrium will 
not be deranged; dt is therefore, in the first place, necessary 
that the liquids should be arranged in each vessel, in horizontal 
strata but this condition is not sufficient, and it is also neces¬ 
sary that when the openings are not closed, a certain relation 
should subsist between the elevations of the liquids in the diffe¬ 
rent vessels, which will depend on the ratio of their densities. 

If the same liquid is contained in the different communi¬ 
cating vessels, the level of this liquid must be the same in all 
these vessels. For if a homogeneous liquid is contained in 
two vessels, for example, which communicate laterally by the 
canal ef (fig. 41), and which are placed on fixed horizontal 
planes; and if this liquid rises to ab in one of the vessels, 
and to CD in the other, if these two horizontal sections do 
not exist in the same plane, so that when the plane of CD, 
the section of one of the vessels, is produced, it may intersect 
the other vessel in a section a/3, situated lower than ab, by 
the distance 8, then if in this state the equilibrium subsists, it 
■will not be deranged by substituting for the open section CD, 
^ 5 fluid contained between ab and a/3 will 

exert on a^ a pressure equal to pgyd, pienoting its den¬ 
sity, and 7 the area of this section a/3 ; this pressure will be 
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transmitted by the intervention of the liquid contained in the 
two vessels to the plane cd ; and there will result from it, a 
pressure on this horizontal plane directed upwards, and ex¬ 
pressed by c denoting’ the area of cd. Consequently, 

if the plane cd be removed, the equilibrium will not have 
place, unless 8 the difference of level of the liquid in the two 
vessels be cipher; which was proposed to be demonstrated. 

The two sections ab and cd being comprised in the same 
plane, if a liquid be poured on ab to a height a'b', and if its 
density be denoted by p', it will exert on ab a pressure equal 
to p'(/bh ; b being the area of ab, and h the distance comprised 
between the horizontal sections ab and a'b'. This pressure 
will be transmitted on cd, where it will be equal to p'gch^ and 
it will act from below upwards; in order to destroy its effect, 
the vessel should be closed by a fixed plane at cd, or a 
fluid should be poured on cd, the pressure of which on cd 
should be equal and contrary to p^jch. In this last case, if the 
fluid rises to c^d', and if its density be denoted by p,, and the 
distance comprised between cd and c'd' by A, the pressure 
exerted by this fluid on cd, will be p^gke ; and so that in order 
to an equilibrium, we should have pji zz p^h. 

Therefore, it appears, that when different liquids contained 
in communicating vessels, are in equilibrio, their densities 
should be in the inverse ratio of their heights above the sec¬ 
tions of these vessels made by the same horizontal plane. If 
new liquids be poured over those which have been now con¬ 
sidered, it will appear in the same manner, that denoting the 
thicknesses of the liquids in one of these vessels by h, h\ li\ 
&c., and their densities by p', p", p'", &c., and representing 
the corresponding quantities in the other vessel, by A, , 
&c ,5 p/jp// 5 p ///5 &c., the equation 

pli + p'7// + + &c. iz p/^ H- pjjh^ 4- p///^// + &c., 

must obtain ; hence it results, that the pressures referred to 
the unit of surface, will be equal on the two upper sur- 

3 M 
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faces AB and cu, of the homogeneous liquid which communi¬ 
cates between the vessels, and it may be either that whose 
density is f)', or that of which the density is , or more gene¬ 
rally, any other liquid whatsoever, provided that the two sur¬ 
faces AB and CD which terminate it, exist in the same horizontal 
plane. 

It may observed, that infinitely thin strata comprised in 
different vessels, and contained between the same horizontal 
planes, will experience the same pressure referred to the unit 
of surface ; but, above the plane which terminates the inferior 
liquid, they may contain different liquids; so that the pro¬ 
perties of strata of level, or those which are perpendicular to 
the direction of gravity, have place as to equality of pressures^ 
hut not as to the homogeneity of the 0 . 586 ), when 

these strata are separated by fixed planes. 

598. The laws of the equilibrium of heavy fluids in com-^ 
municating vessels, are susceptible of a great number of ap¬ 
plications, we shall restrict ourselves to the consideration of 
those that are most common. 

That which first presents itself, and which we shall merely 
state, is the theory of levellings, and of instruments that 
have been termed levels. 

In the syphon^ the two branches of which are open at their 
upper part, and which contains water, or any other liquid, 
the equiJdbrium has place when the two extremities of the 
liquid are comprised in the same plane, whatever the magni¬ 
tude of the atmospherical pressure at these two points may be. 
The equilibrium may also exist in the inverted siphon, pro- ^ 
vided that then the pressure of the atmosphere has a suitable 
magnitude. 

Let ABC (fig. 42) be this inverted tube, b its highest point, 

E and F the points at which the liquid is sustained in these 
two branches, and which are situated in the same horizontal 
plane, lip denote the density of the liquid, and h the height 
of the point b above this plane, the pressure on the unit of 
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surface, exercised by the liquid on these points e and f will be 
equal to pgh ; and if II be the pressure with which the at¬ 
mospheres urges each of these points upwards, we should 
have n > pglh or at least n = pgh^ in order that this pressure 
may prevent the liquid from flowing out. In the second case,, 
the pressure on the point b will be cipher; in the first, it will 
be equal to n •— pgh ; if n Z pgh^ the pressure at the point b 
will be negative, the liquid will be separated at this point, and 
will flow out through the two branches of the syphon. More¬ 
over, in the inverted syphon, the equilibrium of the liquid 
is but instantaneous, and can only obtain in consequence of 
the adherence of its molecules among one another, or to the 
interior of the tube ; from the instant that its extremity e is 
ever so little below or above its extremity b, the excess of 
the atmospherical pressure above that of the liquid is greater 
or less at the point e than at the point F, and the liquid flows 
through the branch bc or the branch ba of the syphon. In 
the common application of this inverted tube, the shortest 
branch ba is plunged in a vessel h, containing the liquid that 
rises to the point d of the tube, then a vacuum is made by 
exhausting the air contained in this tube, the liquid rises 
above its primitive level until it reaches b the summit of the 
tube, and it th^n descends to the point c, and thus flows out 
at this extremity of the tube. The flowing out of the liquid 
stops when the point d is so depressed in the branch ba that it 
becomes lower than the point c ; this, however, never can be 
the case, since ab is supposed to be the shorter of the two 
branches of the tube (fit). 

The hydraulic press, the invention of which is attributed 
to Pascal, consists of a prismatic vertical vessel H (fig. 43), 
open at its upper part, and filled with water to ab. A lid 
cover placed on ab, while it fits the vessel accurately, can 
slide along its sides ; and below ab there is an opening c, to 
which a bent tube cde is fitted, whose vertical branch de is 
open at its upper part e. The water in the vessel flows through 
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the orifice c, and, on account of the weight of the cover placed 
on AB, this liquid rises in the tube de to a point f, situated 
above the production of this horizontal section ab. This 
being so, if an additional weight x be added to the weight of 
the cover, the liquid will descend to a'b' in the vessel H, and 
rise to f' in the tube de. By this addition of x, the pressure on 
the unit of surface will be greater on a^b' than on ab, by the 

. X . 

quantity h denoting the area of the horizontal section of h ; 

at the same time, the pressure on the unit of surface and due 
to weight of water contained in the vertical tube de, will be 
increased by the quantity pgx^ p denoting the density of the 
liquid, and x the elevation of the point f' above the point f. 
Therefore, in order that the equilibrium may subsist, we 
must have . ^ 

/ X = pgb^ 

an equation, by means of which, when x is determined, the 
weight X will be known. Care should be taken to make the 
surface b very considerable, in which case small elevations of 
water in the vertical tube may correspond to very great loads 
on the moveable cover, and thus enable us to measure them. 
The horizontal section of the tube is very small with respect to 
5, consequently, the depressions, of the cover in the chest h 
are very small relatively to the elevations of the liquid in the 
tube ; for if y be the distance comprised between ab and a'b', 
and c the horizontal section of the tube, we shall have by=^cx^ 
because the entire volume of the water must be invariable. In 
fine, it is not necess^y that the tube.DE should be either 
vertical pr, cyh^driealj „and by the preceding formula, the 
value of X can be always obtained, provided that x is the 
distance comprised between the two levels of the liquid in 
F and f'. 

A barometer is, in general, a tube abc, (fig. 44), whose 
branches ba and bc are vertical, and it is closed at a the 
extremity of ba, and open at c the extremity of bc. A per- 
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feet vacuum is made in this tube, and then mercury is poured 
into it, which rises to d in the branch ab, and to a less height 
E, in the open branch cb. If through the point E a hori¬ 
zontal plane be drawn intersecting the branch ab in f, the 
mercury situated below this plane will be in equilibrio of 
itself; and in order that this state may continue, the pressures 
on the unit of surface which are exerted at f by the mercury 
FD, and at e by the atmosphere, must be equal to each other. 
Hence, if n denote the pressure of the atmosphere, m the 
density of the mercury, and h the vertical height of the point 
D above the point r, that is to say, the diiference of the 
levels D and r of the fluid in the two branches of the barome¬ 
ter ; mgh will be the value of the pressure of the mercury at 
the point f, and consequently, we shall have 

^^mgh =: n) 

If the branch bc be supposed to be prolonged vertically to 
the extremity of the atmosphere, the equilibrium will not be 
deranged; hence then the atmospherical pressure which is in 
equilibrio with that of the mercury, is in fact the weight of 
the air contained in a vertical cylinder, extending indefinitely 
into the atmosphere, and having for its base the unit of sur¬ 
face : it depends on the decrease of the gravity according as 
we ascend above the surface of the earth, on the density and 
temperature of the strata of the air, and on the quantities of 
aqueous vapours which they may contain. As this weight 
varies in the same part of the earth, h the height of the baro¬ 
meter varies also, its magnitude changes also in consequence 
of the action of the parts of the winds whose direction is 
vertical, and which render the pressure of the atmosphere 
greater or less than it would be, if the air was in a state 
of repose; at Paris the mean value of h is 0^76. If any 
other liquid be substituted in the barometer in place of mer¬ 
cury, the height h would change in the inyerse ratio of the 
density of this liquid, compared with that of mercury, it being 
always supposed that there is a perfect vacuum above the 
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level D, in the closed branch of the barometer. In the case 
of water, this elevation h is about 10’^, 4, and it is also the 
greatest height to which water can be raised in n pump above 
its exterior level. When there is a stratum of air between 
the surface of the liquid and the piston, this air is di¬ 
lated, and it exerts a less pressure than that of the atmos¬ 
phere on the interior liquid; it therefore renders the ascent 
of the water less than it would be if there was a vacuum below 
the piston; the actual diminution will be determined in the 
next chapter. 

599. We now proceed to calculate the pressures exerted 
by heavy liquids on the inclined or curved sides of the vessels 
which contain them, and on the surfaces of the solid bodies 
that are plunged into them. 

The pressure which a homogeneous liquid exerts on the 
side of a vessel that is inclined to the horizon, is equal to the 
: weight of a prism of this liquid, whose base is this side, and 
whose height is the distance of its centre of gravity Irom the 
level of the liquid. In fact, if w be an element of this side, 
and z its distance from the level of the liquid, the pressure 
on this element will be pio^ or, by substituting for p its value 
pgz, given in No. 595, pgzw; and as the pressures on all the 
elements are perpendicular to the plane side, the value of the 
resultant of these parallel forces will be*the product of pg 
and of the integral of zu)^ extended to the entire side; now, it 
; is evident, that if b be the area of this side, and Zi the dis- 
; tance of its centre of gravity from the level of the liquid, this 
integral is equal to Zih^ consequently, the pressure on the 
inclined plane will }>Qpgbzi^ agreeably to the statement of the 
’ theorem given above. 

In the case of several liquids superimposed in the vessel, 
the pressures exerted or transmitted by each of these liquids, 
on the inclined side, should be determined sepa ratej^g and then 
the total pressure sustained by this surface will be equal to 
their sum. In consequence of the pressure of the atmosphere 
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represented above by Ef, this total pressure will be increased 
by a quantity equal to 5n. 

As all the points of the horizontal base of the vessel expe¬ 
rience equal pressures, the resultant of these parallel forces 
passes through the centre of gravity of this base; but in the 
case of an inclined side, the inferior elements experience a 
greater pressure than those which are nearer to the surface; 
and the point where the total resultant of all these pressures 
meets the side, and which may be denominated the centre of 
•pressure^ will be always lower than the centre of gravity of 
this same surface. When a plane surface plunged in a homo¬ 
geneous liquid turns about its centre of gravity, the magnitude 
of the pressure which it experiences will not be changed, but 
the point of application of this constant normal force will ! 
change its position on this surface(c). 

600. For an example of the determination of the centre of 
pressure, let the plane surface be a trapezium abcd (fig. 45), 
whose two bases ab and cd are horizontal. If this surface 
be divided into elements pai’allel to these bases, and of an in¬ 
finitely small height, each of these elements will experience 
the same pressure throughout its entire length, and its centre 
of pressure will be at its middle point; now if ab and cd the 
sides of the trapezium be produced until they meet in the 
point K, and if then kh be drawn from this point to h the 
point of bisection of ab, this line will bisect cd in g, and all 
the elements of the trapezium, therefore, the required centre 
of pressure will be in this line, and it is only necessary to 
determine its distance from ab. Let be this distance, x 
that of any element whatever from the same base ab, u the 
length MN of this element, z its distance from the level of the 
fluid, h the height of the trapezium, udx and pgzudx will 
respectively denote the area of this element, and the pressure 
which, it experiences ; the value of the total pressure will be 

pgzudx ; and by the theory of the moments of parallel 
forces, we shall have 
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x'f^pgzudx = f^ 


xpgzudx. 


In like manner, if c denote the distance of ab from the 
level of the liquid, a the angle comprised between the vertical 
plane drawn from' this line to the level of the liquid, and the 
production of the plane of the trapezium, we shall have 


^ = c + ic cos a; 

and if this value of z be substituted in the preceding equation, 
there will result, by suppressing the constant factor which 
is common to its two members. 


zz c xudx + cos a. x^udx, 
JO JO 


J 


Let the lengths of the two bases ab and cn be denoted by 
a and 6, and the perpendicular from the point k on cd by /•:, 
then the perpendicular from the same point on ab or a, will be 
& 4- A, and on mn or i/, it will be A -}- A — a?; and as these lines 
a, 6, u are parallel, we shall have 


: 5 :: A: -f A — A*: A, 
aih:xk + A: A. 


If the value of A be deduced from the second proportion, 
and substituted in the first, there results (e) 


A = 


^ _ «A — (a — A) a? 

u- ^ . 


By substituting this value of u in the preceding equation, 
and then integrating, we obtain (/*) 

f — + 3 A) cos a 

' ^ ^ 6c (a + A) + 2A (a + 2 A) cos a ' 

' Consequently, if ef be drawn at this distance parallel to 
AB, the point p where it cuts the line gh drawn from the 
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middle of ab to that of cd, will be the centre of pressure of 
the trapezium. 

In figure 45, ab the upper base is supposed to be the^ 
greater, but if the contrary was the case, it is evident that it 
would be only necessary to substitute for the angle a, its 
supplement, which is the same thing as if the sign of cos a 
was changed in the formula. When a =: 90°, the surface is 
horizontal, and the formula becomes 

h(a + 2b) ^ 

~ 3(a+6) ’ 

whicli in fact coincides with the distance of the centre of gra- 
vity of the trapezium from its base a. 

Whatever be the value of the angle a, if this base is on 
a level with the water, c zz 0, and the general value of 
becomes 

^_ h ((x> -j- 3 6) 

so that in this case it is independent of the inclination of the 
surface. If 6 = <z, the trapezium becomes a parallellogram, 
and we have then 

If 6 or a is cipher, the trapezium becomes a triangle, and 
we shall have either 

J A, or 0 ?' = I A. 

In the first case, the base of the triangle is on a level with the; 
water, and x* is the distance of the centre of pressure from 
this base; in the second case, a;'is the distance from the sum- i 
mit which is at the surface of the liquid(^). 

601. The pressures on a portion of a curved surface, may 
be determined by resolving the normal pressure on each ele¬ 
ment, into three forces parallel to the axes of the coordi¬ 
nates, and then calculating by double integrals, the total com- 

3 N 


VOL. II. 



458 


OF THE EQUILIBRIUM OF FLUIDS 


ponents in these three directions, which components may al¬ 
ways he reduced to two forces, that for the jmost part are not 
reducible to a single resultant (No, 264). But in the case of 
pressures exerted on the entire surface of a body immersed in 
a fluid, the reduction to a single force will be always possible, 
and the direction of this unique resultant wUl be vertical, as 
we now proceed to show. 

Let AMB (fig. 46) be the body in question, y, z the co¬ 
ordinates of M any point whatever of its surface, and let the 
level of the fluid be the plane of the axes of x and y, the axis 
of z vertical, and drawn in the direction of the gravity. Let 
(o be the differential element of the surface, and p the pres¬ 
sure on the unit of surface at the point m, so that the pressure 
exerted on this element, and acting in the direction of the in¬ 
terior normal mn, may be equal to pta. The value of p will 
be the same for all points, which are at the same distance z 
from the level of the liquid, whether this stagnant fluid be 
or pnly composed of horizontal strata, whose 
density varies from one stratum to another. Likewise, let 
7 the angles which the normal mn makes with pa¬ 
rallels to the axes of y, drawn through the point m in 
the interior of the body. Finally, let w be projected on the 
three planes of the coordinates, and let its projection on the 
plane of the axes of y and z be denoted by on that of the 
axes of z and x by i, on that of the axes of y and x by c, so 
that as a, 7 are the inclinations of the tangent plane at M 
on these three planes, we shall have 

a = wcosa, b zz c«;cosj3, c = wcosy; 
and if these equations be multiplied by p, there will result 
pa zz p(jt) cos a, pb zz pw cos j3, pc zz: pm cos y; 

from which it appears that the products pa, pc, are the 
components of the normal pressure pm resolved parallel to the 
axes oix^yyZ\ so that the component perpendicular to each 
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plane of the coordinates, and, generally, to any plane what¬ 
ever, may be deduced from pw, by substituting for the ele¬ 
ment <u, its projection on this plane. 

This being established, as the body amb is bounded on 
all sides, there is, at least, a second element of its surface, 
which has the same projection on each given plane, as the 
element o). Thus, if from the point m, a perpendicular mp is 
let fall on the plane of the axes of y and 2 :, this perpendicular 
or its production will meet the surface of the body in a point 
M'', and the projection of the element w, which corresponds to 
this point on this plane, will be the same as that of w, and 
equal to a. As the two elements are situated at the same dis¬ 
tance from the level of the liquid, jpw and the normal; 
pressures which they sustain will be to each other as the areas 
w and o)', of which the ratio may be any magnitude whatever.. 
But their components parallel to the axis of 00 ^ will have a 
common value pa, and as the forces pa> and pcu' act along the 
interior normals mn, m'n', these equal components will evi¬ 
dently act in opposite directions, the one to the other, that is 
from M towards at the point m, and from towards m at 
the point m'. Consequently, the component parallel to the 
axis of a?, of the pressure exerted on w, will be destroyed by 
the component acting in the same direction, of the pressure 
exerted on the other element w'. In the same manner, it will 
appear, that the component of pw parallel to the axis of y, 
will be also destroyed by the component in this direction, of 
the pressure relative to a third element, which corresponds to 
the point where the perpendicular let fell from the point M on 
the plane of the axes of x and meets the surface of the body 
a second time. Therefore, we may infer, that these hori¬ 
zontal components of the pressures exerted on the elements 
of the surface of the immersed body, mutually destroy each* 
other, in each of the infinitely slender horizontal sections, and, 
consequently, on its entire surface. Hence it follows also, 
that all these pressures are reducible to one sole force, which 
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is the resultant of their vertical components, and which arises 
from the preponderance of the value of p in the lower part of 
the body. 

If p results from a pressure exerted at the surface of the 
liquid, its value would be constant throughout the entire ex¬ 
tent of the surface amb ; and the components of the pressures 
will be mutually destroyed two by two, in the vertical as well 
as in the horizontal directions. Therefore whatever be the 
form of a fluid or solid body, a constant normal pressure 
exerted on all the points of its surface, cannot produce any 
motion, either of translation or rotation, as has been already 
stated (No. 584), 

602, In order to determine the resultant of the vertical 
pressures exerted on amb, let a perpendicular be let fall from 
M any point whatever on the horizontal plane of the axes of x 
and 2 ^, meeting this surface amb in Mj. The elements w and 
<jt)' which correspond to the points m and M], will have the 
same projection c on this plane; but the pressures on the 
unit of surface will be different, and if they be denoted by p 
and pi, the filament of the body which is terminated by these 
two elements, and whose length is mn, will be urged verti¬ 
cally, from below upwards, by a force pc — joic. For greater 
simplicity, the liquid in which the body is immersed is sup¬ 
posed to be homogeneous. If its density be denoted by /o, 
and the length of mMi by /, we shall have p ^pizz pgU and 
the vertical pressure pglc will be the weight of fo, the volume 
of the liquid, that is to say, the weight of the volume of the 
liquid, whose place is occupied by this filament of the body. 
If the body be decomposed into infinitely slender vertical fila^ 
ments, each of these filaments will be urged upwards by a 
similar force; hence it follows, that the resultant of all the ver¬ 
tical-pressures will only differ from the weight of the fluid fila¬ 
ments which are replaced by those of the immersed body, in the 
(hrectionof its action, so that it will be equal to the total weight 
of the volume of the fluid, which this solid body displaces, applied 
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to the centre of gravity of this volume, in a direction opposite 
to that of gravity ; which centre of gravity will coincide with 
that of the body itself, when this last is homogeneous. 

If the body is not entirely immersed in the liquid, it is not 
necessary, in calculating the pressure which it experiences, to 
take into account the part of it which is situated above the 
level of the liquid; the point Mi will then appertain to the 
section of the body made by the production of the plane of this 
level, and by taking pi = 0, this case will come under the pre¬ 
ceding. The value of the resultant of the vertical pressures, 
which will be always that of all the pressures, will be then the 
weight of the volume of the liquid displaced by the immersed 
part of floating body, and its point of application will be 
the centre of gravity of this same volume. 

603. These results likewise have place when the liquid is 
composed of horizontal strata. We may also arrive at them by’ 
an indirect consideration, which it is useful to point out. When 
the equilibrium is established in this liquid, it evidently will not 
be deranged if any part whatever of this liquid was to become 
solid, in which case, this part becomes a floating or immersed 
body. Now, in order that the normal pressures exerted by the 
surrounding liquid on the surface of this body, may be in equi- 
librio with the weight of this solid part, they should be reducible 
to one sole force, equal and directly contrary to its weight. 
Moreover, if the part of the liquid which was supposed to be¬ 
come solid was replaced by another body which had exactly 
the same surface, it is evident that the pressures of the sur¬ 
rounding fimd are not altered; consequently the pressures on 
of a body entirely or partly immersed in a stagnant 
liquid, whether homogeneous or heterogeneous, are always 
reducible to an unique force, equal to the total weight of the 
successive horizontal strata of the liquid, of which this body 
occupies the place, and applied to the centre of gravity of these 
same strata, in a direction opposite to that of gravity. 

It follows from this, that in order that a body entirely im- 
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mersed in a liquid may be in equilibrio, it is necessary that its 
; mean density should be equal to that of the liquid^ the place 
of which it occupies, and that its centre of gravity and that of 
- this portion of the liquid should exist in the same vertical. 
The second condition is always satisfied when the body and 
also the liquid are homogeneous. With respect to bodies 
which are only partly immersed, and which float on the sur¬ 
face of the liquid, the conditions of their equilibrium will be 
considered in the following chapter. 

604. The hydrostatical principle which has been just de¬ 
monstrated, is commonly expressed by stating, that a body 
immersed in a liquid loses a part of its weight equal to the 
weight of the fluid which it displaces (No. 191). It appears 
from this that in order to obtain the true weight of a body, it 
should be weighed in a vacuo. Two bodies weighed in the 
air, in water, or in any other fluid, and which are in equilibrio 
when weighed in an exact balance, have really different 
weights, unless their volumes are equivalent. That body, 
whose volume is the greater, has the greater weight, since, 
though it experiences a greater loss in the fluid, it is still in 
equilibrio with the other. 

If the same body is weighed in a vacuo and in water, and 
if p be its weight in the vacuo, and p' its weight in water, then 
p and p — p' will be the absolute weight of this body and .of 
the same volume, of water; they are therefore to each other as 
the densities of these two substances (No. 60). If the density 
of water be taken as the unit, and that of the body be denoted 
by D, we shall have 


p 



It is by this formula that the densities of bodies, which can be 
weighed in water without being dissolved, are determined by 
means of the hydrostatic balance. 

605. The demonstration of No. 601 is equally applicable to 
the lateral surfaces of a vessel, which contains a liquid (A); and 
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it follows from it, that the horizontal components of pressures 
exerted from within outwards, on the entire interior surface of 
the vessel, mutually destroy each other’s eflFect two by two, so 
that if the bottom of the vessel is placed on a fixed horizontal 
base, the action of the fluids which it contains cannot put it 
in motion; this also results from the principle of the conser¬ 
vation of the motion of the centre of gravity (No. 553). But 
if an opening be made in one of the lateral surfaces, below the 
level of this liquid, it will flow out through this orifice; and 
as there is no pressure on the part of the surface which is 
taken away, that which is exerted on .the opposite „part of the 
vessel will be no longer destroyed; consequently this vessel 
will be put in motion in a direction opposite to that in which 
the fluid flows out. This is the principle on which several' 
machines, that are moved by the reaction of a fluid, are con¬ 
structed, and on which is founded the proposition of D. Ber-' 
noulli, to move vessels without the aid either of oars or wind(z). 

In like manner, it may be shown by the same reasoning as 
in No. 602, that the entire pressure exerted on the bottom of 
the vessel and on its lateral surfaces^ is always equal to the 
weight of the fluid it contains, applied at the centre of gravity 
of this fluid, in the direction of gravity. Each vertical fila¬ 
ment of the fluid, which may be continued without interruption, 
from its level to any point whatever of the base, exerts on 
this point a normal pressure, the component of which is equal 
to the weight of this same filament. That which meets the 
interior of the vessel in two points, namely, in the bottom and 
one of the sides, exerts in these two points pressures whose 
vertical components act in opposite directions. The compo¬ 
nent which corresponds to the inferior point, acts in the di¬ 
rection of gravity, and exceeds the other by a quantity equal 
to the weight of this filament; and, in this manner it appears, 
that the resultant of the vertical pressures of all these fluid, 
filaments, is the same thing as the weight itself of the fluid in i 
question. 
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This pressure should be carefully distinguished from that 
which acts solely on the bottom of the vessel (No* 595), 
and which is equal to the weight of the fluid only when 
the vessel is a right cylinder or prism. It is less than this 
weight, when the vessel enlarges from the bottom to the 
top, like the frustum of a cone that rests on its lesser base, 
because the vertical filaments of the fluid which issue from its 
levels and are intercepted by the lateral surfaces, do not press 
on the bottom of the vessel; on the other hand, it is greater 
than the weight of the liquid when the vessel is like a frustum 
placed on its greater base, since the vertical filaments which 
issue from the bottom of the liquid, and are intercepted by its 
lateral sides, exert, nevertheless, the same vertical pressure on 
the bottom of the vessel, as if they extended to the surface of 
the liquid, as the deficiency in weight of each of these incom¬ 
plete filaments is compensated by the resistance of the surface 
by which they are terininated(A). 



CHAPTER IV. 


OF THE EQUILIBRIUM AND MOTION OF FLOATING BODIES. 

606 . In order that a heavy body may be in equilibrio on 
the surface of a fluid at rest, its weight should be less than 
that of an equal volume of this fluid; nevertheless, there are 
cases in which a species of vacuum of small extent is formed 
about a floating body, and which, as it should be added to its 
volume, diminishes, consequently, its mean density, so that 
bodies of small volume may float, though their proper density 
surpasses that of the liquid(a). This circumstance, which is 
connected with the theory of capillary phenomena, will not be 
taken into account in this treatise (No. 588). 

The density of the solid body, if it is homogeneous, or its 
mean density, if it is not so, being less than that of the liquid, 
the body sinks in the liquid, until the weight of the displaced 
fluid becomes equal to its entire weight; and when this 
equality obtains, the body remains in equilibrio, provided that 
its centre of gravity and that of the displaced fluid exist in the ^ 
same vertical, "fer the pressure of the liquid which should be 
in equilibrio with the weight of the body, is equal to the weight 
of the displaced liquid, and it acts at its centre of gravity in 
an opposite direction (No. 602). 

If the floating body is homogeneous, as well as the liquid, 
the centre of gravity of the displaced liquid coincides with that 
of the immersed portion of the body. In the state of equili¬ 
brium, the volume of this part of the body is to that of the 
entire body, as the density of the body is to that of the liquid, 
and the determination of the positions of equilibrium of a 
floating body becomes a geometrical problem, which may be 

VOL. II. 3 o 
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stated in the following manner. To cut a body by a plane, in 
such a manner that the volume of the segment may be to that 
of the body, in a given ratio, and that the centres of gravity of 
the segment and of the body may exist in the same perpen¬ 
dicular to the cutting plane. Let then the section of the body 
which satisfies these two conditions, be placed on the level of 
the liquid, in such a manner, that the segment whose volume 
has been thus determined, may be situated underneath, and 
therefore immersed in the fluid, and one of the positions of 
equilibrium of the floating body will be obtained. In each 
particular case, these two conditions will be expressed by 
equations, the complete solution of which will make known 
all the positions of equilibrium of this body. Sometimes their 
number will be infinite, as in the case of solids of revolution, 
whose axis is horizontal; in other cases, this number is finite 
and determinate; but it would be difiicult to demonstrate, a 
priori^ that whatever be the form of the body, it has always a 
position of equilibrium. 

607. Let the case of a triangular prisin, whose edges are 
horizontal, be selected for an example of the problem that has 
been just stated. The cutting plane will be evidently parallel 
to these edges; moreover, its direction will be independent of 
the distance comprised between the two bases. Hence then 
we need not take into account the length of the prism, but 
solely determine the intersection of the cutting plane and of 
one of these two bases, so that the problem becomes one of 
plane geometry, which will have place equally in the case of a 
prism or of a h^ri^^^ cylinder with any base whatever. 
Let ABC (fig. 47) be one of the bases of the given prism. It 
may happen that two angles of this triangle are immersed in 
the liquid, or only one of them. If the case of only one 
immersed angle be first considered, we shall then see how the 
other case is reducible to this. Let therefore c be this im¬ 
mersed angle, mn the intersection of the cutting plane and of 
the base abc, which it is proposed to determine, and which will 
represent the level of the liquid. Let a, 6, c be the given 
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sides of this triangle abc, which are respectively opposite to 
the angles a, b, c, and let x and y denote the unknown sides 
CM and CN of the triangle mnc, so that we may have 

Bcrza, AC = &, AB=c, CM z: a?, cn — ^^. 

The area of any triangle is equal to half the product of two of 
its sides and of the sine of the included angle; hence we shall 
have 

ABC = ah sin c, mnc zz\xy sin c. 

As the weight of the entire prism is equal to the weight of a 
prism of the fluid equal in volume to the part immersed, we 
shall have 

MNC:ABc:r;1; 

r being a quantity less than unity, which represents the ratio 
of the density of the floating body to that of the liquid. This 
proportion gives, by substituting for abc and mnc their pre¬ 
ceding values, 

xy zz rah. (1) 

Now, if CD be drawn from c to the point of bisection of the 
base AB, and if on this line dg be taken = ^dc, the point g 
will be the centre of gravity of the triangle abc. In like 
manner, ?: being the middle point of mn, if on ce a part ef be 
taken =: ^ce, the point f will be the centre ofgrayity of mnc. 
Therefore the line gf must be perpendicular to mn(6): but as 
the lines cd and ce are cut into proportional parts in the points 
G and F, the lines de and gf are parallel; consequently, the 
line DE which joins the middle points of the two bases ab and 
MN, is also perpendicular to mn, j&om which it fo^ows that 
the two lines dm and dn are equal. Conversely, if dm = dn, 
the line de will be perpendicular to mn, as is also its parallel 
GF; therefore, in order that de the right line which joins the 
two centres of gravity g and f may be perpendicular to the in¬ 
tersection mn, it is necessary and sufficient that the values of 
DM and DN should be equal. 

This being so, if we make cn A, and denote dcb and 
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DCA, the two parts of the angle acb, by j3 and a respectively, 
we shall obtain, by considering the triangles dcm and dcn, 

BM^ = + a?® — VLhx cos a, 

DN^ = + ^ 2hy cos/3 ; 

and by putting these two values equal to each other, there 
will result 

— 2hx cos azr. — ^hy cos /3. (2) 

By means of equations (1) and (2), x and y can be deter¬ 
mined. We obtain by the elimination of 2 /(c), 

-- 2/ia;^ cosa + 2hrdbx cos/3 — z: 0. (3) 

The value of x can be deduced from this equation, which is 

of the fourth degree, and then as y = the corresponding 
value of this quantity can be determined. 

As equation (3) is of even dimensions, and has its last term 
negative, it must have at least one positive and one negative 
I’oot. The other two roots may be either I’eal or imaginary. 
If they are real, it is evident, from the rule of Descartes, that 
equation (3) will have three positive roots and one negative 
root. For if we suppose a term n: ± ox^, to be added to it, 
whether this coefficient is or —, we have always three va^ 

nations and one continuation. As the unknown quantities 
X and which are the sides of the triangle mnc, must be 
p ^itive jigantities respectively less than ca and cb, the sides 
of the triangle abc, we should reject, as being inapplicable 
to the question, the negative root of equation (3), the values 
of X which are greater than a, and also those which give a 
value greater than y. Thus, there are, at most, only three 
of equihbrium when only one angle c is immersed in 
the.,liquid. 

608. If this angle be without the fluid, and the two points 
A and B below the level mn, the problem will be the same as 
in the preceding case, with this sole difference, that 1 — r 
should be substituted in place of r in equation (1) and (3). 
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In fact, as the centres of gravity of the triangle abc, and of 
its two parts mnc and mnba exist on the same line, and as 
the centres of gravity of abc and of the second part must be 
situated on a perpendicular to mn, the centres of gravity of the 
triangles abc and mnc must always exist on this perpendicu¬ 
lar ; so that we have at once, without any change, equation (2), 
which expresses this condition. Moreover, the proportion 

MNBA ; ABC :: r: 1, 

which should now have place, may be changed into the fol¬ 
lowing, 

MNC:ABC;:1 — r:1; 

in consequence of which, equation (1) is changed into 
rej/ = (1 — r)ab. 

If by means of this, y be eliminated from equation (2), we 
will light again on equation (3), in which the ratio r will be 
replaced by 1 — r, that is to say, we shall have 

27ir'^cosa + 2/i(l~-r)atecosj3--(l'---r)^a^5^ = 0. (4) 

By reasoning in the same manner as before, it appears that 
there are at most but three positions of equilibrium, when the 
two angles a and b are immersed in the fluid. 

If the three angles a, b, c be successively considered, and 
if we examine the case for each angle, in which it is solely 
immersed in the fluid, and solely without the fluid, all the 
horizontal positions of equilibrium of the given prism will be 
determined; and from what precedes, it results that this num¬ 
ber can never exceed eighteen(c7). 

609. When the triangle abc is isosceles, we may dispense 
with equation (3) or (4), and resolve the equations in x and y 
directly. If, for example, & = a, the triangles cad and cbd 
will be equal and rectangular, and we shall have 

13 z: ay A® = ^ c% acoStt = /i; 

and equations (1) and (2) will become 
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xy 


=; ra% ^ — — — l{y — a;) r: 0. 


( 5 ) 


They may be satisfied at once, by malting 


x=:y =. aVr ; 


which values, as r Z 1, and aVr Z.a^ are ^idently admis¬ 
sible. There results from it a position of equilibrium, in 
which the triangle mnc is isosceles, and in which ab the base 
of the triangle abc will be parallel to mn or horizontal. By 
changing r into 1 — r, a second position will be obtained, in 
which the point c will be situated without the liquid, and the 
base AB still horizontal. But there^ be also other po¬ 
sitions of equilibrium, for which this base will be inclined. 

In fact, if the factor y xol the second equation (5) be 
suppressed, there arises 


y -f ^ = 




2a 


As this and the first equation (6) give the sum and product 
of the two unknown quantities x and y^ it follows that these 
quantities will be the two roots of the same equation of the 
second degree, and the expressions for these roots will be(e) 


Jl_ 

4a 


[4a2-e2± 


V (4a^ ——IGra'*]. 


If each of them be taken successively for a?, and the other 
for y, there will result, when they are respectively real, and 
less than a, two new positions of equilibrium, in which the base 
AB is situated without the liquid. By substituting 1 — in 
place ofr, and always supposing the real roots less than a, two 
other positions of equilibrium will be obtained in which this 
base is immersed. When the two preceding roots are equal, 
the base ab is horizontal, and its new positions of equilibrium 
must coincide with the preceding, and, in point of fact, we 
have then — c®zi:4a^l/r, from which we obtain(j^) 

''y = X = aS/r. 
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CIO, In the case of an equilateral triangle, c becomes equal 
to a, in the preceding formulae. The equal values of a? and y 
will not be changed; their unequal ones will become(^) 

|(3± /9-16/-), 

in the case of only one immersed angle, and 
^(3± v/ 16r - 7), 

in the case of only one angle without the liquid. It will 
be therefore necessary to know what the fraction r ought 
to be, in order that its values may be real, and less than 
a. Now, if r Z and > the first formula will be real, 
and its two values will be less than a ; without these limits, 
this formula will be either imaginary, or one of its values will 
surpass a ; and, in the same manner, in order that the values of 
the second formula may be real, and less than 05, it is necessary , 
and suflScient that we should have r Z. \ and > It ap¬ 
pears, therefore, that from r = to r = -J, the first formula ^ 
is solely admissible, and that, on the contrary, it is the second 
that is solely admissible from r = | to r ; and that for 
^ or r < the two formulae should be rejected. 

As in the case of an equilateral triangle, every thing rela¬ 
tively to the three summits is similar, the number of positions 
of equilibrium will be always a multiple of three, and this 
number may be six or eighteen according to the value of r(h).' 

611. Besides their horizontal positions of equilibriurii, 
homogeneous prisms and cylinders may float in positions of 
equilibrium, in which their edg:es are vertical, and 
parallel to the level of the liquid, and there are two for each 
body, since either of the two bases may be immersed in the 
liquid. The centres of gravity of a vertical prism, and of its 
immersed part exist on the same perpendicular to the level; 
the ratio of their volumes is the same as that of their heights (^),: 
and, consequently, the height of the immersed prism is to that' 
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of the entire prism as the density of the body is to that of the 
liquid, which is suflScient to enable us to determine the depth 
to which the body sinks in its state of equilibrium. 

Solids of revolution, and in general, all bodies which are 
symmetrical about an axis, have likewise two positions of 
^ equilibrium, in which this line is vertical, and which may be 
easily determined. Let us suppose, for example, that the 
^ body was a homogeneous ellipsoid, whose three semiaxes are 
a, c; let the axis 2 c be vertical, and let zi be the distance of 
the two other axes from the section, which coincides with the 
level of the water, w is an unknown quantity, which is positive 
or negative, according as this section is below or above the 
centre of the ellipsoid. Likewise, let z be the area of the 
horizontal section of this body made at any distance such as 
. from its centre; then as the volume of the semi-ellipsoid is 
27r 

that of the immersed segment will be obtained by 

subtracting from —abc^ the integral ^zdz^ which expresses 

the value of the segment comprised between the level of the 
water and the horizontal section, made through the centre 
of the body, and which has the same sign as u. Therefore, 
in the case of equilibrium, we shall have(A) 

Stt pw 47r - ] 

aoc zz — abcr ; . 


/; being always the ratio of the density of the floating body to 
that of the liquid. As this body is an ellipsoid, we shall have 
(No. 89) 




and the equation of equilibrium will become 


— 3c% - 2(2/- - 1) c^ zz 0. 

It w^ have always one real root comprised between ± c, and 
It will be positive or negative, according as r > i or r Z A. 



OF THE EQUILIBRIUM OF FLOATING BODIES. 473 

In the extreme cases of ;• = 0 and r = 1, this root will he 
itzi c and = — c. 

The parts immersed in different liquids of the same body 
symmetrically arranged about a vertical asds, a-re in the inverse 
ratio of the densities of these fluids. This is the principle of 
the construction of the hydrometer, by means of which the 
densities of different fluids can be compared together. 

612, Among the different positions of equilibrium of the 
same body floating on the surface of a liquid, there are some 
which are stable, and others which are not so; and from 
No. 670, it appears that if this body be made to turn about 
an axis, which, for greater clearness, we shall suppose to 
be horizontal, its successive positions of equilibrium will be 
alternately stable and instantaneous. It is of consequence to 
^stinguish carefully the first from the last, which would not 
continue sufficiently long to be observed, but for the slight 
adhesion of the floating body to the liquid with which it is in 
contact. In the first place, let the floating body be supposed to 
be perfectly symmetrical, as to the form and density of its parts, 
on each side of a vertical section abcd (fig. 48), Let a be its 
centre of gravity, which must exist in this section. Likewise, 
let AC be the line in which this section meets the level of the 
liquid when the body is in equilibrio in it, and let h be 
the centre of gravity of the volume of the liquid that is 
displaced by the body; this point will likewise exist on the 
section abcd, on some point of bgk drawn from the point g, 
perpendicular to ac. When the body is homogeneous, the 
point H will be beneath G, as is represented in the figure; but 
when the floating body is balldstedy that is to say, when the 
density of its inferior part is increased, the point g may fall 
beneath the point H. This being so, if the floating body is 
caused to deviate a little from its position of equilibrium, by 
making it to turn about an oj^spevpendiculaT to abcd ; and if 
it be then remitted to itself without impressing on it any 
initial velocitv? whatever may be the motion which the body 

3 p 
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will assume, the section abcd will always remain vertical, 
and G, the centre of gravity, will constantly exist on it. 

In this new position, let a'c' (fig. 49) be the line which 
indicates the level of the liquid, and that intersects ac in e, 
in which case, the segment of the body which belongs to aea'', 
will be immersed in the liquid, and that which belongs to cec', 
will be raised out of it. As we have supposed that the volumes 
of these two segnients ace. equ^, it follows that the volume 
of the liquid displaced by the body will not be changed ; con¬ 
sequently, the weight of this volume of the fluid wdll be still 
equal to that of the body, as in the state of equilibrium. 
Now, as G the centre of gravity of the floating body ought to 
move as, if the mass of this body being concentrated in it, the 
weight of this body and the pressure of the fluid were applied 
to it (No. 438); and as these two vertical forces act in oppo¬ 
site directions, and are, by hypothesis equal, it will not be 
necessary to consider the motion of the point g. 

If h' be the centre of gravity of the volume of displaced 
liquid, after the body has been made to deviate from the posi¬ 
tion of equilibrium, this point, like the centre of gravity g, 
will appertain to the section abcd, but they will be, in gene- 
ral(J)yno longer situated in the same vertical; consequently, 
the pressure of the fluid will cause the body to turn about a 
line passing through the point g, and perpendicular to the 
section abcd ; and the question will be to determine whether 
this motion tends to make the body revert to its position of 
equilibrium, or to cause it to deviate more and more from it, 

; and eventually upset it. 

Now, if through the point h' the vertical h^m be drawn 
meeting the line bgk perpendicular to ac, at the point m, it 
is evident that the pressure of the fluid, w^hich is exerted up¬ 
wards in the direction h'm, will tend to bring back the line 
BGK to its vertical position, which is that of the equilibrium, 
or to cause it to deviate more from it, according as the point 
M is situated above or below the point g. In the first case, 
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the equilibrium will be stable, in the second case it will not be 
so When the point m coincides with the point g, the body 
will still continue in equilibrio, in any position near to the 
first, in which it may have been placed. If g the centre of 
gravity of the body falls below that of the volume of the dis¬ 
placed liquid, which was h, in the state of equiUbrium, that is 
to say, if this point g exists between the points b and h, on 
the line bk, the point m will be above g, and the equilibrium 
will be necessarily stable. If, on the contrary, the point g is 
above h, as in the ease of a homogeneous body, the point m 
may bo above or below g, and the equilibrium may be either 
stable or unstable. The point m, the consideration of which 
enables us to distinguish the two states of equilibrium of a 
floating body, is symmetrically situated with respect to a ver¬ 
tical section, and is termed the metacentre. We now, how- 
ever, propose to give another rule, deduced from the principle 
ofliving forces, by means of which the stability of the equili¬ 
brium may, in all cases, be ascertained. " 

G13. For this purpose, let us consider a body of any form 
whatever, homogeneous or heterogeneous, in equilibrio in 
the water. Let abcd (fig. 50) be the intersection of this 
body with the level of the water, g the centre of gravity 
of the moveable, h that of the volume of water displaced 
by tlie part immersed of this body, v the volume of this 
part, and m the mass of the entire body; since it is supposed 
to be in equilibrio, the line gh is perpendicular to the plane 
abcd, and the ma.ss of displaced water is equal to that of the 
body, so that if the density of the water be denoted by o, we 
have 

M = Vp. 

Let us suppose that the section abcd is elevated above, or 
depressed below the level of the water (fig. 51), by a very 
small quantity, and that at the same time, the plane of this 
section is inclined by ever so small an angle; and also, for 
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greater generality, that small velocities are impressed on the 
points of the moveable. The equilibrium will be deranged, 
and to determine the stability, it will be necessary to consider 
whether, in consequence of the motion that the body acquires, 
the section abcd, which is fixed in the interior of the body, 
deviates more and more from the level of the water, or tends 
to revert to it, by oscillating on each side of this level. During 
the motion which ensues, the natural level of the water cuts 
the floating body in a section which is variable in its interior, 
and which is teirmedi the plane of floatation. Let a'b'c Vbe 
this section at any instant whatsoever, ab'^cd" another va¬ 
riable section of this body made by a horizontal section which 
passes through the centre of gravity of the section abcd ; ac 
the intersection of abcd and ab'''cd% which is variable on 
ABCD, 6 the mutual inclination of these two sections, Z the 
distance of ab"cd" from the plane of floatation; which dis¬ 
tance we shall consider to be positive or negative, according 
as this section exists above or below the level of the water. 
The variable quantities 9 and Z ure supposed to be very small 
at the commencement of the motion, and the question will be 
to determine whether they remain rery small during its entire 
continuance. 

614. If the variable velocity o{dm any element whatever 
of the mass of the moveable, be denoted by the sum of the 
living forces of all its points will be given by the integral 
^u^dm extended to the entire mass, and the equation which 
results from the principle of living forces, will be of the form 
(No. 564), 

^u^dm=z c + 2<t>; (a) 


c being an arbitrary constant, and <j> a function depending on 
the forces which are appHed to the points of the moveable. 

which acts on all its points, 
pressures winch the fluid exerts on the im¬ 
mersed surface of the body; now we can substitute 
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for these pressures, motive forces which act on all the elements 
such as dm of its mass, that are situated below the level of the 
water, by taking for each element a force, acting in a direction 
opposite to that of gravity, andequal to the weight of the volume 
of the water which it replaces; for by No. 602, the magnitude, 
direction, and point of application of the resultant of these 
motive forces, will be the same as that of the vertical pres¬ 
sures. In this manner, if the gravity be denoted by the 
element of the volume of the moveable, which corresponds to 
dm the element of its mass, by dv, the motive force of dm will 
be gdm — gpdv^ if this material point exists below the level of 
the water, and gdm if it be above it. Moreover, if z be the 
variable distance of dm from the plane of floatation, which will 
be positive or negative according as dm is below or above this 
plane, it follows from the general value of the function 0, 
given in No. 664, that in the present question, we should 
have 

^ = \zgdm — \zgpdv; 

in which equation, the first of these two integrals extends to 
the entire mass of the floating body, and the second solely to 
the part of its volume that is immersed. 

If from G the centre of gravity of the mass m, a perpen¬ 
dicular GE be let fall on the plane a'b'c'd', and if ge be made 
= Zi, we shall have at once, for the value of the first integral, 

%zgdm = guzi . 

If the second be divided into two parts, the one relative to 
V the volume, situated below abcd in the state of equilibrium, 
the other relative to the volume comprised between the sec¬ 
tions ABCD and a'b'c'd', then gypz^ will be the value of the 
first part, being the variable distance of h the centre of 
gravity of the volume v, from the plane of floatation, that is 
to say, the length of hf the perpendicular let fall from the 
point H on the plane a'b'c'd'. Therefore, if for one moment 
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k be the value of the integral \zdz extended to all the ele¬ 
ments dv of the volume comprised between abcd and a'b'c'd'; 
gpk will be the second part of the second integral comprised 
in the expression 0, and we shall have 

^ zr guzx - gpyz! - gpk^ 

for the complete value of this quantity. But as the right line 
GH is perpendicular to the plane abcd, the angle which it 
makes with the vertical, is 0, the inclination of the plane 
ABCD to the horizontal plane; if, therefore, the constant 
length of GH be denoted by we shall have 

2 , = 2 ;' ± a cos 0; 

in which the superior sign will have place when the point g 
is below H, and the inferior sign in the contrary case. By 
substituting this value of z^ in that of and observing that 
M = vp, there results 

^ ± gpav co^ 0 — gpk ; 

and it will only remain to determine the value of the integral 
represented by k. 

615. In order to obtain it, let the area of the section 
ABCD be decomposed into infinitely small elements, and let 
them be projected on the plane of flotation a'b'c'd', the volume 
comprised between those two sections of the body will, by this 
means, be divided into an infinite number of vertical cylinders 
whose bases are the horizontal projections of the elements of 
ABCD. Let then any one of these cylinders be cut by an in¬ 
finity of horizontal planes, and let dv the element of the 
volume which is considered, be the part of this cylinder com¬ 
prised between the two consecutive planes, whose distances 
from the plane of floatation are z and z -i- dz^ so that this 
element may be equal to the base of the cylinder multiplied 
by dz. Now as d\ is the diflferential element of the section 
ABCD, the horizontal projection, or the base of the corres- 
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ponding cylinder will he dX cos 0, because B is the inclination 
of the plane of dX on the plane of projection, therefore, we 
shall have 

dv = dzdX cos 0 ; 


consequently, ^zdv, the integral relative to one of the vertical 
cylinders, ■will be the product of dX cos 9 and of or equal 
to(m) J cos 6 dX, y being the height of this cylinder, or the 
perpendicular let fall from dX on the plane of floatation; 
therefore, the quantity denoted by h will be 

ft = J cos 6 ^y^dX ; 

in wdiich the integral is supposed to extend to the entire area 
of ABCD. The perpendicular y consists of two parts, the one 
comprised between the two parallel planes a'b'c'd' and ab"cd^^, 
iind which is denoted by the other comprised between dX 
and the second plane, which will be equal to I sin 0, I de¬ 
noting the distance of this element from ac the intersection of 
the two planes abcd and ab^cd'^; we shall therefore have 

y = ^ 4-Zsin0, 

in which I will be regarded as positive or negative, according 
as dX is below or above the second plane. By substituting 
this value in the preceding equation, and observing that Z 
and 0 are constant in the integration adverted to above, there 
results (w) 


ft z: i^t^^oosB^dX + ?:sin0cos0SWX + ^sWflcosflSPiX. 

If b denotes the area of the section abcd, or the value of 
IdX, then as the line ac contains by hypothesis, the centre 
of gravity of this section, the integral J/dX is cipher; and if 


we make 




80 that j may be a line depending on the figure and extent of 
Aucn, we shall have finally 
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This formula does not give the exact value of ^; in order 
that it should, the volume comprised between the sections 
a'b'c'd' and abcd should be the part of a vertical cylinder, 
cut off by the plane of the section abcd; but whatever its 
form may be, we may suppose that the exact value of h differs 
very little from the preceding, as long as Z and 0 are very 
small quantities, and it is easy to be satisfied that the diffe¬ 
rence, of these values is a quantity of the third order with 
respect to Z and 0(o). By substituting this approximate 
value of k in the expression of 0, and also making 

jQ QZ Q2 

sin 0 = j — cos 0 =: 1 = ^ + &c., 


we shall obtain, when all the terms of the third order, with 
respect to these variables 0 and are neglected, 

0 =z ± gpYa + gpva6‘^ - \gpb 

by means of which equation (a) is changed into the follow- 
ing(p), 

+ gp ± v«) 0*^] = c?, (b) 

the term ± 2gpva being supposed to be comprised in the ar¬ 
bitrary constant c. 

616. The value of this constant will be determined when 
the values of w, 0, which are supposed to be very small, 
are known at the commencement of the motion; and it ap¬ 
pears, moreover, from equation (b), that its value is positive, 
if the coejfficient ± v« is positive, when the motion com¬ 
mences. If this coeflScient remains positive during the entire 
continuance of the motion, it follows from this equation, by 
the same reasoning as has been employed in No. 570, that 
the variables Z and 0 will remain constantly very small, so 
that at any instant whatever, we shall have 


0Z 



c 

gp{lj^±^' 



from which it appears, that the stability of equilibrium of a 
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floating body* depends on the sign of the quantity 67 ® ± 
and that this equilibrium will be stable when this quantity is 
positive at the commencement and during the continuance of 
the motion (y). 

The integral which is denoted by 67^5 must be a 

positive quantity, since all its elements are positive. The 
term ± va must be affected with the sign + when the point 
G is lower than the point h, therefore, in this case, the coef¬ 
ficient 67 ^ ± va is positive, and the equilibrium is stable(r). 
When, therefore, the centre of gravity of the entire mass of a 
floating body is lower than that of the volume of water, which 
it displaces in its position of equilibrium, we may be certain, 
that this equilibrium is stable for all the small motions that 
can be impressed on the body. 

If, on the contrary, the point h is lower than the point a, 
the term ± va must be affected with the sign — ; therefore,' 
we must have & 7 ^>va, in order that the coefficient 57 ^±va 
may be positive and the equilibrium stable. Now, the mag¬ 
nitude of the line 7 varies with the position of the line ac, 
which always passes through the centre of gravity of the sec¬ 
tion ABCD, and turns about this point during the continu¬ 
ance of the motion; hence if the line ac be made to make an 
entire revolution, it is evident that there is one position in 
which the line 7 will be less than in any other; if, therefore, 
this least value of 7 be calculated, and if then we find 67 ^ ^‘Va, 
it is certain that the coefficient by^ dz ya cannot become nega¬ 
tive, and, consequently, that the equilibrium is stable. 

In a ship, for example, it is easy to perceive that the line 
AC, to which the minimum of the integral \ corresponds, 
is the line drawn from the ^row to the consequently, 
if the area of the section on a level with the water, be divided 
into infinitely small elements, and if then the sum of all these 
elements, multiplied respectively by the square of their dis¬ 
tances from this line, be determined, provided that this in¬ 
tegral surpasses the product of the volume of the water 
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displaced by the vessel, and of the distance of the centre of 
gravity of this volume from that of the vessel, we may bo 
certain that the equilibrium is stable, with respect to all the 
small motions of the vessel, even when the second centre of 
gravity is higher than the first. 

617. Having discussed the question of the equilibrium and 
stability of floating bodies, we now proceed to determine the 
motion by which they are actuated, when they are made to 
deviate a little from a position of stable equilibrium. In 
order to solve the question completely, we should consider 
both this motion and also that of the liquid at the same time ; 
this the author proposed to do in another treatise, at present 
the motion of the fluid will not be taken into account, and, in 
order to simplify the problem, with respect to the solid body, 
it will be assumed, that it is symmetrical on each side of u 
plane, which continues to be vertical during the entire motion. 

This plane contains a and h the centres of gravity of the 
moveable and of the volume of fluid, which it isplaces in its 
state of equilibrium. In this state, the line gh is vertical; 
let it be inclined by making it to turn in this plane about the 
point G, then let this line be elevated or depressed in this 
same plane, parallel to itself; and afterwards let the moveable 
be remitted to the action of gravity, and of the pressures of 
the surrounding fluid, without impressing any initial velocity 
on it; it is evident, that the section of the moveable made by the 
plane in question, and which divides it into two symmetrical 
parts, will continue constantly vertical, ac the intersection of 
the sections abcb and ab^^cd^^ will remain always perpendi¬ 
cular to this vertical plane; and as by hypothesis, the line 
AC contains the centre of gravity of abcd ( 5 ), it follows, tliat 
this centre will be the point k where it intersects the same 
plane, and that the line ac will always meet the contour of 
ABCD in the same points a and c. Independently of the sym¬ 
metry of the body with respect to the plane perpendicular to 
AC, let us suppose besides, in order to simplify the question 
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still more, that the line gk is perpendicular to the plane ol 
the section abcd ; this will be the case, when, for example, 
the plane passing through the two lines gk and ac, likewise 
divides the moveable into two symmetrical parts* 

At the end of any time reckoned from the commence¬ 
ment of the motion, let z denote ge the distance of the point 
G from the fixed plane a'b'c'd^, Z, the mutual distance of the 
two horizontal planes ab''cd^^ and a^b^c'd', d the angle kge 
comprised between the line gk and the vertical gb, y the 
distance of rfX, any element whatever of the section abcd, 
from the plane a'b'c'd', x its distance from the vertical plane 
drawn through the point G and parallel to the line akc. 
Likewise, let I be the constant distance of this element from 
this line, and h the given length of gk. It is easy to per¬ 
ceive, that we shall have (t) 

= 2 + Acos fl, 2 / = S + Zsin 0, :r = Zcosfl + Asin 0, 


in which A, 2 are to be considered as positive or negative, 
according as the element d\ is to the right or left of the line 
akc, as the line gk is to the right or left of the vertical gb, and 
the plane ab"cd" below or above a'b'c'd'. Finally, if the area of 
the section abcd be denoted by A, and if y denotes the same 
line as before in No. 615, we shall likewise have 


SdA = 6, SMX = 0, ^IHXzzhy^i (1) 

in which the integrals are supposed to extend to all the ele¬ 
ments of A. 

The variables Z and 0 determine the position of the move- 
able at each instant. As the initial velocities of all the points 
of the body are supposed to be cipher, we shall have for 


0 , 


0 = a, ? = /3, ^-0, J-0, 


a, (3 denoting very small given quantities. The problem will 
consist in determining the values ot 9 and ^ in functions of 
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on the supposition that these variables remain very small 
during the entire continuance of the motion ; in consequence 
of which we are permitted to neglect the square of 0, and the 
product of 6 and and to consider the volume comprised 
between abcd and a'b'c'd', as a truncated cylinder. 

618. The centre of gravity a will move as if m the mass of 
the moveable was condensed into it, and Mg the weight of the 
body and the resultant of the pressures of the fluid were applied 
to it. This resultant acts in a direction contrary to that of mg ; 
it is equal to (v + u) pg, v denoting the .volume of the dis¬ 
placed water in its state of equilibrium, and v -h u this volume 
at the end of the time t. Therefore, the motive force of the 
point G acting in the direction of gravity, will be (v+u) pg 

or simply — Vpg^ because m zn vp (u ); as its initial velocity 
is cipher, it will not deviate from the vertical in which it exists 
at the commencement of the motion, and the equation of its 
motion on this line will be 

u is the volume comprised between the two sections abcd 
and a'b'c'd'; so that if this volume be decomposed into ver¬ 
tical cylinders as before, we shall have 


u = Sycos OdX; 

in which the integral is supposed to extend to all the elements 
of^. By substituting for y its preceding value, we obtain(») 


u = 5? cos 0. 

If, therefore, cos 0 be assumed equal to unity in this value 
and in that of , and if these values be then substituted in 
the equation of the motion of the point g, and if vp be put 
also in place of m, there results 


gK_ 

de'^ V 


= 0 . 


( 2 ) 


At the same time, the moveable will turn about the point 
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G, as if it was fixed, and the forces which solicit it were not 
changed (No. 438). Therefore, this motion of rotation will 
have place about the fixed axis drawn through the point g, 
and perpendicular to the plane which divides the moveable 
into two symmetrical parts; and because the weight of the 
body passes constantly through this point, it will be due solely 
to the pressures of the surrounding fluid; consequently, the 
equation of this motion will be (No. 392) (x) 



denoting the moment of inertia of the body with respect 
to the axis of rotation, w its angular velocity of rotation at the 
end of the time and fi the total moment of the pressures at 
the same instant, with respect to the same axis. The velocity 
(t) will be regarded as positive or negative, according as the 
motion has place in the direction indicated by the sagitta 
or in the opposite direction; so that we shall have 

^ d9 d<ji) ^ d^d 

and, this being the case, the moments of the pressures in the 
value of fi should be affected with the sign + or —, according 
as they tend to produce a rotation in the direction of the sa¬ 
gitta s, or in the opposite direction. 

Now, the total moment fi may be divided into two parts, 
the one relative to the constant volume v, the other relative 
to the variable volume u. The part of the pressure corres¬ 
ponding to the first volume is equal to Yf>g applied to the point 
H, and acting in the direction hf ; the value of the perpen¬ 
dicular let fall from the point g on this line produced, if ne¬ 
cessary, is asin0, in which a denotes the constant distance 
GH, hence the first part of the moment fx will be dti'srapg sin 0, 
in which the superior or inferior sign ought to be taken, ac¬ 
cording as the point H is higher or lower than the point 0 ( 5 ). 
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With respect to the part of fi which corresponds to u, if this 
volume be always decomposed into vertical prisms, and if the 
pressure corresponding to y cos Qd\ any prism whatever, be 
considered, which pressure is always equal and contrary to the 
weight of the volume of the displaced fluid, we shall have pgxy, 
cos 9 dX for the moment of this pressure; and, consequently, 
cos 9dX for the second part of in which the integral 
extends to the entire area b. By substituting for x and y 
their values, this quantity will become, by having regard to 
equations (l)(y) 

( 7 ® cos 0 + hZ) pgb cos 9 sin 6; 
consequently, the complete value of p will be 

p zz (by^ cos^ 0 ± va + bhZ cos 9) pg sin 6. 

If, in this value, unity and 6 be substituted in place of 
cos 9 and sin d, and if the product of Z and 9 be neglected, 
and if then, it and also the values of m and a> be substituted 
in the equation of the motion of rotation, it becomes 


m (bf±jmg9 _ 


(3) 


The problem, therefore, depends on the two differential 
equations ( 2 ) and (3) ,* and as the variables 9 and Z are sepa¬ 
rated in them, it follows, that the motion of rotation of a 
floating body, and that of its centre of gravity, are independ¬ 
ent of each other; a circumstance which obtains, because the 
line GK drawn from the centre of gravity of the moveable to 
that of ABCD is supposed to be perpendicular to this sec¬ 
tion (;s). By integrating these two equations, and determining 
the arbitrary constants, by means of the initial values of 
^ . dZ d9 , _ , .. 

Tt’ 
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As the vertical ordinate of the centre of gravity is equal to 
h + when the square of 0 is neglected, it follows, that the 
motion of this point is the same as that of a simple pendulum 

whose length is In order that the value of 6 may not in¬ 


crease indefinitely, that is to say, in order that the equi¬ 
librium, from which the floating body has been made to de¬ 
viate, may be stable, the quantity must be posi¬ 

tive ; which agrees with the theorem of No. 616. When this 
condition is satisfied, the oscillations of the line gk on each 
side of the vertical ge will be the same as those of a simple 

vA^ 

pendulum, the length of ■which is 

If the floating body is not symmetrical on each side of the 
plane passing through ■the lines gk. and akc, then when the 
perpendicular let fall from the point g on the section abcd is not 
equal to the line gk, the variables ? and 8 will be no longer 
separated in equations (2) and (3), the first would contain a 

term multipUed by and the second a term which has K 

for a factor; the motions of rotation and of the point g will be 
no longer independent of one another; and the moveable may 
perform four descriptions of simple oscillations, into which its 
motion of rotation can be always decomposed, agreeably to the 
principle of the coexistence of small oscillations, but which may 
be reduced to two in the particular case which we have con- 

8 idered (//). 



CHAPTER V. 


or THE MEASUREMENT OF HEIGHTS BY OBSERVATIONS OF 
THE BAROMETER. 

619. It appears from No. 598, that the equation of equi¬ 
librium between the mercury contained in the closed branch of 
the barometer, and the pressure of the atmosphere in the open 
branch, is 

mgh=zlll (1) 

in which 11 denotes this pressure on the unit of surface, g the 
gravity, m the density of the mercury, and h the difference of 
level of this fluid in the two branches of the barometer; in 
this equation it is assumed that there is no sensible pressure 
above its level in the closed branch. 

As the equilibrium ought not to be deranged by supposing 
that the open branch of the barometer is extended to the limits 
of the atmosphere, it follows that the pressure FI is the weight 
of a vertical cylindrical column of the atmosphere, whose base 
is the unit of surface, and the height that of this fluid. This 
weight is therefore equal to that of a cylinder of mercury, 
having the same base, and of which the height is about 0"^ 76 ; 
and it results from this, that the pressure of the atmosphere on 
each square metre of the surface of the earth is very nearly ten 
thousand kilogrammes(a). 

According as we ascend above this surface, the height and 
weight of the column of the air which presses on the mercury 
of the barometer, diminish more and more; consequently the 
height h must also diminish, and there exists a relation be- 
twe^n thi^height a^^^ through which we have ascended, 
which will make one known by means of the other. This de- 
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termination will be the special object of this chapter; but it is 
necessary previously to deduce some consequences of impor¬ 
tance to our subject from equation (1), and to explain the laws 
of the pressure of the air or of any gas whatever, relatively to 
its density and temperature. 

620. If the total surface of the earth expressed in square 
metres be denoted by s, the magg of the atmosphere will be 
equal to wzs 76) (J); m being always the density of the 
mercury; and if r denote the radius of the earth, and 8 its 
mean density, its mass is If therefore f represents the 

ratio of the first mass to the second, we shall have 


and as 




3ni(0% 76) 


27 rr = 40000000”S m = 13«‘, 6975, 


8 = 5 ^ 50 , 


it follows that 

/= 0,0000008864; 

so that the mass of the atmosphere is a little less than a mil- 
lioneth of that of the earth. 

If the density of the air was the same throughout the en¬ 
tire extent of the atmospherical column, the height of this 
column, and h the height of the mercury in the barometer, 
would be in the inverse ratio of the densities of^ the air and of 
the mercury; so that if I denote the height of the atmosphere 
in this hypothesis, and p the density of the air at the tempe¬ 
rature of zero, and under a pressure of the barometer equal to 
O’®, 76, we shall have 

P 

and because (No. 61) 

- = 10462, 

P 

there results very nearly 

/ = 7960’®. 

VOL. II. 3 R 
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It is evident that the atmosphere extends much higher 
than this(c), since the density and weight of its strata dimi¬ 
nish according as their distance from the surface of the earth 
increases. A limit to which it cannot attain, is obtained by 
determining the height at which the centrifugal force is equal 
to the gravity, for beyond this, the centrifugal force would 
disperse its molecules in space. This limit is less at the 
equator than at any parallel (d). Now, in this place, the centri¬ 


fugal force is (No. 178) at the surface of the earth; at a 
height z above this surface it becomes — ? and the in- 


gr^ 


289r 

r being the radius of the earth; 


tensity of gravity is 

therefore the limit in question will be determined by the 
equation 

r -f- r- 


289/* (r-i-5:) 


2 5 


from which we obtain^ for this limit (e), 


% =/*(^289 — 1 ); 

But there is reason to think that the air long before it reaches 
to so great a height is liquefied by the cold, which increases 
rapidly according as we ascend in the atmosphere(/). The 
law of this increase, when the air is free from the influence 
of surrounding objects, is altogether unknown to us, for 
it should not be confounded with that which is observed on 
the tops of mountains, where the temperature of the air and 
that of the ground mutually influence each other; the only 
datum which we have on this subject is that which results 
from observations made by M. Gay-Lussac in a balloon, in 
which he ascended to a height of 6980™; the simultaneous 
temperatures of the air at the surfece of the earth and at this 
height were about 30,75, and - 9,50 of the centrigrade ther¬ 
mometer; which, on the supposition that the heat decreases 
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uniformly, gives about a diminution of one degree for every 
IT5"* of elevation. 

621. If the open branch of the barometer be closed at c 
(fig. 44), or, more generally, if this branch be placed in com¬ 
munication with a vessel u closed on all sides (fig. 62), the 
equilibrium of the system will not be deranged; and it is the 
pressure exerted at e by the air contained in this vessel, which 
is in this case in equilibrio with that of the column of mercury, 
DF, suspended in the closed branch, above e its level in the 
open branch. Therefore, the measure of this pressure on the 
unit of surface, or what is termed the elastic force of the air, 
will be mghy which is the pressure of the mercury, and it will 
be equivalent^ to_U, the weight of the corresponding column 
of the atmosphere. A barometer which thus opens into a 
closed vessel, and by this means enables us to measure the 
elastic force of the air, or of any fluid whatever, is then termed 
a manometer ; mgh the weight of the mercury, depends on the 
nature, the density, and the temperature of this elastic fluid. 

If when the manometer is transferred fi:om one place to 


another, the density and the temperature of the air contained 
in the vessel h re?main the same at these two places, the height 
of the mercury must vary in the inverse ratio of the gravity, in 
order that the weight of the column of mercury may continue 
to be the same. Hence by measuring this height at different 
latitudes, the variations of gravity can be determined; but m 
order that this measurement may be made exactly, the va¬ 
riation of the volume occupied by the air contained m h, which 
results from a corresponding variation of the height of the 
mercury in the closed branch, should be taken into account. 

Thus, if ^ and A denote the gravity and the height df of 
the mercury in a given latitude, then if, when the manometer 
is transferred to another parallel of latitude, we suppose that, 
the temperature being the same, the mercury rises m the 
closed branch from n to n', and that, at the same time it 
Mis in the open branch from e to e', if through the pomt e , 
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a horizontal plane be drawn, cutting the closed branch in f', 
and if d'f' the difference of level of the two branches be de¬ 
noted by A', and the corresponding gravity by the barome¬ 
trical pressures in the two places will be as gh and and 
they will be proportion^ to^^^^^ of th e fluid contained 

in H, and consequently, in the inverse ratio of the volumes 
which it occupies in this vessel; therefore, if these volumes 
be denoted by v and v^, we shall have 

g*h/ ^ v 

Now, if c denotes the area of the horizontal section of the 
tube at the point n, the volume of mercury comprised between 
D and will be (A''— A)c; but, in consequence of the in¬ 
compressibility of this fluid, it is necessary, that, whatever be 
the form of the vessel h, the volume v' should surpass v by 
this quantity (A' — A) c; therefore we shall have 

v'= v + (A'^A)c; 

and by substituting this value of v' in the preceding equation, 
we obtain for the ratio of the intensities of gravity at the two 
places 

g' _ vA 

g -[v + (A'~A)c]A'- 

But however carefully the quantities which occur in this for¬ 
mula are measured, this process is not susceptible of the same 
degree of precision, as that founded on experiments made with 
the pendulum. 

622. If now the open branch of the barometer be closed at 
c (fig. 44), and the branch that was closed at a be opened, the 
pressure of the atmosphere will be added to that of the mer¬ 
cury, the air contained in bc will be compressed, and conse¬ 
quently the level of the mercury will ascend in this branch and 
descend on the other. . If an additional quantity of mercury be 
pouted into this branch, so that the difference of level may 
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be Still equal to A, as before, and if, in this state, the mercury 
ascends from d to d' and from e to e', then vphen a horizontal 
plane is drawn through the point e', cutting the other branch 
in p', we will have d'f' = dp. At the point f', the pressure 
of the mercury will be mgh ; by adding to it 11 the pres¬ 
sure of the atmosphere at the level d', we shall have the 
entire pressure equal to mgh + n or 2mgh ; consequently, the 
elastic force of the air contained in ce', which acts on the 
level e', and which is in equilibrio with the total pressure, will 
be double of that which has place when the air occupies the 
space CE. Now, it appears from experiment that the space 
cb' is half of the space cb ; it likewise appears that if the 
pressure be tripled by a suitable addition of mercury, the 
space occupied by the air is reduced to a third, and, gene¬ 
rally, the volume of the fluid is found to vary inversely as the V 
pressure which it experiences, or in other words, the density; 
increases in the same ratio as the elastic force. 

This proportionality has been termed the law of Mariotte^ 
from the name of the philosopher who first deduced it from 
observation. It implies that the fluid does not experience any 
change of temperature; so that in order to observe it exactly, 
the air contained in ce should get time to lose the increase of 
temperature, which it acquires by compression, and thus re-, 
vert to its primitive temperature. This law obtains for alh 
gases, and also for vapours, provided that in this last case, the 
pressure is less than that by which they are reduced to a liquid 
state. Finally, it also has place when different elastic fluids 
are mixed together; and if, for example, two gases have the 
same temperature and volume^y, and ifp be the elastic force of / 
one, andy that of the other, then when they are so intermixed 
as that their sum may occupy the same space v, the temperature 
of the mixture will be still the same, and the pressure or elas¬ 
tic force exerted on the unit of surface will become p + p\ 

623. It is easy, by means of the law of Mariotte, to calcu¬ 
late the quantity by which water ascends in a pump, when 
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there is some air between this liquid and the piston: (it has 
been already stated (No. 598), that when the water is in con¬ 
tact with the piston, the space through which the water 
then rises, is 10”‘,4.) For this purpose, let abcd (fig. 53) 
be the vertical cylindrical tube of a pump immersed as 
fer as EF in water, and gh the horizontal base of the 
piston. The atmospherical pressure which is exerted on 
the exterior level of the water, that coincides with the in¬ 
terior level EF, is equal to gl on each unit of surface, the den¬ 
sity of the water being supposed to be unity, and I equal to 
10™, 4 the height of the column of water which is in equilibrio 
with It; as the space contamed between ef and gh is filled 
wi4 air, whose elastic force is in equilibrio with the ex¬ 
terior pressure, gl is also the measure of this force. In this 
state, let a be the given height of gh above ef ; if then the 
piston ascend to g'h', and if c denote the given height of g'h' 
above gh, the water will ascend in the interior of the pump to 
a height bV above ef, which we shall denote by and it 
will fall outside to the level of e,f, , a section of the pump si¬ 
tuated at a distance 2(f below ef. If the horizontal section of 
the pump be denoted by 5, and that of the reservoir in which 
it is immersed by (3, we shall have at once, on account of the 
incompressibility of the liquid (</), 



and the question will be reduced to the determination of the 
value of 

) But the air which did occupy the space efgh, will now 
occupy the space eVg'h', and as this last is to the otlier in 
the ratio of a + c - a: to a, it follows, that the elastic force 
gl will be diminished in the inverse ratio, and will become 

a + c~x' pressure on the unit of surface at 

, the section e'f'; and if it be added to the pressure of water 



495 


BY OBSERVATIONS OF THE BAROMETER. 


contained between e'f' and e,f„ the value of which is g{x-^y), 
we will obtain the entire pressure exerted on the interior 
level B^F/, which should constitute an equilibrium with the 
exterior pressure gl% this requires that when g, the common 
factor, is suppressed, and the preceding value is substituted for 
?/, we should have 


la , , bx 


This equation is, when reduced, of the second degree, and 
may be written as follows. 


— 3c(lf+ a + c) + clfzz 0, 


in which, we suppose for conciseness, that 


/3+a 




We obtain, by solving this equation, two real and positive 
values for x ; but it is easy to perceive that one of them is 
always inadmissible. In fact, x + the elevation of the wa- 


X 


ter above the exterior level, cannot exceed 1; and as a; + ^ = 7 
^ J 


we must therefore have^a? moreover, it is evident, 

that we must always have a: Z a + c. ISIow as the sum of 
the two roots of the preceding equation hfl-^a + c^ if one of 
them is less than a + c, the other will be greater than y/, or 
if one of them is less than/7, the other will be greater than 
a + c; consequently only one of the two roots will be admis¬ 
sible, and the other should be rejected as not belonging to the 


question(^). 

In virtue of the equation of equilibrium, 

elastic force of the air contained between e f^ and g^h', is equal 
to gl — g (x + y). There results from this a pressure on 
the lower base of the piston acting in a direction opposite to 
that of gravity, and equal to gib — g(po-\-y)h. The upper 
base of this body is urged in an opposite direction by the at- 



496 


OF THE MEASUREMENT OF HEIGHTS 


mospherical pressure, which is equal to glh\ therefore the 
load which the piston sustains, or the excess of this second 
force over the first, is g which is the weight of 

the water contained between and eV, and raised above 
the exterior level; this indeed may be considered as evident 
a priori* 

624. It remains for us now to consider the law of the 
elastic force of the air, relatively to its temperature. 

It appears from observation that if the air and different 
gases are all of them subjected to the same constant pressure, 
and placed in an enclosed receiver, the temperature of which 
varies at each instant, they are equally dilated. If one of 
them, as the air,, for example, be taken as a thermometer, 
that is to say, if its total dilatation be divided into equal parts, 
which will indicate the degrees of the temperature, it results 
from this that the increments of volume of all these gases will 
be the same for equal increments of temperature, and pro¬ 
portional to these increments. It appears likewise from ob¬ 
servation, that for a very considerable range, the indications 
of this aerial thermometer differ very little from those of the 
mercurial thermometer; so that, within this range, the dilata¬ 
tion of any gas whatever is proportional to its increase of 
temperature, as indicated by the degrees of the common ther¬ 
mometer. Finally, M. Gay-Lussac has found, that from zero 
to 100®, that is to say, from the temperature of melting ice, to 
that of boiling water, the volume of air subjected to a constant 
1 pressure, and consequently that of any gas whatever, increases 
iin the ratio of unity t o_ 1, 375, which gives a dilatation of 
0,00375 for each degree of the centrigrade thermometer (A). 

Hence if v be the volume of any gas whatever at a tem¬ 
perature equal to zero, II its elastic force, and n its density, 
and if when the number of degrees of temperature becomes 
n the pressure o n th g unit of surface remains the same, we 
shall have(/) 


v' = v(l+afl), 
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being wba« v bee.mee wben the tempemture is incMneed 9 
degree., e being .uppoeed equal t, 0,00375 i like«» rfo be 
what D becomes in the Mime caMi, we rfiail also have, 
density varies in the inverse ratio of the volume. 


d' = 


1 + 


Now, if the pressure be supposed to vary while the tem¬ 
perature 6 remains the same, and if p and p be what the pres¬ 
sure n and the density n' become simultaneously, we shall 

have 

- pn 

by the law of Mariotte; and by making 

■“,= k, 

i 

there will resnltW , (2) 

for the eipression of tlirdastic' fot'ce of any ga. whatever, in a i 
function of its density and temperature. 

625. This formula is applicable to gases, vapom , 
their ihkwrea. It the temperature be mdicated by the - 
ourial thermometer, it has place for negattv. “ 

about - 38“. or a Uttl. less than the temperature at which 
iuid Ucals. It US also bee. verged for 
which are considerably greater than 100 ; md 
between the laws of the ddatatlon of air and merimr, doim not 
commence to become at all considerable ”"6'J 
about 300" This has been established in a memoir of MM. 
S Dulong, inserted in Ae eighte».h Nn„b« of the 

Journal of the Polytechnic School. 

The coefficient k is different for different fluids. Rela 
tively to the atmospheric air, MM. Biot and Arrago have 

found, at the Observatory of Pans, 

3 s 


VOL, II. 
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= 1046 ^^ 


for the ratio of the density of mercury to that of the air, when 
the atmospherical pressure is and the temperature zero 

(No. 61). Therefore, if we make at the same time(??.), 


n=:wzGA, A = 0 ”', 76 , 

the value of k will be 

A = (7951,12) g; 

and, in this value, g should be taken equal to the gravity of 
the place at which the ratio ^ has been determined, that is 
to say, at the latitude of Paris, for which we have 


G = 9’", 80896. 

The coefficient of g has been determined on the supposition 
that the air is perfectly dry; if it was humid, its density would 
be less under the same pressure and temperature, and the 
value of A would vary in the inverse ratio of this density. If, 
for example, 8 be the ratio of the density of the air at the 
maximum of humidity, that is, when it is saturated with mois¬ 
ture, to the density of the air, when perfectly dry, under a 
pressure of the barometer equal to 7 6, and at the tempe¬ 
rature zero, we shall have, as will be seen farther on, 


0^76 - 0^00508 
0^76 


10 0^00508 
16’ 0%76 


0,99749; 


consequently, if the preceding value of A be divided by this 
value of S, the value of A which corresponds to the maximum 
of humidity will be obtained, namely, 

A = (797 PS 09), G. 

626. We are now in a condition to form, without any diffi¬ 
culty, the different equations of equilibrium of the atmos¬ 
pherical column. Let us suppose that this column is a ver¬ 
tical cylinder, which extends to the limits of the atmosphere, 
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and having its horizontal base a resting on the surface of the 
earth. Let this column be divided into an infinite number of 
slender horizontal strata, and let the extent of the surface a 
be supposed to be such that neither the density nor tem¬ 
perature can vary from one point to another of any stratum. 
Let p, p, Q denote the elastic force, density, and temperature 
of the air, at the distance ^ from the surface of the earth; 
likewise let g' be the gravity at this same distance; Ag^pdz 
will be the weight of the stratum of which the thickness is dz^ 
and whose two faces correspond to z and z — dzn The pres¬ 
sure which it experiences on its upper face will be Ajp, that 

do \ 

which acts against its inferior face will be a(p — -^dzi But 


the pressure ought to increase by the weight Ag'pflk, in passing 
from the first to the second face; therefore we should have 


A (p — ^ = Ajj -f- 

or simply (o) 

dp =z - g'pdz j (3) 

which coincides with the equation that might be deduced trom + 
formula (3) of No. 583, by making 

X 0, y rz 0, z zz — 

If p be eliminated by means of equation (2), there results 

dp _ g’dz 

p k(l + aOy 

Let r be the radius of the earth, and g the gravity at its sur¬ 
face, we shall have 

at the height z, and if the variation of the centrifugal force 
be neglected, and also the action of the mass of air comprised ^ 
between the two concentrical spherical surfaces, whose radii 
are r and r+ z, (which action docs not enter in the value 
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of and should be added to that of g‘ (No, 101)), we 
shall have 

dp ^ _ gr^dz 

p ^ A (1 + aO) (r + zf* 

In order to integrate this formula, the expression of Q in a 
function of z, should be known; but as the law of the tem¬ 
peratures is unknown, Q should be considered as a constant 
quantity; and its value in each case* should be assumed to be 
the mean of the teinperatures which belong to the extreme 
points of the column of air to which this equation is applied. 
Its integral is then 

c being an arbitrary constant. If n denote the atmospherical 
pressure which has place at the surface of the earth, we shall 
have at the same time 

* = o, y = n, iogn = ^^ + ci, 

and there will result from it at any height whatever above 
this sui‘iace(p), 

V s n A (1 + „e) (r + z );/ 

In virtue of this equation and of formrda (2), we shall have 

„ _ rr-,* CH-af») C»+*) _ 

for the expressions of the elastic force and density of the air, 
from the surface of the globe, to the height at which this fluid 
loses, by the effect of cold, all its elasticity. 

From what has been stated in No. 619, it follows that the 
weight of ^colunan of the atmosphere, the base of which is the 
unit of surface, must be equivalent to IT the pressure relative 
to the lowest point; and, in fact, this weight is. given by the 
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integral which it is evident that, if the expres- 

sions of p and y be substituted for these quantities, the value 

is nc?). 

627. The motive foree of a balloon which ascends verti- 
cally in the atmosphere, is the excess of the weight of the air 
which it displaces at each instant, oyer its own weight. 
Therefore, if its mass be denoted by p and its volume by v, 
this force will be vpp' - yg' at the height z above the earth; 
consequently, we shall have, ( 




=zvpg'-gg',^ 


for the differential equation of the vertical motion of this 
body at the end of t any time whatever. If,its naean density 
be denoted by c, in which case we have p =: cv, and if their 
preceding values be substituted for p and g', this equation will 

become 

—grz p 2 

(Pz Ugr^ «) _ _ 

“ ft (1 + 00 ) (r 4- ^ ~ (»■ + 


By multiplying by 2dz, then integrating and denoting the 
constant arbitrary by c, it becomes^r) 


c 


dz* 


—grx 


r + z' 


If the balloon ascends from the surface of the earth without 
any initial velocity, we shall have at the same time k = 0, and 

— 0 ; consequently, we must have 
dt 

c = 2n-2c(7/-; 


and there wUl result for the square of the velocity at any height 
whatever such as z {s). 
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By resolving this equation with respect to dt, the time which 
the balloon takes to attain a given height may be determined 
by the method of quadratures. 

d^z 

By making the value of equal to cipher, we can de¬ 
termine the height at which the moveable would remain in 
equilibrio, if it reached it without any acquired velocity; and 

dz^ 

in like manner, the equation = 0, will make known the 

greatest height to which the balloon can ascend in the at¬ 
mosphere, on the supposition that neither its mass or volume 
undergo any change. The first of these two heights will be 
expressed by means of a logarithm; the second will depend on 
a transcendental equation, and can only be calculated by ap¬ 
proximation (r). 

628. Let us now apply equation (4) to the measurement 
of vertical heights. 

Let h and A' be the heights of the mercury in the barometer 
at the inferior and superior station; t and t' the corresponding 
temperatures of mercury, t and f those of the air, which will 
be different from t and t', when the mercury in the barometer 
ha^ot sufficient time, during the observations, to acquire the 
temperature of the surrounding air. If m be the density of 

the mercury at the inferior station, ^1 + ^ 

densitj^ at the superior station, because the density increases 
degree of diminution in the temperature. 

For greater simplicity, let the factor 1 + be compre- 

ODOU 

bended in tbe height h\ which will then be the observed 

quantity, and we will afterwards sup¬ 
pose that m is the density of the mercury at the two stations. 
-In this way we shall have 


n = mgh, p = = 


(r+«)•■' 


8» 


BY OBSERVATIONS OF THE BAROMETER. 


503 


by means of which, equation (4) will become('«) 


1 A . r + 2: 
log J, + 2 log 


ffrz 


r ~ k{l + a9)(r+zy 


( 5 ) 


Agreeably to what is stated above, J should be} 

talcen for 6, The value of a is 0,00375 for dry air as well as 
for that which contains a constant quantity of aqueous vapour, 
and in any proportion. But it should be observed, that when 
the temperature rises, the quantity of vapour in the atmosphere, 
in general, increases ; and, as under the ordinary pressures of 
the atmosphere, namely, 0"‘,76, the density of vapour is to 
that of air in the ratio of 10 to 16, it follows, that the density 
of the free air, the temperature of which increases, must di¬ 
minish in a greater ratio than that which corresponds to the 
coefficient, 0,00375. Therefore, in order to take into account, 
as far as possible, the quantity of vapour which exists in the 
atmosphere, the coefficient a should be increased, and for the 
convenience of the calculation we will make it equal to 0,004 ; 
so that we shall have(y) 


a0 zz 


2 (^ + f) 
1000 ‘ 


As the logarithms which occur in the first member of the 
preceding equation are Naperian, in order to convert them 
into vulgar logarithms, they should be multiplied by m the 
modulus of these last, the value of which is 

M = 0,4342945; 

ff the expression for gravity, which its second member con¬ 
tains, is that which belongs to the inferior station, and to 
the latitude of the place of observation. If this angle be de¬ 
noted by we shall obtain by comparing the gravity g with 
that which occurs in the values of A* of No. 625, and which 
corresponds to the latitude of Paris(cT), 

(1-0,002588 cos 2^) a 
f ” 1 -0,002588 cos2(48°50‘'14") 
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Moreover, as in the coefficients of g in these two values of 
A, the one belongs to the state of extreme dryness of the air, 
the other, to the air when saturated with humidity, we can 
take the semi-sum of these two quantities, or 7961”*, 10 for 
the coefficient which corresponds to the ordinary state of the 
atmosphere. We shall then have(y) 

k 

- [1-0,002588 cos 2 (48°50'14")] = (18337’", 46) g; 

and by means of this value combined with that of g, we shall 
obtain from equation (5) («), 

18337”, 46 fl + ^ z. 1 

’ L ^ 1000 Jr, h 

1-0,002588 cos 2^ ^ 

+ 21<.g(l+f)] (l+Q; J 

in which formula the logarithms are actually those belonging 
to the system, the base of which is the number 10. 

In applying this equation, we in the Jirst place neglect 
—, the fraction contained in its second member; this will make 

known the first approximate value of and by substituting it 
in this second member, a second value of will be obtained, 
more accurate than the first, beyond which the approxima¬ 
tion need not be continued. 

If an unknown coeflScient a be substituted for the number 
18337,46 in this equation, and if a be then determined by 
means of a great number of heights sr, measured trigonometri¬ 
cally, we find 

a — 18336”^; 

which differs very little from the coefiScient 18337”^46, that 
was directly calculated. * 

629. If it was proposed to employ formula (6) to deter¬ 
mine the elevation of a place on the earth above the level of 
the sea; t', h/, should be supposed to refer to this place and 
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T, A, to the shore of the nearest sea; andj for greater accu¬ 
racy, should be taken equal to the mean latitude between 
those of these two points. Agreeably to what has been re¬ 
marked in No. 255, the action of the stratum of the earth, the 
height of which is should be also taken into account; on 
the supposition that its density is equal to half of the mean 
density of the earth, we have then 

gr^ 

^ -(r+zf^ 4r’ 

and, as the fraction - is very small, when this value of the gravity 

^'is made use of, the quantity 1 + p contained in formula (6), 

5 St 

should be replaced by 1 + ^(^0* 

In order to give an example of this formula thus modified, 
let us take that which has been cited in the yearly register of 
the Bureau of Longitudes, in which the height of Guanax- 
uato above the level of the sea has been determined. 

The data of this example are 

A = 0”S76315, T -t =25°, 3, 

h' = 0^ 60095, T' = ^' = 21°, 3, ^ = 21°. 

The height A', when corrected and multiplied by the factor 
which should be employed in formula (6), be- 

' 6550 
comes 

A'=0^60138. 

If the fraction “be neglected in this formula, we find for 
r 

the first approximate value of z 

z = 2077^98; 

and if this value be substituted in the same formula, by putting 

1 place of 1 -1—, as has been stated above, and ob- 

“ 8 /* ^ r 

3 T 


VOL. n. 
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serving that r = 6366198”*, we obtain = 2081% 96, for the 
required height, which is less than that given in the register, 
by about 2 metres and one-half very nearly. 

630. When z the height is not very considerable, the 

fraction ^ may be neglected in forrnula (6), and the number 

18337% 46 should at the same time be replaced by a coefficient 
somewhat greater. That which results from numerous ob¬ 
servations made by Raymond in the south of France, is 
18393 metres, and as the corresponding latitude is very nearly 
ifj = 45°, equation (6j is reduced to 

» = 18393-[l + ?yj'2]logi; 

which is the barometrical formula that is commonly made use of. 

' In the same vessel, and under the same atmospherical 
pressure, the ebullition of distilled water commences always 
at the same temperature, and this temperature is less according 
as the external pressure diminishes. If, therefore, a table is 
formed, by experiment, of the temperatures at which water begins 
to boil under pressures that decrease by very small differences, 
and if a vessel containing the water be carried to different 
heights above the earth, the temperatures at which this water 
commences to boil will make known, by means of the above- 
mentioned table, the corresponding barometrical heights, which 
should be employed in the preceding formula. It is in this man¬ 
ner that philosophers have proposed to determine the diffe¬ 
rences of height above the earth, by observing at what tem¬ 
perature water begins to boil, and without having recourse 
explicitly to measurements of the barometer. 

631. We shall conclude this chapter with some remarks 
on the weight and elastic force of vapours, which force has edso 
been termed the tension of these fluids. 

If a closed vessel contains any liquid in sufficient quantity 
to furnish all the vapour which can be generated in it, that 
which rises from this liquid attains, more or less quickly, a 
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maximum which depends solely on the temperature, and whicH 
is the same when the vessel is void of air, and when it con¬ 
tains air or any gas whatever, in a condensed or dilated state. 
Likewise, whether this quantity of vapour has reached its 
maximum^ or is still below this point, its tension is added to 
that of the elastic force of the dry gas, and the sum constitutes 
the elastic force of the mixture. At the same temperature, the 
maximum tension is different in different vapours; and the 
law which it follows for the same vapour, in a function of the 
temperature, is not yet known. The most extensive ex¬ 
periments which have been hitherto made on the vapour of 
water, are those which are detailed in the tenth and eleventh 
volumes of the Academy of Sciences, and in Taylor’s Scientific 
Memoirs, Part 8. The maximum elastic force of the vapour 
1 ^ of water formed in a vacuo at the temperature of 18°, 75, for! 

: example, is measured by an elevation of mercury in the ba- 

i rometer equal to 016. When it is produced in perfectly 

' dry air, at this temperature and under the ordinary pressure 

of 0^,76, its elastic force is added to this pressure, and it 
appears from experiment, that in fact the pressure of the, 
mixture is 0”S776. 

If it was possible, without liquefying unmixed vapour, to 
raise its tension from 0«‘,016 to 0«s76, its density would, 
by the determination of M. Gay-Lussac, be to that of dry air, 
under the same pressure and at the same temperature, in the 
ratio of 10 to 16. Therefore, in virtue of the law of Mariotte, 
the density of the vapour which has been taken for our example 
is ; that of air at the temperature of 18,75, and under 

the pressure of 0«^,76, being taken for unity (60- Conse¬ 
quently, if P denote the weight of a litre of air, and p' that of 
a litre of vapour of water, we shall have 



At the temperature zero, p would be equal to 1000 grammes 
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divided by 769,4 (No. 61); as the density of the air varies 
inversely as the volume, in order to obtain its value at the 
temperature of 18°, 75, this quotient should be divided by 
1 -i- (18,75) (0,00375); hence it follows that 

p = 21433, 

and consequently(c') 

p' =z 01597. 

The weight of a litre of vapour at the temperature of 18*^, 75, 
and at its maximum of density, must also be that of the greatest 
quantity of vapour which a litre of air can contain at this tem¬ 
perature, whatever its density may be. Now, Saussure found, 
by direct experiment, that the weight of the greatest quantity 
of vapour which can be formed in a cubic foot of air, under 
the ordinary pressure of the atmosphere, and at the given 
temperature, is 10 grains; hence it follows, that it is 0,01346 
for the cube, one of whose sides is a deci-metre, which differs 
very little from the preceding result. Generally, if A de¬ 
notes the density of the dry air, A' that of air charged with 
moisture, and a the tension of the vapour which it contains, 
we shall have (cT) 

A' = (A — <2 -f- 5 

for any volume whatever of air charged with moisture such as 
A, will consist of an equal volume of dry air, the elastic force 

of which is reduced to A—a, and the density to ^ (A — a), 
added to an equal volume of vapour, the density of which will 
be equal to ^ ^ A; consequently the sum of these two densities 

multiplied by a, will express the mass a a' of the mixture; 
and by suppressing the common factor a, the preceding equa¬ 
tion will be obtained. This equation will enable us to deter¬ 
mine the weight of a given volume of air charged with mois¬ 
ture, when the weight of this volume of dry air at the same 
temperature, and the tension of the vapour contained in the air 
charged with moisture are given. The value of 8 of No. 625 
may be deduced from it by making h zz. 76, and assuming 
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that the temperature is zero, in which case, the maximum 
tension of the vapour of water is 0”^, 00508. 

632. If the atmosphere which envelopes us did not exist, J 
it would* be replaced by another atmosphere formed of the 
aqueous vapour which rises from the sea. The law of the. 
densities of its strata, and its total height, would depend on 
the law of the temperature which would have place in this 
aqueous atmosphere, and which cannot by any possibility be 
known; but, whatever it may be, the^^gflitire weigh^^ verti¬ 
cal cylindrical column of this vapour, whose base is the unit of 
surface, wijl^be always equ^ to the elastic, force, which belongs 
to its lowest point (No. 626); and when its density at this 
point attains its maximum, this force will only depend on the 
corresponding temperature(e'). Indeed, we are also ignorant 
what this temperature should be; but there is reason to think 
that it would be much lower than that which has place now at 
the surface of the earth, since the fluid that would then be in 
contact with this surface should have a density considerably less 
than that of the ordinary air(/'). For greater clearness, let the 
temperature in question be still 18°, 75, then the weight of the 
aqueous vapour, the base of which is the square of the deci¬ 
metre, cannot exceed that of a prism of mercury which would 
have the same base, and 0”*^,016 for height, that is to say, the 
weight of sixteen centiemes of a litre of mercury, or very 
nearly 2300 grammes. The weight of all the aqueous vapour 
which may be contained in a column of air of our atmosphere, 
depends on the law of the decrement of temperature in a ver¬ 
tical direction, and cannot be calculated; but if the base of the 
column is the square of the decimetre, and the inferior tem¬ 
perature 18°, 75, it is easy to be satisfied that this weight 
must exceed 2300 grammes, as is evident by considering that 
throughout all the part of this column, the temperature of 
which differs little from 18°, 75, and unto a height where the 
pressure will not be reduced to 6'% 016, each litre of air may 
contain about sixteen milligrammes of vapour. 
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Thus the atmosphere which presses on the^sur&ce of the 
earth does not, as was formerly supposed, prevent liquids from 
bang reduced into vapour, and thus dissipated into space; 
on the contrary, its presence permits vapours to exist above 
the earth, in greater abundance than if there was no atmos- 
: phere. 


CHAPTER VL 


01* THE ELASTIC FORCE, AND HEAT OF GAS. 

633. The law of Mariotte obtains, as has been already 
stated (No. 622), on the supposition that the rarified or con¬ 
densed fluid has had time to revert to its primitive temperature. 
If this precaution is not taken, the temperature increases of 
diminishes with the density, and hence as the elastic force, 
also varies in the combined ratio of the density and tempe-i 
rature, it is easy to conceive that it must vary, for the same‘ 
fluid, in a greater ratio than its density. When the fluid is 
contained iji a vessel, whose sides are impermeable to heat, it 
retains all its caloric, while it is being condensed or dilated, 
and consequently, its temperature is accordingly increased or 
diminished. The same is the case whenever the variations of 
its density are so rapid, that its proper heat has not time, in 
the case of condensation, to escape in a radiating form, or to 
communicate itself by contact to the surrounding bodies, and, 
in the case of dilatation, for these bodies to communicate to 
the fluid, by radiation or by contact, a sensible quantity of 
caloric. This is the supposition that is made for example, as ’ 
will be explained in the sequel, relatively to the' variations of; 
density which have place in sonorous waves, the duration of 
which is only some thousandths of a second. 

In this question, and many others, it is important to know 
the expression of the elastic^force of a gas in^a function of the 
density and corresponding elevation or depression of the tem¬ 
peratures, when the quantity of heat of the fluid mass remains 
invariable. But in the present state of our knowledge, we have 
not the data requisite for the complete solution of this pro- 
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blem; and in this chapter^ it is proposed to explain what, 
up to the present time, we have been enabled to deduce from 
the calculus and from experiment on this subject. 

634. Let p be the density of a gas, B its temperature in 
degrees of the centigrade thermometer, and p the pressure 
which it exerts on each unit of the surface, or the measure of 
its elastic force, we shall have (No. 624) 

= V(l-l-a6l); (1) 

a and k being two coefficients independent of p and 0, of which 
the first is the same for all gases, and equal to 0,00375, and 
the second must be given for each gas in particular. 

The absolute or entire quantity of heat contained in a given 
weight of any body, as for example in a gramme, cannot be cal¬ 
culated; it is considered as inexhaustibl^_and as_extremel^ 
to the quantities by which it varies, when the 
density or temperature of this body is changed; and it is these 
variations, that is to say, the quantities which areadSed or sub¬ 
tracted, that are to be compared together, and submitted to cal¬ 
culation. Thus if g denotes the excess of the quantity of heat 
contained in the gramme of gas, which is considered, over that 
which this gramme contains, when the gas has any temperature 
and density whatever, as for example, the temperature zero, and 
^ the density corresponding to the ordinary pressure of 7 6, 
ithis quantity q will be a function of p, p, 6, or simply of and 
,p, since these three variables are connected together by the 
i preceding equation. Therefore we shall have 

,2J=/(P5 p) ; 

in which/denotes a function, the form of which it will be 
dur object to determine. The specific heat of this gramme 
of the fluid is the quantity of heat which should be com- 
^ mumcated to it in order to raise its temperature one de¬ 
gree, or so to speak, the increment of q with respect to 0, 

the expression of which will therefore be Now it may be 
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considered under two different points of view, we may either 
suppose the pressure p to be constant, and at the same time 
that the gas can dilate itself, or, we may assume that the volume 
is constant, and then suppose that the pressure p varies with' 
the temperature. In virtue of equation (1), we have 

dp ^ ^ ap 


when p is considered as constant, and(a) 


dp __ ap 


when p is supposed to be invariable. If therefore the specifici 
heat of the gas under a constant pressure be denoted by c, and | 
its specific heat when the volume is constant by o', so that we ’ 
may have 


dqdp , _ 

^ ~ dpdff 

there will result 

_ dq ap j 
^~~"d^l+a9' ^ ~ dpl + aff 


( 2 ) 


and, consequently, 



dq 



(3) 


in 'which y denotes the ratio of the two specific heats, that is to 


eay(S), 


It is evident, a priori, that this ratio y must surpass unity,| 
for more heat is required to increase the temperature of a gas, 
and at the same time to dilate its volume, than to increase its 
temperature by the same quantity, without increasing the dis-‘ 
tance of the molecules from each other(c). But the value of y 
for different gases, and the manner in which it depends on the 
pressure and density, can only he determined by experiment. 
It will be shown immediately, that this value may be deduced 
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from the increment of temperature, which tahes place when a 
small condensation is made in the gas, without any loss of 
heat- 

635. Let the temperature of the gas be denoted as before 
by 6, and let 6 + &> be what it becomes when the density of 
the fluid has been increased, by a very sudden compression, in 
the ratio of 1 + 8 to unity; 8 being a very small fraction. If 
the loss of heat during the continuance of this compression h^d 
.been insensible, <u the increment of temperature corresponding 
to the very small condensation S, would be the quantity which 
it is proposed to determine by the following experiment. 

For this purpose, let the gas be supposed to be the atmos¬ 
pherical air contained in a closed vessel, and let the pressure, 
the density, and temperature, be the same as without the ves¬ 
sel, where they are supposed to be represented by p, p, 0, 
during the entire continuance of the observation. Let a 
small portion of the interior air be abstracted, and, when the 
remaining air has resumed its primitive temperature, let 
and p' denote its pressure and density; if then the communi¬ 
cation with the exterior air be opened again, the pressure, 
density, and temperature will increase together; so that after 
a very short portion of time, the interior pressure becomes 
equal to that which has place outside; at this instant let the 
communication be again cut off, p'' and 6 -f- w denoting the 
interior density and temperature; finally, after the lapse of 
some time, this increment of temperature o) is dissipated^ and 
thus the interior pressure diminishes and becomes p'', without 
p'' imdergoing any variation. . 

As the density of the interior air passes ver^ rapidly from 
p to if 



and if the small quantity of heat which may be absorbed by 
the vessel, during the time of this passage, is not taken into 
account, the increment of temperature co will be that which 
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corresponds to the condensation 8, and is the quantity the 
value of which is required. The indication of a thermometer 
plunged in the interior air, would he too slow to make known" 
this increase of temperature, as it only subsists for a very 
short time; but the value of w maybe obtained from knowing 
the three pressures or from the three corresponding 

barometrical heights, which there is sufficient time to observe. 

In fact, there are two epochs in the experiment, which 
has been described, in which the same temperature 0 corres- v 
ponds to two different densities p' and p", and to two given 
pressures p' andp". Therefore, by the law of Mariotte, we 
have 



and, consequently, 



by means of which the condensation S can be determined; 
Moreover, there are also two epochs in which the same den¬ 
sity p'^ has place for the temperatures 0 + w and 0, under thc; 
pressures p and p*'. Therefore by the law of elastic forces, 
when the densities are equal, we shall also have 

p __ 1 +a(9 + (o) ^ 
f - l+a0 ■ ’ 

from which the yalue of w corresponding to the condensation 
8 can be pbtained(d). 

In an experiment made by MM. Desormes and Clement, ^ 
in which the change of the density from p' to p" is effected in 
less than^alf a second, we have 

p = 0^7666, p'= 0^7527, 0^7629; 

which gives 

8=0,0133. 

We have also 6 = 12°,5, and as o = 0,00376, we obtain 
from equation (4) 

w = 1°,3173 5 
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from which it follows that for a condensation of O^OISS, with¬ 
out any loss of heat, the temperature of the air will increase 
by 1°,3173, or very nearly a degree for a condensation(e) 


^ _ 0,01331 
1,3173 


0 , 0101 . 


This increase of temperature may be also deduced from the 
velocity of sound; and in this way, the author found formerly 
that for a condensation of without any loss of heat, there 
was an increase of one degree; a result which does not dif¬ 
fer much from that which has been just cited. 

636. It now is easy to perceive that the expression of the 
ratio Y of No. 634 is 




(5) 


In fact, ifp and 6, denoting as above the elastic force and 
temperature of any gas, the condensation 8 be supposed to be 
equivalent to that which the fluid experiences when its tem¬ 
perature is diminished by ever so small a quantity without 
changing the pressure, and if this small variation of tempera¬ 
ture be denoted by c, we shall have(/j 






1 + O0 

If the quantity of heat which should be communicated to a 
gramme of the gas that we are considering, in order to raise 
its temperature from Q —f to 0, without changing the pressure 
be denoted by F, we shall also have, the specific heat at a 
constant pressure being c, 


r = 


After this communication of heat, if this fluid be suddenly 
compressed, so as to be reduced to its primitive volume, it 
will then experience the condensation S; and if it has not lost 
any portion of heat, its temperature being increased by w, 
will become 0 + w. In this state, the pressure of the fluid 
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will be greater than p ; but if, without changing the volume, 
the temperature is allowed to fall to 0 — £, this pressure 
will also be diminished, and become again equal top. During^ 
this depression, the gas will lose a quantity of heat propor¬ 
tional to the small diminution of temperature e + w, and ex¬ 
pressed by c'(e + w), because c' is its specific heat at a con-, 
stant volume. Since the volume, the temperature, and the 
pressure are the same after this loss of heat as they were be¬ 
fore the quantity of heat T had been communicated to the 
fluid, the loss of heat c^e + w) must be equal to F; therefore 


from which we obtain 



and it is evfaent, by substituting for ^ its preceding value, 
that this value of y coincides with that given in fonnula(5). 

637. If, in this formula, ^" be substituted in place of 

8, and for w its value deduced from equation (4), we shall 


have 


_ 1 ■ (p-p'')p^ . 
y-J + if'-p')?"’ 


1/ 


by means of which, the value of y, which results from the 
experiment described above, will be known, when the pres¬ 
sures p,p',p", or the corresponding barometrical heights, are 

given. f tf * A 

By substituting the numerical values of p, p', p\ cited 


above, we find 


y = 1,3482, 


for the value of the ratio of the two specific heats c and c', in 
the case of atmospherical air. 

MM. Gay-Lussac and Welter have obtained, by an analo¬ 
gous process, a value for this ratio somewhat different, namely. 
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7 = 1,3748; 

*!“ ia W,pewl»t 

««Ar r/ w; “ ‘i"'* i” 

Tm^LKo! ^“‘ 

*■>' “ p'o-*- 

7 = 1,421, 

'is' tU^ °' “* “ “W “”<I to olefiant 

W to p,»ce», wHchtriU be pointed out in to seonel, 

“>'« “‘ways less than 
the pMoe^, ,0 (Hut tomi« depends, in general, on the 
■■aSt3?e of the gas to which it refers. 

638. If y be considered a. a constant quan*y, to inte¬ 
gral of equation (3) of partial dWerenees will he 

m 




denoting an arbitrary function. 
versely(g) 


We shall have con- 




and, on account of equation (1), 
being the inverse function of f. 

p' o' 6' we S' remains the same, p, p, 0 become 

Pip, 9, we shall have in the same manner 

p-tap-rW. 

- = 266,67, and in order that 0 and 0 ' may be degrees of the 

be°^!lf! tbermoineter, this factor of their expressions should 
be expressed m similar degrees. If be eliminated be- 
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tween these last and the preceding equations, there will re- 
sult(A) 

p'=p{^y 

> . [ ( 6 ) 
0'=:(266°,67 + 0)(^'y '-266%67. 


These equations (6) contain the Iws of the el^tic force 
and temperature of gasesj which are either compressed or di¬ 
lated without exj)eriencing any variation in their quantity of 
heat; they depend on the sole hypothesis, that y the ratio of I 
the two specific heats does not vary, in the same fluid, with 
the pressure and temperature, which has been verified in the ■ 
case of atmospherical air, by the experiments that have been 
cited in the preceding number. 

639. It is necessary to make a second supposition in order 
to determin%the arbitrary function f which occurs in the 
value of The simplest is to assume, that under a con¬ 
stant pressure, a ^as is dilated uniformly, for equal additions 
of the quantity of heat j which implies that the specific heat 
c is constant, when the increment of one degree of temper¬ 
ature, by which it is estimated (No. 634), is measured by an air 
thermometer. In this hypothesis, q must be a HnearJPimc^ 
of 0; now, if in the function y the value of p deduced from 
equation (1) be substituted, we obtain 

q:=f[akp' (! + <>)]; 


consequently, we shall have 

1-1 

g, = A + B(266%67 + 0)j>’' ; (7) 

A and B being quantities independent ofp and B, and relative >>' 
to the nature of the gas which is con8idered(i). 

By equations (2), we shall have 
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and, in order to know the specific heat under a constant pres¬ 
sure, or at a constant density under all J^ressures, it is sufficient, 
if it be known under a determinate pressure. For example, ac¬ 
cording to MM. Laroche and Berard, we have c = 0,2669 for 
dry air under the pressure of the specific heat of water 

being taken for unity, therefore, if the pressure corres¬ 
ponding to this barometrical height be denoted by IT, we shall 
have 

i—1 

0,2669 = 30"' ; 

and likewise, if h denotes the height of the barometer, ex¬ 
pressed in metres, which belongs to any pressure whatever 

I 

such as p, so that we may have ^ ^, there will result 

n 0"*,76’ 

from this (A) 

c = 0,2669 . ^ 

and if this expression be divided by the constant y, the value 
of c' will be obtained. As this constant is greater than unity, 

the exponent ^ positive, consequently, the spe- 

heat of a gramme of air will dimin ish, when its elastic 
force or the height A is increased. 

If the quantity of heat lost by a gramme of air when its 
temperature is depressed n degrees, without the elastic force 
undergoing any change, be denoted by w, we shall have (i) 

m = «(0,2669) 

The weight of this volume of air, having the same pri¬ 
mitive temperature, but under a pressure measured by the 
barometrical height A', will be increased in the ratio of to lu 
Therefore, if rnf be the quantity of heat lost by this same 
volume under the pressure h\ when the depression of tempe¬ 
rature is the same as before, namely, n degrees, we shall have 
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m = 



1 

7 . 


from which there results. 



for the ratio of the quantities of heat lost by the same volume, 
of air, under different pressures. 

In a case in which 

1^0058, A=:0*%7406, 

MM. Laroche and Berard have found, by taking the mean of 
two observations, 

— = 1,2396; 
m 

the formula gives for these values of h and A', and by making 
7=L421, , 

— = 1,2405, 
m 


which does not differ sensibly from the result of experiment. 

640. In order to be able to apply formula (7) to the vapour 
of water, it is necessary to suppose 

1st. That when a gramme of vapour is formed, which re¬ 
mains unchanged, so that as none of it is precipitated, neither 
is it increased by additional vapour, the ratio denoted by y, 
of its specific heat at a constant pressure, to its specific heat 
under a constant volume, does not change with the temper- ^ 
ature and density. j 

2ndly. That the quantity of heat necessary to raise the i 
temperature of this gramme of vapour, by any number what- ^ 
ever of degrees, either under a constant pressure, or under an ■ 
invariable volume, is proportional to this number, the tem-j 
perature being marked by an air thermometer. 

This being estabiished, if c represents the quantity of h(?at 
necessary to convert into vapour, under the barometrical pres¬ 
sure of 0’^,76, and at a temperature of 100®, a grtimme of 

3 X 
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water, the primitive temperature of which was zero; and if q 
denotes the quantity of heat which is requisite to vaporize this 
same gramme of water, and to raise the vapour to the tempe¬ 
rature 0, under any pressure whatever such as pi and finally, if 
c denotes the specific heat of the vapour of water under the 
constant pressure of 0'“, 76, and if in equation (7), the j>res- 
sure p be replaced by the barometrical height that measures 
it, and which we shall denote by A, this formula must give 

y =z c, when h r= 76, and 0 = 100°, and ^ == c, when 

(fO 

h = 0’^‘,76. Now if by means of these conditions, a and u, 
the two arbitrary constants which it contains, be doterniined, 
this equation becomes(/? 2 ) 

* 7 — 1 

q = c + c [(266% 67 + 0) - 366°, 67]. (H) 


It w^ere much to be wished, that the degree of accuracy of 
which this formula is susceptible, was verified by experiincut, 
and that the three constants c, c, y, which it contains, were 
precisely determined. If the specific heat of a gramme of w^at<‘r 
at the temperature zero, he taken for the unit, we have 

c=550; 

c being the mean of the values of this quantity, whicJi have 
been obtained by different philosophers. At the same time, 
there results from an experiment, which it must be admitted 
is far from being conclusive, and which ought therefore be 
repeated, 

c = 0,847. 

With respect to the value of y, as yet, it is altogether 
unknown. 

64h Whether p the density of the vapour of water cor- 
respon(^g to ihe pressure p and the temperature 6, has at¬ 
tained its maximum, or is below this point, equation (1) 
w 1 C is applicable both to vapours and permanent g-ases, will 
always make known the value of p, when those of p and 0 are 
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given. If to be the density at the tenaperature of 100°, and 
under the ordinary presure of 0®, 76, and if A, as before, be the 
barometrical height which is produced by p, we obtain from 
this equation (2) (w) 

dA 366°, 67 

0^'266,67 + fl‘ 


As the weight of a litre of dry air, at the tcmpeiatuie 
zero, and under the pressure of 0’'‘,76, is lfi'’‘,21433 (No. 631), 

it will become or 0ff^883, at the temperature of 

Ij oTD 

100°(o); and the weight of a litre of vapour of water at the 
same temperature and under the same pressure, will be 
^§(0,883), or OS'",56; consequently, we shall have(p) 


D ” 0=^ 266,67 + 0’ 


vk 20lJ’-,66 


for the weight of a volume v of vapour, at the temperature 0, 
and under any pressure whatever such as A. Xherefore, if v 
denotes the quantity of heat necessary to produce this weight of 
vapour, the water being originally at the temperature zero, ,,v 
will be the product of this number of grammes, and ofq the 
quantity given by formula (8); so that we shall have 

vhq 20 Iff’-, 66 

^“OVfe'266,67+ 0' 


The unit to which the quantity v should be referred, is thej 
quantity of heat required to raise the temperature of a gramme 
of water one degree from zero; and we know that this unit is, 
equal to seventy-five times the quantity ot heat which should: 
be employed in order to melt a gramme of ice at the temper¬ 
ature zero, without raising this temperature. 

Different observations have induced several philosphers to 
think, that when the vapour of water has attained to the 7naxi- 
mwn of density corresponding to its temperature, the quantity 
of heat denoted by q varies no longer with this temperature. 
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This is the state in which this fluid is employed in steam 
engines; the ratio of v the quantity of heat produced to its 
tension A, will be therefore then, every thing else being 
the same, the reciprocal of 266°, 67 +A 5 consequently, the 
ratio of the consumption of heat to the effort made on the 
piston, the measure of which is A, will diminish when the 
temperature becomes greater, and this ratio will be less in 
engines of high pressure. But the economy of fuel which 
should result in their favour from these considerations, is 
very far from corresponding to that which seems to be pointed 
out by experiment; and these engines are certainly indebted 
to other circumstances for the superiority which they pos¬ 
sess. 

642. Let the part of the vertical cylinder abcd (fig. 53) 
which is comprised between ef the surface of the water, and 
GH the base of the piston, be supposed to be filled with the 
vapour of water at its maximum of density, corresponding to 
which is the temperature of this vapour, of the water that is 
beneath it, as also of the cylinder and of the piston. In this 
state, if the elastic force of the vapour is in equilibrio with the 
weight of the piston, so that denoting this force by p, this 
weight by p (the external pressure which the piston sustains 
being comprised under p), and by A the area of its horizontal 
base, we shall have 

p = Ap. 

If the weight p be increased until it becomes p + n, the 
I piston will descend, and the space occupied by the vapour 
j will diminish; but as it is supposed to have attained its maxi’- 
I mum of density, a part of it will be liquefied; and if the tem- 
j perature 6 be invariable, the pressure p will be so likewise(g^). 
Indeed, in the first instant of the compression, the temperature 
0 will increase, so that the liquefaction cannot take place 
immediately, and thus p the pressure may increase. But if the 
motion of the piston is not very rapid, this increase of tempe¬ 
rature will disappear before the displacement of this moveable 
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is appreciable, so that 0 and p may be considered as constant 
during the entire of its motion. It should be also observed, that 
the condensation of the fluid, by which it is reduced to water, 
and which is produced immediately at gh the upper part in con¬ 
tact with the piston, is transmitted as far as ef, in an extremely 
short portion of time, during which the displacement of the pis¬ 
ton is insensible; hence it follows that during the descent of the 
piston, the density of the fluid is sensibly the same through 
the entire height. This being the case, the motive force of 
this body will be constant and equal to the excess of p + n 
over Xp or to n ; consequently, if the friction against the sides 
of the cylinder, is not taken into account, its motion will 
be uniformly accelerated; in like manner, if the motion com¬ 
municated to the vapour be not taken into account, that is to 
say, if its mass relatively to that of the weight n be neglected, 
the accelerating force of this motion will be the weight dimi¬ 
nished in the ratio of n to p + n. Therefore, if the height of! 
GH above ef be denoted by /, the value of the living force, 
produced by the entire descent of the piston, will be 2n?. 

If the piston being first stopped at gh, the temperature of 
the inferior water is then suddenly depressed, so as to become 
equal to 6', which is less than 0, the stratum of vapour in 
contact with ef will be liquefied by the cold, and will be re¬ 
placed by another stratum, which will in like manner be 
liquefied; and if the quantity of water is so considerable, that 
these successive strata of vapour do not cause any sensible 
variation in its temperature, the liquefaction will continue 
until the entire mass of vapour attains the elastic force p',' 
which corresponds to the temperature and to its maximum 
of density, relative to this temperature- However, neither 
the temperature of the column of vapour nor the density will 
be the same throughout its entire height; and it would be an 
interesting problem to determine the laws of its temperature 
and density, when the temperatures at its two extremities are 
constantly 0 and 0\ the density of each stratum being consi- 
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i/dered to be such a function of its temperature, that the elastic 
force may be constant and equal to p\ This constancy of 
pressure throughout the entire height of the column of vapour 
is evidently the condition of the equilibrium of its successive 
strata; and when the equilibrium is established, it is equally 
evident that the value of the constant pressure cannot be greater 
than that which corresponds to the least of the two tempera¬ 
tures B and 0', while it may be less than the elastic force which 
corresponds to the greater. In fine, it appears from experi¬ 
ment that the vapour attains, in an extremely short interval 
of time, to the state of equilibrium in question; so that if 
aqueous vapour, at its maximum of density and pressure, is 
contained in a closed vessel, whose sides have attained to its 
temperature; and if the temperature of a portion of these 
sides is then unequally depressed, one part of the vapour will 
be liquefied, and the remaining portion will acquire, with very 
great rapidity, the maximum elastic force which corresponds 
to the least temperature. 

This being established, when the piston is no longer re¬ 
tained, it will descend, and it is evident, as in the preceding 
case, that its motion will be uniformly accelerated, its motive 
force being equal to p — Xy or X(/?—p'), its accelerating 
force will be equal to the weight multiplied by the ratio 

^ , and, finally, the living force produced throughout the en¬ 
tire descent is 2X(p— p')L When the piston has arrived at ef, 
if the temperature of the inferior liquid be raised, and if this li¬ 
quid be converted into vapour, the constant pressure of which on 
the base of the piston is greater than the weight of this body, 
it will ascend with a motion uniformly accelerated; and the 
living force that is produced when it has traversed a length 
is equal to twice V multiplied by the excess of this pressure 
over this weight, it being understood always that the friction 
is not taken into account. 

It is by considerations such as these that*the living force 
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due to the descent or ascent of the piston in steam engines is 
calculated. This force is then distributed through the sys¬ 
tem to which the engine is applied, and is partly destroyed 
by the frictions, and partly employed to produce an useful 
effect. The calculation would be different, if the density of 
the vapour contained in the body of the pump had not reached 
its maximum^ this is, in fact, ^hat happens during what is 
termed the detente of the vapour, that is to say, during the 
time the communication of this fluid with the boiler is sus¬ 
pended, when the vapour is dilated, without any new addition 
being made to it; the motion of the piston is then that which 
has been considered in No. 358; and it appears from the fol¬ 
lowing number 359, that the living force produced, during the 

time it traverses any given length, is equal to 2pv ^ 

denoting the ^imitive volume of the fluid, and p and its: 
elastic forces at the beginning and end of the motion, 

643. It only now remains for us to consider the elastic 
forces and quantities of heat of the mixtures of several gases, 
compared with those of these fluids. 

If two different gases, whose volumes are a and a', have 
the same temperature 0, and, being subjected to the same pres¬ 
sure are then superimposed in a closed vessel, the capacity 
of which is a -h a', it is evident that they may continue thus in 
equilibrio, since they have the same temperature, and exert, 
the one against the other, the same pressure; but it appears 
from experiment that this equilibrium is not stable, for these 
two fluids gradually penetrate one another's dimensions, until 
they are perfectly mixed together; experiment also shows that, 
in this operation, there is neither any variation of temperature, / 
nor any loss or absorption of heat; so that after a certain time, 
which is different for different fluids, we have a homogeneous 
mixture, in which the proportion of the two gases is every 
where the same throughout, and of which the temperature and 
elastic force are always 0 and p. From these facts, which are 
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established by observation, another result may be inferred, 
which is also verified by experiment. 

If two gases mixed together occupy a volume v at the 
temperature 0, and if p and p' denote the pressures on the 
unit of surface, which these two gases separately sustain at the 
same temperature, and under this volume i?, the elastic force of 
the mixture will be p + p'. In fact, if we suppose, first, that 
the two gases are separated, and that p' > p, then if the gas 
subjected to the pressure p' is dilated, without any change 
being made in its temperature, so that its elastic force may be 

reduced to p, its volume will, by the law of Mariotte, be 

« 

; if then, the two gases be superimposed in a closed vessel, 

the capacity of which is + — or - (p + pO 5 these gases 

will, by what has been just stated, mix without undergoing 
any change of temperature; and there will^sult a homo¬ 
geneous mixture at a temperature 0, and under the pressure jo. 
Now, as the law of Mariotte is applicable to mixtures as well 
as to simple gases, if this mixture be compressed, without 

changing the temperature, until its volume - (p + p*) is re¬ 
duced to v; its elastic force p will become p which it 

was proposed to demonstrate (r). The same principle like¬ 
wise obtains for three or any greater number of gases, and for 
a mixture of gas and vapours; the pressure of the mixture is 
always the sum of the pressures which these fluids would se¬ 
parately sustain, at the same temperature and under the same 
volume as the mixture. 

644. Let n and n' be the actual numbers of grammes of 
the two gases mixed together, and filling the volume v at the 
temperature 6, and under the pressure p; and let c and c' de¬ 
note the specific heats of a gramme of these gases under a 
constant pressure equal to p, and c" the specific heat of a 
gramme of the mixture under the same pressure, we shall 
have 


(n + =:nc + n^cf. 


( 9 ) 
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In fact, if the two gases, instead of being perfectly mbced 
together, were only superimposed, so that they might occupy 
a and d separate portions of the volume v ; by what has been 
just stated, the quantity of heat will be the same in the two 
gases when separate, and when mixed together; also this equa¬ 
lity of heat will still subsist, if 0, the common temperature of the 
two gases and of the mixture, be respectively increased by one 
degree. Now, it is necessary, in order to effect this increase, 
to communicate a quantity (n + c" of heat to the mixture, 
and the quantities nc and dc* to the two gases, 'p the pressure 
being supposed to remain the same. Therefore the first quan¬ 
tity must be equal to the sum of the two others, this gives 
equation (9), which may be extended without difficulty to any 
number whatever of elastic fluids. By means of it, the specific 
heat of a mixture is known, when those of all the gases or 
vapours which compose it, and the proportions of these fluids, 
are given; conversely, it may be made use of to determine the 
specific heat of one of the components, when those of all the 
others and of the mixture are known; and it may be observed, 
that they do not imply that the specific heats of the mixed 
gases are independent of their common temperature. 

We might, instead of considering the specific heats c, o', o" 
of the gases and of the mixture under a constant pressure, 
consider, in the same manner, their specific heats under a con¬ 
stant volume; and if they are represented by o, o/', an 
equation similar to the preceding will be obtained, namely, 

(tz + d) c/f = nc^ -h dc/. (10) 


Now, if we make 




c' , c" ,, 


there will result from equations (9) and (10) ( 5 ) 


^ nc^ 4 - dc/ 
3 Y 


(H) 
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by means of which equation, 7 " the ratio relative to the mix¬ 
ture will be known, when the similar quantities 7 and 7 ', and 
the values of c, and c/, are known, for the two mixed gases. 
Whether the value of 7 relative to dry air, be taken equal to 
1 , 375 , or 1,421 (No. 637), and whatever may be the un¬ 
known value of 7 ' which corresponds to the vapour of water, 
the value of 7 " in ordinary air, will differ little from 7 ^ be¬ 
cause the proportion of vapour which this air contains is incon¬ 
siderable. 

It appears from No. 639, that if the ratios 7 and 7 are 
independent of the pressure but different for the two gases, 
the quantities and cj will be expressed by unequal powers 
of^; hence it results, in virtue of equation (ll)? that 7 " the 
ratio of the mixture, cannot be also independent of the pres¬ 
sure. Consequently, the hypothesis of the invariability of 
the ratio of the specific heat of the same fluid under a constant 
pressure, to its specific heat under a constant volume, and the 
formulae which have been deduced from them, cannot apply at 
the same time to simple gases, for which this ratio is not the 
same, and to their mixtures in any proportion whatever; and 
if, in the experiments made on air subjected to different pres¬ 
sures (No. 637), this ratio has appeared to be constant, the 
reason is, that it is sensibly the same for air and oxygen, and, 
consequently also, for the oxygen and azote, or nitrogen, of 
which the air is composed. 
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CHAPTER 1. 

GBNEEAL EQtJATIONS OF THE MOTION OF FLUIDS. 

645. The equations of the equilibrium of fluids which 
were established in No. 582, are founded on the characteristic 
property which is comnion to liquids and aeriform fluids, of 
transmitting equally in every direction the pressures applied 
to their surfece, and of exercising about each point of their 
mass, in virtue of the molecular action, equal pressures in 
every direction. This property arises, as has been already 
stated (No. 576), from the circumstance that the molecules of 
a fluid that has been compressed or dUated reverts very 
promptly to a n arrangement siinU ar to tha t w i nch they pre¬ 
viously had about any point whatever, so that after its com¬ 
pression or dilatation, a fluid is a system of material points 
aimilaT to what it was before, but constituted on a greater or 
less scale. The tim e which it takes to return to such a similar 
state has no influence on the laws of equilibrium, which does 
not talfp place until this time is lapsed; but, however short 
this interval may be, it is easy to conceive that it can influence 
the laws of their motion, especially in the case in which the 
vibrations, .of the .fluid molecdM are performed with great ra- 
pi dit y; so that the principle of the equality of pressure in all 
directions, though applicable in the case of hydrostatics, or 
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the equilibrium of fluids, is not always so to hydrodynamics, 
that is to say, to the part of mechanics which treats of the 
motion of fluids. 

A corresponding difference between the state of eqiulibrium 
.. . and the state of motion, relatively to the law of Mariotte, was 
. long since remarked by Laplace. According to this law, it 
^'is necessary ^at Ae temperature of the fluid should become 
I I the same aft^. the pressi^ as it wtu be^e; and the prinmple 
e jof the equality of pressure in all directions supposes also, that 
the molecules of a fluid hare had time to revert to a relative 
arrangement similar to thmr original one. This law has not 
place, or it ought to be modified, in those extremely rapid vi¬ 
brations of gas, in which the primitive temperature has not had 
time to reestablish itself; and, in like maimer, the principle of 
the equality of pressure in all directions is not rigorously and 
always applicable to the motions of liquids and aeriform fluids. 
The influence of this modification of the law of Mariotte, has 
b^ observed in the vdod^ of the prop agat ion of sound; 
.'and there are, doubtless, aW phenomena of the motion of 
'. fluids, which, in general, depend on the circumstance that the 
-pressurein all directions, resul ting fro m the caus e.that has been 
^verted to, is not perfectly equal. In consequence of this 
drcumstance, terms are introduced into the general equations 
of the motion of fluids, which cannot be deduced from their 
equations of equilibrium. The author took these into account 
in the memoir already dted, (No. 576), and he intended in 
another treatise to revert to the consideration of this important 
question. But in the present work he assumes, agreeably to 
the method whidh is commonly pursued, that the property 
of pressing equally in every direction, is applicable to the 
state of equilibrium and also to the state of motion. On this 
s hypothesis, the equations of hydrostatics which are founded 
bn this property, may be extended at once to hydrodynamics, 
by means of the principle of D’Alembert, whi(^ is applicable 
to all posribie systems of material points. 
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646. Let the fluid mass abcd (fig. 36), of which the equa¬ 
tions of equilibrium have been already determined, be again 
considered ; and let it now be supposed to be in motion, and 
that all the notations of No. 581 refer to the end of f any time 
whatever, reckoned from the commencement of this motion. 
Thus let or, sr, be the coordinates of dm any element what¬ 
ever, of a fluid mass, whether homogeneous or heterogeneous, > 
liquid or aeriform, at the end of the time t\ let p denote the 
density of the fluid in this point and at this instant, and 
Ydm, zdm^ the components of the motive force of dm^ parallel 
to the axes of a?, y, at this same instant. The quantities- 
X, Y, z will be given functions of a?, z, when they arise from j 
attractions or repulsions, which emanate from fixed centres; 
these given functions will contain the time explicitly, when 
the centres of these forces are in motion. When these points 
are those of the fluid, x, y, z will be functions of a?, y^ t, 
which d^end on its figur e at each instant, and on the law of, 
the d ensit ms in its interior. 

ThTcoordinates a;, y, z will vary with the time; they will • ^ 
also vary from one point to another of the fluid 5 and if their 
initial values, that is to say, the coordinates of the point of 
space which the element dm occupies at the commencement of 
the motion, be denoted by y', then a?, y, z, the coordi¬ 
nates of this same element at the end of the time will be un- 
known functions of a/, y', z', t\ so that the complete solution^ 
of the problem will consist in determining these three functionsj 
of the four independent variables. 

If the components parallel to the axes ox, oy, oz, of the 
velocity with which the element dm is actuated at the end of 
the time t, be denoted by u, v, w, we shall have 




M, V, w may be considered as unknown functions either of 
t, X, y, z, or off, scf, y', ^; it is under this„s^^ viewj 
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that the author proposes to consider these three quantiti^^at 
present(o); and then in order to obtain their increments in 
the interval dt^ they should be diflferenced with respect to t and 
^ the coordinates a?, z. Now if denotes any function what- 
. ever of a?, y, and qdt its differential taken with respect to 
tj and the variables considered as functions of t, we 

shall have by the known rule for the dijBferentiation of functions 

^.dq dx dq dy dq dz 
dt^dx'dt^dy^dt'^dz' dt^ 

or, by considering equations (1), 






dq 


( 2 ) 


Therefore, if the increments of m, z?, eo, be denoted by 
v^dt^ w*dt^ we shall have 



du , du 


du 


du 


^^dx^^dy^^dz^ 


dv ^ do ^ dv ^ do 

v'-n dt ^dx ^dy^^dz^ 
, dw ^ dw , dw dw 

dt dx dy dz 


and, in this manner, it appears that the components of the 
velocity of the same element dm^ in the two positions which it 
successively occupies, will be i?, and u + u*dt^ v + v'di^ 
w + w'dL 

If the fluid be homogeneous and incompressible, the den¬ 
sity p will be a given constant; in the case of a heterogeneous 
liqm di the density p corresponding to a detenmnate element 
dm^ will be a given function of its three initial coordinates, 
^5 y'i I and finally, if the fluid is compressible, this density 
p will be an unknown function of a/, z^^ the initial value 

^C.T^hiph will he . solely given. With the exception of the case 
in which p is constant, this density relative to the position of 
dm at the end of the time must be always considered as an 

l -r. ^ -< O 
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unkno wn function of x,y, z, t. Hence, if its increment during 
the instant dt be denoted by p'dt, we shall have by formula (2), 

dt dx dy dz 

and in the case of an incompressible fluid, whether hpmo- 
genepus or heterogeneous, this value of p' must become zero. 

647. The components of the force lost by the element dm 
duiing the instant dt, will be 

(x — «') dm, (y — i/) dm, (z - W) dm ; 

therefore, if x - y - n', z - w', be substituted in place of j 
X, Y, z, in equations (2) of No. 682, there will result the three 
following equations of its motion : 

p being the pressure on the unit of surface, that has place at 
the end of the time t, at the point, whose coordinates are 
-B, y, z, which pressure is supposed to be the same m a i- 

rections. ^ , .n 

If this point appertains to a fixed side of the vesse , p wi 

express the normal pressure that this surface must sustain, and 

which must be destroyed by its resistance. If this poin 
on the free surface of a liquid, we should have p _ , 
m^e_jeneri^= 0, so that the differential equation of 
the free surface of the liquid in motion, will be (6) 

By to ton remarked k S86, dm yid™ olp when 

a a determined, dtonld he eonetmauK^™ k 
• thm Uqnid, nnlee. the puts of the 4nid mam separate dnrmg 
the motinn. in whieh ease it will he negatiye m ««« ?<“* j 
the side of separation, this ran only have pla« m the casd 
of aJiaBd, and as then this snr&ee m no Itmger pressrf 
from'^^.nt inwards, the part, of theli,mdwilhe separated., 
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By means of the values of w', i?', to', the preceding equations 
become 

I dp du du du du 

p dx dt dx dy dz 

1 dp dv dv dv dv 

p dy dt dx dy dz 

1 dp dw dw duo duo 

--fzz z —rr —W 3 — v-z - 203 -. 

p dz dt dx dy dz 

As th e qu antity j? which it contains is, as well as each of 
the_ velocities t?, an unknown function of x^y^z^t^/Ou 
fourth equation is necessary, when the quantity/p is ta given 
constant^ and^ in the general case, in which this quantity is 
also an unlmoTO to two additipnal^equa- 

tions are necessary. These equations can be obtained in the 
following manner. 

648. Each of the elements, such as dniy will change its 
form during the instant rfif, and it will also change its volume, 

; if the fluid is compressible; but as the mass must always re- 
main the_same, it follows, that the product of its volume at 
; the end of the time t + dt^ and of its density p + which 
corresponds to the same instant, must be the same as at the 
end of the time consequently, the variation of this product 
, in the instant dt^ will be equal to zero: this will furnish a new 
general equation of motion. 

In order to obtain it, let us consider the rectangular pa- 
rallellopiped, whose volume is dx. dy.dz^ at the end of the 
time ti and what will be the form of this element of the fluid 
at the end of the time t + dt^ Let m (fig. 54) be the summit 
of this parallellopiped, which corresponds to the coordinates 
x^y^zi likewise let ma, mb, mc be the three sides adjacent to 
this summit, and respectively parallel to the axes o:r, oy, 02 r, 
so that we may have * 

MA = cfc, MB = dy^ MC = ; 

now if D, E, F, G be the four other summits, and if, during the 
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instant dt^ the eight points m, a, b, c, i), b, f, g are transferred 
tOM^, a', b', c'jD', e', f', g'; then the polyhedron, of which these 
last points are the summits, will be an oblique angled paral- 
lellopiped; this can be shown to be the case, by determining 
and comparing together the lengths of its twelve sides m'a', 
m'b', &c. 

As a?, y, z, the coordinates of the point m become 
X + udt^ y + vdti z + wdt^ 

at the end of the instant dt^ these quantities are the coordi¬ 
nates of the point m'; those of any other summit may be de¬ 
duced from them, by substituting the primitive coordinates of 
this summit for x^y^z\ thus the coordinates of d will be ob¬ 
tained by retaining x and and substituting for z-\- dz^ 
since x^y^z-\-dz are the coordinates of c. In this manner, 
the coordinates of c' will be 

dijt 

x>\->udt H- —dzdty 
dz 

y + vdt + ^dzdty 
z + dz+ wdt+^dzdt; 

and from a comparison of them with those of we infer (e) 

therefore, by extracting the square root, and neglecting infi¬ 
nitely small quantities of the jtluiji and higher orders, we 
obtain 

, dw y , 
isi'dzrdz+-^dzdt. 
az 

The coordinates of may be obtained from those of m^, 
and the coordinates of g' from those of c\ by substituting 
x-^-dx and y^dy in place of x and y ; consequently, the length 

3 z 
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of the side d'g' may be obtained in the same manner from that 
of the side m^c' ; and it gives 


/ / 7 , d^w , , T. 

DV=zrf2r+ '^dzdt + -z—r'dxd%dt’\‘ j ~ v -dydzdt\ 
dz dxdz dydz 


therefore, if the two last terms which are of the third order, 
be neglected, the-value of d'g' will be the same as that of 
In the same manner it may be proved, that the sides a'e' and 
b'f' are equal to the side m'c', when quantities of the third 
order are neglected, so that we shall have 

m'c'= a'e'= b'f''= 


If z be changed into 2 ^, and w into r, in the value of m^c^, 
it will become that of m^b', namely. 


m'b'= dy + ^dydti 
ay 


In like manner, by changing z into x and w into w, we 
shall have the value of mV, which will be 

mV=: dx -H ^dxdt\ 
and we shall also find 


m'b^= a'd'= cV= e'g^ 
m'a' = b'd' =z c'b' = f'g'. 


It appears, therefore, that the sides which are equal in the 
primitive paralleUopiped, continue to be equal after its change 
of. form; and the parallelism of the sides is a consequence of 
their equ^hyj hence the element of volume, which has been 
considered, retains at the end of dt^ the form of a parallello- 
piped, which, however, is not rectangular, as at the com¬ 
mencement of this instant. 

The volume of this paralleUopiped will be obtained by 
multiplying one of its faces, for example, the face mVo'd"" by 
c'p', the perpendicular let fall from the point c' on this face; 
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the area of the parallellogram m'a'd'b' is equal to the product 
of its two sides m'a' and m'b', multiplied into the sine of the 
angle a'm'b' ; and the perpendicular c'p^ is equal to the side 
c'm^ multiplied by the sine of the angle c'm'p' ; consequently, 
the value of the volume of the new parallellopiped will be 

m'a'. m'b'. m'c'. sin a'm'b^ sin c'm'p'. 


But, as the angles a'm'b', and c'm'p', were right angles in 
the original parallellopiped, each of them will now differ from 
a right angle only by an infinitely small quantity, therefore, 
the sine of each of these angles will only differ from unity by 
an infinitely small quantity of the second order; consequently, 
if infinitely small quantities of the fifth order be neglected, we " 
should make sin a^m'p'= 1,, and sin c'm'p'== 1(c?), in the pre¬ 
ceding product; by which means it is reduced to 

m'a'. m'b'.m'c'. 


Therefore, if for each of the factors, its preceding value be 
substituted, and then the multiplication be performed, this 
product will be, by neglecting infinitely small quantifies of 
the fifth order(c), 

1 / 

This, therefore, is the value, at the end of the time 
of the volume which was dscdydz at the end of the 
time L The density p becomes, at the same time, p + p'dt ; 
therefore, if after this volume is multiplied by the pri¬ 

mitive mass pdxdydzhQ taken from the product,the remainder 
will be the variation of this mass during the instant dt^ and 
as this variation should be cipher, there results the equation 


, fdu dv . dw\ - 


infinitely small quantities of the fifth order being neglected as 
before, and the factor dtdxdy^^ which is common to all the 
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terms, being suppressed. Consequently, if for p' its value 
given in the preceding number be substituted, there will result 
by concinnating 

= 0, (4) 


dp d.pu , , d,pw 

dt ' dx dy dz 


which will be the fourth equation of the motion that it was 
proposed to form. 

649. This equation is common to liquids and to aeriform 
fluids ; but as the quantity p' is cipher, in the case of incom- 
^ pressible liquids, this equation naturally divides itself into the 
two following: 


dp 

dt 


dx dy dz 


dx dy^ dz ^ 


(I) 


By means of these and of the three equations (3), we shall 
have a number of equations equal to that of the five unknown 
quantities p, jo, w, «?, which they ought to determine 
in functions of s, t. When the liquid is homogeneous, 
J ^ the density p is a given constant; this reduces the unknown 
quantities to four, and at the same time causes the first equa¬ 
tion (5) to disappear. 

Q In the case of elastic fluids also, there are only four equa¬ 
tions, namely, equations (3) and (4) ; but as then the density is 
connected with the pressure, the two unknown quantities p 
and p are reduced to one. If the temperature be supposed to 

. state of rest, the dilatations or compressions of the elements 
4- of this fluid, which take place during its motion, will cause 
this temperature to vary, so that the pressure p will be no 
longer proportional to the density p, in the state of motion, 
as it is in the state of equilibrium. It will be shewn in the 
sequel, how we should take this circumstance into account, 
when the motion is vei*y rapid; at preseiit we shall assume that 
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the motion is tggjlow to have any sensible influence, so that 
the expresssion of jt) in a function of p may be that which 
agrees to the state of equilibrium, namely (No. 624), 

pzzkp{l+aB)i (6) 

in which 6 denotes the temperature common to all the points of] 
the fluid, a the coeiEcient 0,00375, of the dilatation of gases, ’ 
k a constant which depends on the nature of the fluid inj 
question. 

When the values of p,p, shall have been determined, 
either by means of the five equations (3) and (5), or by the five 
equations (3), (4), (6), we can deduce from them the values of 
a:, ar, in functions of and of their initial values x', z\ 
by means of equations (1). The integrals of all these equa- ' 
tions of partial differences will contain arbitrary functions, ^ 
which must be determined by thejmtialjftate of the fl^^ and'^ 
by means of certain conchtions rela^^ which 

will be considered farther on. 

650. When the temperature is not the same, at the origin ^ 
of the motion, t hrough ouLt be ^en tire flui^^^ it varies then 
from one_ppint to another, and, for Ae same point, from one 
instant^ to another, so that if the temperature, which cor¬ 
responds to the points of which a:, y, 2 ;, are the coordinates, 
at the end of the time if, be denoted by 0, this quantity 0 
is an unknown function of ty a?, y, 2 ?, and in order to determine 
it, besides the preceding equations, an additional one is re¬ 
quired. This equation will be different in the two cases of a 
liquid, and of an aeriform fluid, which we now proceed to 
consider successively. 

1 St. Let us suppose that the question is respecting a ho¬ 
mogeneous liquid, water for example; then as the temperature 
0 varies from one point to another, the density p will also 
vary, and will be a determinate function of 0, which we shall 
denote by / 9 ; the manner of determining the form of this 
function, is given in the Traite de Physique de M> Biot 9 
tom. 1, chapter xi. The quantity p' will be no longer ciph er, 
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neither ■will equation (4) be decomposable into the two equa¬ 
tions (5). The specific heat of the liquid and the measure of 
its conductibility will be also determinate functions of 6 ; but 
if the communication of heat in the interior of the water be 
supposed to take place as in a soUd body, by radiation to 
—equation relative to the motion 
of heat in a heterogeneous body, which the author de¬ 
termined in the Journal d!Ecole Polytechnique, No. 19, 
page 87, will be applicable to the mass of water that is 
considered; for it makes known the instantaneous increment 
of temperature, which has place in any point whatever of a 
body, in which the specific heat and conductibility vary arbi¬ 
trarily from one point to another; and from the manner in 
which it has been formed, it appears that the heat depends 
( neither on the motion of the material point in question, nor 
on the motion of the surrounding points. Thus, if the incre¬ 
ment of Q during the instant dt be denoted by O'dt, we shall 
have(/) 




d.h~ 


dT 

- ^ ± 
dx dv ^ 


d.h 


dz 


dz 


(7) 


m which equation, we assume, as in formula (2), that 


ft 


dQ dO 

*-d(+“s+'’s+“’s- 


and in wluch g and A ^e f^ctions_of 0, that .denote respectively 
t^ spe^c^heat^ relative to t;^ unit of mass, andtheme^ure 
® conductibility. As each of these functions is supposed to 
be known, and also ,/]9, the number of equations (3), (4), (7), 
will be the same as that of the unknown quantities 0, p, u,v,u), 
wbch they cont^. In the case of a heterogeneous liquid, 
the three quantities, p, g, h, relative to the point of its mass, 
the coordinates of wMch are x, y, z, will depend on the tem¬ 
perature 0, and the matter of the fluid in this point, and they 
will be consequently gi^Junctions ofj, and oiP, y> g' the 
initial coordinates of this same point7“^‘ 
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2nclly. If the fluid in question is a mass of air, or any gas 
-whatever, of which 6 the temperature varies from one point to 
another, and if, in the state of motion, tl^ temperature is 
alTOys supposed to be proportional to the dei^sity, as in the 
preceding number, equation (6) will always have place; but 
equation (7) will no longer subsist, for it is founded on the 
supposition, that the communication of heat in the interior of; 
the body is effected by a radiation to an insensiW^ 
while, on the contrary, radiating heat traverses aeriform fluids 
to very great depths, so that there is an interchange of heat i 
between molecules very far removed from each other. This.j 
equation should therefore be replaced by another, which, to¬ 
gether with equations (3), (4), (6), make up a number equal 
to that of the unknown quantities p, p, 0,w, v, For ex¬ 
ample, in the problem of the trade winds, which are produced 
by the differences of temperature of the atmospherical strata, 
a sixth equation is formed in the following manner, which it 
will be suflScient for us now merely to point out. 

The quantity of heat received during the instant di, 
by dm any element whatever of the fluid mass, and which 
may be supposed to be proportional to dmdt^^ is made up 
of the solar heat absorbecT by dm during this instant dt, 
and of the radiating heat that this element receives in this 
same instant, from a part of the surface of the earth, and 
from the part of the atmosphere, the communication of which 
with dm is not interrupted by this surface, and also of the 
portion of heat which can be communicated to dm by the 
surrounding elements, as in solid bodies. If from this sum be 
taken the quantity of heat emitted by the element dm^ during 
the instant dt, either by communication, or by radiation to a 
great distance, the instantaneous increase of the heat oidm, 
which we shall represent by £^dmdt, will be obtained; a 
being a coefficient, of which we shall content ourselves merely 
to indicate the origin. On the other hand, this increase of 
heat is equal to gB'dtdm, g and 9'dt denoting always the spe- 
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cific heat for the unit of massj and the instantaneous, increment 
of temperature; therefore we shall have j^dmdt zi gB'dmdt or 
A for the required equation, which should J^e suhsti- 

\ tuted in equation (7)* 

^ 651* Before we proceed any further, an important remark 

may be made relatively to equation (4), 

From the maimer in which it has been formed, it is evident 
that the mass of dm the differential element of the fluid, does 
not vary during the instant dt ; but it is solely for the sake of 
conciseness that the volume of this part of the fluid has been 
considered as infinitely small; and if the entire volume be 
divided into parts of a finite but insensible magnitude, each of 
which may, notwithstanding, contain a very great number of 
molecules, equation (4) expresses actually that each of these 
parts contains always the same molecules, and, consequently, 
that its mass is invariable* It is on this accouniUAat it is de¬ 
nominated the equation of the continuity of the fluid. Now 
;! there are motions in which this continuity is interrupted, and 
in which the equation that refers to it cannot be made use of. 
In the case, for example, of water contained in a vertical 
cylinder , which is open at its upper surface, if it be heated 
from above, the temperature will increase, and the density 
diminish from the bottom to the surface; the length of the 
fluid mass will increase, the horizontal strata will successively 
replace each other, and the equation of continuity will be ap¬ 
plicable to this motion (^). But if the liquid is heated from 
below, the density will increase, and temperature diminish 
from below upwards; in strictness, the horizontal strata may 
still successively replace each other; but such a motion will 
not be stable; and it appears from observation, that the 
molecules of water rise from the bottom to the surface by tra¬ 
versing the superior strata. All the very small parts of the 
liquid do not then constantly consist of the same molecules; 
consequently, equation (4) does not obtain in this kind of 
motion; and it is even doubtful, whether equations (3), which 
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are founded on the principle of the equality of the pressure in 
all directions, can be applied to them; so that in the actual: 
state of the science we have no means of determining the mo¬ 
tion of a liquid, whose strata mu tua.lly traverse each oth^, the_i 
one by ascending, the other by descending. The same remarks 
are applicable to the vertical motions which may exist in each 
atmospherical column, the inferior strata of which, when heated 
by contact with the earth, and thus rendered lighter, rise by 
traversing the superior strata. The determination of these 
motions, which are of a different kind from those that have 
been hitherto considered, and their influence on the diurnal 
variations of the barometer, are questions to which it is of 
great consequence to direct the attention of philosophers. 

652. In the motions of fluids which have been subjected to 
calculation, it is customary to suppose that the points which*? 
at a determined epoch, exist on a fixed or moveable side, 
or which appertain to the free surface of a liquid, will remain 
on this side, or will appertain to this surface, during the 
entire continuance of the motion; so that those complicated 
motions, in which the points of a fluid, after having appertained 
to its surface, penetrate again into the interior of the mass, or 
conversely,, are not taken into account; and in like manner, 
those cases are excluded in which the points of a liquid pass 
alternately from the free surface to the surface in contact withj 
a fixed or moveable side.^ Those particular conditions to 
which the motions that are considered are subjected, may be 
expressed by the following equations: 

Let X, 2 /, be always the variable coordinates of a point of 
the fluid, and 

x, y, z) = 0 , 

the equation of a fixed or moveable surface that passes 
through this point at the end of the time and which, for 
conciseness, we shall denote by s. Likewise, let be 

the initial coordinates of this same point, so that a;, z may 

4 A 


VOL. II. 
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be functions of U V'i If values be substituted in 
the given equation, it will be changed into 

y\z^) = 0 ; 

and al] the points of the fluid, the initial coordinates of which 
satisfy this equation will be those which, at the end of the time 
appertain to the surface s ; consequently, in order that these 
points may be constantly the same, the function f should not 
contain the variable If therefore s is the equation of this 
free surface, or that of a fixed or moveable side, the func- 
tion/(^, y, z) must be independent of ^ y, 2 : being con¬ 
sidered as functions of the preceding variables; therefore its 
complete differential with respect to t must be cipher; and by 
formula (2) we shall have, to express the condition stated 
above, the equation(y) 


dt 




4 


( 8 ) 


In the case of & fixed side, the function will not contain 
the time t explicitly; if it be denoted by l, so that u = 0, 
may be the given equation of the side, equation (8) will 
become 

dh di. dh ^ 

+ ( 9 ) 


If the resultant of the velocities u, v, w be denoted by 
and the angles which it makes with the directions of ar, y, », 
by «, y, and also if a, b, c be the angles which the normal 
to the side makes with the same directions, we shall have at 
the same time, and by malring 





u=Zcosa, V =sZ COS/ 3 , to r= ?cosy, 

dlj /Jr 

dx ~~ ^ ~ ^^ ^ 
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and, by substituting these values in equation (9), and then 
suppressing the common &ctor it will become 


cosa cosa + cosjS cos& + cosy cosc zz 0. 


Therefore equation (9) indicates that the direction of tho '^ 
velocity of each point of the fluid adjacent to a fixed side, 
is normal to this sur&ce; and, in fiict, it is the condition which 
must be satisfied, and is sufficient to prevent this point from 
being detached from the side, so that it can only shde on its 
sur&ce. 

At the free surface of a liquid, the pressure p is in general 
a constant quantity; but it may depend on, or be a function of 
and be only independent of a;, y, if the external pressure, 
which is common to all the points of this surface, varies with 
the time; therefore denoting this fonction by t, the equation 
of the free surface will be jp — t, and by putting p — t in 
place of in equation (8), we shall have 


/?9! /ft 


dt 


dz"' dt’ 


(la) 


i 


which will have place at the same time as p — x = 0, or a- 
mnltaneously with the differential ecpiation of the free sur&ce, ^ 
which has heen given in No# 647• ^ 

It may be remarked that equations (8)j (9)j (10) 'will like- ^ 
wise still obtain without any sensible error, when the points of J 
the fluid only deviate from its superficies by insensible quan¬ 
tities. Consequently, if, as in the preceding number, a portion 
of the fluid is considered, the dimensions of which, though in¬ 
sensible, are still of a finite magnitude, so that it may, not¬ 
withstanding, contain an immense number of molecules, and if 
a part of its surfisce be supposed to appertain to that of the fluid 
at a determinate epoch, these equations 'will express, in reality,j 
that it will have place during the entire continuance of the mo¬ 
tion. The extent of this part, which belongs in common to the . 
two surfr<?es, may besides vary m any ratio whatevCT; and the 
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small portion of the fluid in question may, when it is displaced, 
at the surface of the fluid, enlarge or contract, without its volume 
undergoing any change in the case of a liquid, or its mass in 
the case of any fluid whatever (A). Thus, for example, when 
a heavy liquid oscillates in a vessel which is open at its upper 
surface, the extent of its free surface, and that of its surface of 
contact with the sides of the vessel, vary during the motion, so 
that the number of material points of the liquid, which are 
situated on one or other of these two surfaces, is not constantly 
the same; but equations (9) and (10) may have place not¬ 
withstanding, if it is considered that they do not belong solely 
to detached points, but rather refer to small portions of the 
liquid which are of an insensible magnitude and variable form. 

By means of these particular equations, which were intro¬ 
duced by Lagrange in the theory of fluids, combined in each 
case with the initial state of the system, the arbitrary functions 
contained in the equations of the motion can be determined. 

653. There is a very extended case, in which the three 
equations (3) can be reduced to an equation of partial diffe¬ 
rences of the first order, and the three unknown, w, v, 
made to depend on one sole quantity. case has place 

when the formula udx -j- vdy 4- tvdz is an exact differential of 
a function of a?, y, regarded as independent variables, and 
the fluid in question is h omogene ous and has every where the 
s ame temperat ure in the state of equilibrium. Let then 

udx + vdy + wdz =z d(l>; 


I ^ denoting an unknown function of the four variables t, a?, y, z, 
; but in which, however, the differential d(j) is taken solely with 
. respect to a?, z, so that we may have 


u 





(a) 


J 


By the nature of the forces x, y, z, which always are sup¬ 
posed to arise from attractions or repulsions, whose centres are 
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fixed or moveable points, or points of the fluid itself, we have 
likewise 

xdx -f Ydy 4- zdz = rfv, 

and, consequently, 

dv dv dv 

^ “ dic* ^ dy’ ^ dz"" 

V being a function of y, which is differenced solely with 
respect to a?, z. In the case of an elastic fluid whose den- 

. . V dp 

sity IS constant in a state of repose, the integral \ — will be 

%j p 

expressed by a logarithm, provided the law of Mariotte be 
supposed still to obtain in a state of motion also( 2 ); if the var* 
riations of temperature which are produced by those of the 
density during the motion be taken into account, this integral 
will be a different function ofp; and in the case of a homo¬ 
geneous liquid, it will be reduced to -without talcing into 

• ^ j 

account the arbitrary constant. In order to comprise all these' 
cases under one, let 



there results from this(/c) 

\dp ^dv I dp _ dp ^ dp ^dv ^ 
pdx'^ dx^ pdy^ dy^ pdz dz^ 

and by means of these and the preceding values, equations (3) 
will become 

dp _ dv d^0 d0 ^ d(t> cP<p dtp 
dx^ dx dxdt dxdop dy dxdy dz dxdz^ 

dp _ dv dP^ d<l> <P(t> d^i (P(p d^ (P(p 

dy"” dy dydt dy dydx dy dy^ dz dydz^ 

dp _ dv ip<j> d<p (P(p d^ dPcp d(j> cP^ 

dz dz dzdt dz dzdx dy dzdy dz dz^* 

If these equations be multiplied by daj, dp, dz^ respectively, 
and then added together, there results (^) 
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dp — rfv — d. ^ — id 
at 




and as all the terms of this equation are exact diiferentials 
the three variables we deduce immediately 


of 



i The arbitrary constant which ought to be added to this in- 
tegral may be considered as contained in the unknown quan¬ 
tity 05 and thus the integrals v and p may be regarded as 
^ quantities entirely determinate. 

This equation, which replaces the three equations (3)^ will 
make known the value of j?, when that of 0 shall have been 
determined; likewise equations (a) will determine the three 
unknown quantities w, u, ; and with respect to the value of 
0 , it can be deduced from equation (4), which becomes 


dp 

dt 


d. 


'PTt 




dx 


dy 


■m 

f£5=o. 


dz 


(o) 


In the case of an incompressible fluid, this equation will be 
reduced to 


d^<p , „ 0 

dx^ dy^ ^ dz^ 


in the case of an aeriform fluid, we should substitute for p its 
value in a function of p, and for p its value deduced from 
equation (b). 

654. In order that the formula udx + vdy + wdz may be 
an exact differential during the entire continuance of the mo¬ 
tion, it should be so at the commencement, and the initial 
f values of w, v, which are given arbitrarily in functions of 

Xi y, jsr, should satisfy the conditions of integrability. Con- 
jversely, though it be admitted that it is sufficient to prove this 
'formula to be an exact differential relative to a determinate 
j value of ^5 in order to be satisfied that it is one also for 
all values of this quantity; still this proposition is not so 
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general as has been supposed. It may be demonstrated in 
the following manner: 

Let be a particular value of and, for this value, let 
udx + vdy -f wdz z= ; 

being a function of z. If s denotes an infinitely small 
interval of time, then when the time t becomes ti + f, the 
quantities w, v, w will likewise vary, and, on the supposition^ 
that their expressions in functions of t are developable ac-: 
cording to the powers of e, we shall have(?w) 




+ £Mi, v = ^ + eVu w=.^ + iWi, 


dx 

and, consequently, 

udx + vdy + wdz =: + z{uidx + v^dy + Widz), 

in which Uy, Vi, Wi denote functions of a?, y, z. In order to 

du dv dw ,. , 

obtain the values of the partial difierences which 

occur in equations (3), these values of m, v, w should be dif¬ 
ferenced with respect to &; this gives 

a-=“« * = '" sr-”’- 


By substituting them with those of u, v, w, and of their partial 
differences relative to x, yt z, in these equationsj and then sup¬ 
pressing the terms multiplied by there results 

\dp (Pipi <P<l>i 

p^~ ^ dx^ dy dxdy ds dxdz’ 

I dp __ ^1 ^ 

p % ” d® dydx dy dy'^ dz ' dy.dz' 

Idp _ d<jn cP^x _ ^ . 

pdk^'^~'^^~ d^'dzdx dy dzdy dz dz^ ^ 


hence by the preceding notations we deduce(«) 
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Uidx 4 - v^dy + Widz 


=: dv rfp - Id. 



1 follows from tMs that the quantity {u^dx + v^dy + w^ds^t, 
by which the formula udx Ar vdy wdz is increased during 
toe time s, will be an exact differential. Consequently, this 
ormu a will be^ an exact differential at the end of the time 
t, + e, since it is supposed to be so at the end of the time t ,; 
It will be so at the end of the time t, + 2 s, since it is so at the 
end of the time t, + s, and so on. And as s may be either 
positive or negative, it follows that this formula udx + vdy 
+ wdz is an exact differential for all values of t, if it is so for 
any value whatever of this variable. 

I But this demonstration supposes that the values of w, v, w, 

^ which correspond to ^ + e, may be developed according- to the 
powers of s, or, what comes to the same thing, it supposes that 
toe expressions of u, v, w, in functions of t, satisi^ the eqim- 
«L%.l?qyem and may be "deduced from 

llfei?f^5Matlqns, jeIa^^^^ Now’, this is not always the 

case, with respect to expressions of u, v, w in series of expo¬ 
nentials and of sines and cosines, the exponents and arcs of 
ich are proportional to and as the demonstration then 
fails, the proposition may be likewise at fault, and it is in point 
of fret fruity in certain cases, examples of which have been 
met with by the author. In each problem, the expressions of 
V, w, in question, satisfy the equations relative to the mass 
and surface of the fluid in motion; and by determining in a 
smtable manner the coefficients of the exponentials and of the 
anes and cosmes, they represent the given initial state of all 
the points of the fluid; and if the series which result from 
them, are moreover convergent, this is sufficient, in order that 
they ^y contain the solution of the question, although one 
of their particular characters may not satisfy always the equa- 
bons which may be deduced from those of the motion, by new 
differentiations. 
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656. The condition of integrahility of the formula udcc + 
vdy 4* has not place in the motion of a fluid which turns 
about a fixed axis without changing its form. In fact, the 
components of the velocity of any point whatever are then the 
same as in the case of a solid body; therefore if the fixed axis 
be assumed to be that of and if the angular velocity of rotsu- 
tion be denoted by w, we shall have (No. 387), 

ycu, u = a7a>, w = 
from which there results 

udx + vdy + wdz zz <i>{xdy.^ ydx ); ^ 

this quantity is not an exact differential, because the factor 
is independent of the coordinates x and y. 

Hence in order to determine the pressure p in any point 
whatever, we must have recourse, in this example, to equations 
(3). Now, if the values of V) be substituted in this ex¬ 
pression, there results, when w is considered to be a constant 
quantity with respect to as well as with respect to a?, ?/, 


1 dp 
p rfai 


^ X -f* (t>^£r, 


hence we obtain (o) 






an equation which coincides with that which has been ob¬ 
tained in No. 589, from the consideration of the equilibrium of 
the given forces that act on all the points of the fluid, and of 
their centrifugal forces resulting from its motion of rotation. 



CHAPTER II. 


OP THE PROPAGATION OF SOUND. 

586. As it does not fall in. with the plan of this treatise, to 
detail the numerous results which have been obtained from 
the general equations of the motion of fluids that have been 
given in the preceding chapter, we shall merely point out 
those treatises in which they can be found. In the following 
chapter, the motion of a fluid which flows out of a vessel, is 
determined on a particular hypothesis, which, for the most 
part, gives results suflBiciently accurate in practice; in the pre¬ 
sent one, we shall select for examples of the application of the 
general equations, the simplest cases of the theory of sound. 

1st. In the second and third books of the Idechanique 
Celeste^ the reader vtill find detailed all that is as yet known 
about the oscillations of the sea and of the atmosphere, pro¬ 
duced by the attractions of the sun and moon. 

2nd. In the secpnd volume of the Mechanique Analytique 
there is given the determination, by means of convergent se¬ 
ries, of the motion of a heavy liquid, both in a very narrow 
canal, and also in a very deep vessel. 

3rd. Relatively to the oscillations of this liquid in a vessel 
of any depth whatever, the reader is referred to a memoir in¬ 
serted by the author on this subject, in the nineteenth volume 
of the Joumsd of M. Gergonne. 

4th. For the problem of the propagation of waves at the 
surface and in the interior of stagnant water, the reader is also 
referred to a memoir of the author inserted in the first volume 
of the Academy of Sciences. 

6th. On the propagation of elastic fluids in vessels and 
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narrow tubes, the memoir of M. Navier, which is inserted in 
the ninth volume of this Academy, may be consulted. 

Finally, for every thing which concerns the theory of 
sound, and generally the propagation of the motion in an 
elastic medium or in several superimposed media, the student 
may consult the memoirs written by the author on this subject, 
which are contained in the fourteenth Number of the Journal 
of the Polytechnic School, and in the eleventh and tenth vo¬ 
lumes of the Academy of Sciences. 

657. To give an application of the general equations, let 
an elastic homogeneous fluid be considered, whose density and 
temperature may be throughout the same in its state of equili¬ 
brium, and in which when it is made to deviate from this state 
ever so little, the^ velocities of its different points, and likewise 
the dilatations and condensations with which they are accom¬ 
panied, in the motion which results, may be very small frac¬ 
tions, so that the squares and products of these quantities can 
consequently be neglected; by which means the equations of 
the motion are reduced to a linear form, the integrals of which 
may be obtained in a finite form. Moreover, as the density of 
the fluid, in a state of equilibrium, is by hypothesis constant, 
the forces x, y, z should be made equal to cipher. 

Let this density be denoted by d ; p being that which has 
place in the state of motion, at the end of the time and for 
the point whose coordinates are y, we shall have 

p = D(l+s), 

in which equation, 5 is a very small fraction, either positive or 
negative. Likewise, let Ti and mgk denote the height and ba¬ 
rometrical pressure con'esponding to the density d, g the 
gravity, and m the density of the mercury. In the state of 
motion, the pressure p which corresponds to the density p, will 
by the law of Mariotte, be 5 }, if the temperature of 

the fluid be invariable; but in consequence of the condensation 
or rarefaction denoted by the temperature increases or dimi- 
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^hes ; and if the motion be so rapid that the fluid has not 
time to revert to its original temperature, the pressure will 

SI “ ^ density(a). Therefore we 

shall suppose that in general 

p = gmh (1 + j + ,y); 

m whi<* .. denotes a quantity having the same sign as and 
IS a certain timction of it. I„ consequence smallness of 

such th^^ ^ supposed to be proportional to s, and 

<i = /3s; 

/3 bmng a positive coeflScient independent of s. 

By means of these values, we shall have 

= gmh(l + ^)ds; 

^d by supposmg that the integral vanishes with s, and making, 
lor conciseness, ° 


gmh (I 4 - Q) 


there will result 


== 


J^=aMog(l + «). 


If this integral be taken for the value of the quantity p com¬ 
prised in equation (b) of No. 653, we shall obtain by neglecting 
the square of s, j s> & 


P = a®5; 


in like manner if the squares of the velocities ^ ^ ^ be 
, , , rfy’ dz’ 

^0 neglMH thi. wiU become, by sappreedng the 

term v which arises from the forces x, v, z, 




1_ 

a^dt ’ 


( 1 ) 


and by joining it with equations (a), namely. 


doo dy' dz’ 


( 2 ) 
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these four equations will make known the condensation, the 
magnitude and direction of the velocity of the fluid, at the 
end of the time t, and for the point whose coordinates are 
X, y, z, when the function ^ shall have been determined in a 
function of x, y, z, t. 

If the displacements of the molecules of the fluid are like¬ 
wise supposed to be very small, that is to say,' if the molecules 
of the fluid make only very small oscillations, and have no 
common motion of translation or rotation, the variables x, y, z 
will differ very little from x', y\ which are the initial co¬ 
ordinates of the points to which they belong, so that they may 
be regarded as equal to x', y\ z', when the values of udt, vdt, 
wdt are integrated, in order to deduce from them at any instant 
whatever, the displacements of this point in the direction of 
the three axes of the coordinates; and then, we shall have 


x-x'zi'^udt, y-y' = lvdt, ss — id =z ^wdt; 

the integrals being taken sq _th at they may vanish when 

^= 0 ( 6 ). . _ 

With respect to the quantity in order to obtain the 
equation on wHch it depends, let d (1 4-«) be put in place 
of p in equation (c) of the number cited above, then by 

neglecting the products of s and it becomes 


ds ^d^<t> 

dt dx^ dy^ dd 


= 0 , 


or, what comes to the same thing by substituting for « its 
preceding value (c). 



These equations (1), (2), (3) are those of the theory of sound 
in air whose temperature and density are constant. They 
suppose that the formula tidx + vdy + tods is an exact diffe- 
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rential, and this is, in point of fact, the casein the two particular 
instances, to which we proceed to apply them. 

^ 658. Let us, in the first place, suppose that the air is con- 
tamed in a cyKndrical tube, and that its points move parallel to 
the ^s which is assumed to be horizontal, in order that the 
, g^S^ty^hould jaot^use t^density; to vary. If the axis of 
X coincides with this direction," v and tv will be respectively 
equal to cipher, and the quantity (ft will only be a function of 
X and t, so that equation (3) will be reduced to 

dt^ ~ dx^‘ 

The same consequences may be deduqed from this as were 
obtmned from equation (1) of No. 494, with respect to the 
longitudinal vibrations otan elastic rod. When the tube ex¬ 
tends indefinitely, a will be the velocity of the propagation of 
sound in the direction of its length; when it is of a finite 
length equal to I, the number of vibrations of the fluid in the 
/ unit of time, corresponding to the gravest sound, will be in the 
5 when the tone is raised, this number will 
^ increase in the same ratio as that of the nodes of vibrations; 
and if the distance between two consecutive nodes be denoted 

by A, and the corresponding number of vibrations by w, we 
shall have 


, In those points, the velodty of the molecules of the air is 
apher, but condensation does not vanish; there are, on 
, the contrary, other points, where this condensation is cipher, 

I and where still the fluid is in motion. The distances between 
these other points are the same as for the first, as is evident from 
the formula of No. 495. They possess a property which ap-’ 
pertmns to them, by means of which they can be de- 

ennme by experiment. If an opening is made in the side of 
he tube at one of these points where the condensation is 
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cipher, and if a communication is thus established with the; 
external air, the motion of the interior fluid is not in any way; 
affected, nor the tone which is produced. If X be the distance 
between two of these consecutive points, and n the number 
corresponding to the observed tone, the preceding equation \ 
will make known the value of a, and, consequently, that of } 
the quantity that occurs in the expression of this velocity. It 
is preferable, for this object, to make use of the elevated tone 
which corresponds to an aliquot part of rather than the 
fundamental tone, which may be influenced by the mode of 
blowing into the tube, and by the circumstances relative to the 
mouth-piece. It is in this manner that M. Dulong has deter¬ 
mined for air and different gases, the values of the quantity y 
of No. 637 ; which quantity is equal to 1 -f j3, as we shall see 
immediately. 

659, For a second example, let the mass of air be sup¬ 
posed to extend indefinitely on every side, and that it is 
agitated in like manner, in all directions, about a fixed 
point which is assumed for the origin of the coordinates. If 
r be the radius vector of the point, whose coordinates are 
X, y, at the end of the time and ? its velocity, it will be 
directed along this radius, and its magnitude will be a func¬ 
tion of r and as well as the condensati on for it is evi¬ 
dent that every thing should be symmetrical about the origin 
of the coordinates, during the entire continuance of the mo¬ 
tion. We shall have 


and because 




a? xdx + ydy + sdz — rdr ; 


there will result, 

uds + vdy 4" 5 


so that this formula will be an exact differential of a function 
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of T and As this function is the quantity which has 

been determined by equation (3), we shall have 


or the resultant of the velocities v, w. 

By differentiating it with respect to we shall also 

have 

d<j> ^d<l> z 

dx "" dy drr^ dz 'dr^r^ 

by differentiating a second time, we obtain 


^ d^ y^-h^^ 

dx^ ^ dr^ y2 * ^3 5 

^ 2^ _L 

dy^ dr^ * dr "r* ’ 

dz^ dr^ dr ^ ’ 


and, by substituting these values of i„ equation 

(3), it becomes (e) ^ 

\W^ + -rTrh 

or, what comes to the same thing 




C4) 


The complete integral of this equation is (No. 484), 
r<^ —/{r 4- at) + F (r - at); 

in which /f denote two arbitrary functions. If therefore*, 
or any vanable whatever such as z, we make 

^ ^ rfpz 

dz — ^ 

we can deduce from this integral, 
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? = - [/(r+ ai) 4- - «0] 

T 

5 = J_ [y _ at) -fir + «0] 5 

and by means of these formulae, when the functions jT and 
are determined for all values of r at ^ which is a positive 

variable, and the functions f and for all the positive or ne¬ 
gative values of 7 * — at^ the velocity and condensation in any 
point and at any instant whatever will be known(^). 

660. As by hypothesis, every thing is alike about the 
origin of the coordinates, thejcer^Tg of the agitation of the 
fluid must continue immoveable during the entire continuance 
of the motion ; the firslf ormula (5) must, therefore, vanish at 
the same time as r ; this implies, that when this radius is in¬ 
finitely sm^l, we should have 

f(r + at)^’^(r^at)z=:n^r, 

f(r -h at) + — aO = ’ 

T denoting an unknown function of t. Therefore, if the ra¬ 
dius T be made altogether equal to cipher in the first of these 
equations, and in its differential with respect to at^ namely, 

T dn 

we shall obtain, by substituting ?^.plac^of «#(*), 

_/? + F (— z) = 0, fz — f' ( — z) — 0. (6) 

but solely for the positive values of z. These equations will 
make known the values of f (- z) and f' (- z) by means of 
those of ^ and/z, so that it only remains to determine the 
values oifa, f z, fz, f'z, for aU positive va,lues p^^^^^^^ 

For this purpose, let i^r S'Od “ '^r be the initial values of 

4 c 


58 P 

(5) 
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s, so that and may denote given functions from 
r_ 0 to y x>, tlwjdrs^of which should be cipher for r ~ 0, 
and both the one and the other denote^always certak vdo- 
cities(0. By making f= 0 in equations (5), we shall have(A) 


iprs: 




T'^r = 


dr 

disr 


dr 


rf.“Fr 

d.Jr 

dr' 


(7) 




hepce we obtain, by mnUng . 

%^dr = yp^r, Ir'irrdr = ipj?- • 

-fi+--Br=P^r^b, 

—j'J-zr 'Pir+ c; 

b ^d c denoting two arbitrary constants introduced by the 
I mteg^afeon; as we may suppose that the two integrals <irr„ 

, ms or any value we please of r, we will presently assume 
tto value to be r =; oo. v „ 

if we have solely regard to the constants b and c, the pre¬ 
ceding equations will give 

Jr=^br-^c, rr = ib, 
pr=iir+|c, x'r=^b; 
hence lliere results, 

J'Cr + at) = \b(r-^ca') — Ac, 

f(r+ at) = \bi 

4 ^ewise for y > at, we shall have 

^(r^at)zz\b{r-(a)J(.\c, 

^(r~at)=zlbi 
for r ^ at, we shall have 


f{at~ r) = ^5 (at — r) - Ac, 
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and in virtue of equations (6), there 'will result from this 

F(r—= lb(r^at) 4-^c, 

F'(r— 

as in the case of Now, it will be found, that if these 

diiferent values be substituted in formulae (5), they will be 
reduced to cipher ; so that the two arbitrary constants b and 
c must disappear from the expressions of ^ and s(Z). " 

Therefore, if they are not taken into account, there results, 
by substituting z in place of r in equations (T) and in their 
differentials, 

fz 1 = 

fz =: ^xfjiz + ^z(}pz'- ^z), 

¥Z ZZ 

v^z =^iJlZ + ^z(^pz + ^Vz), 

for the values which it was required to find(?7^). 

As formulae (5) will not contain any unknown quantity, 
they give the complete solution of the problem. It may be^ 
observed here with reference to /(—^), that there is nothing | 
in the question to enable us to determine its value, but it is ■ 
evident, that a knowledge of this function is not required in | 
formulae (5). 

661. The following consequences relative to the theory of 
^ound may be deduced from these formulae. 

Let £ be the radius of the primitive agitation, so that the' 
given values of and may be of an arbitrary magnitude | 
from r = 0 to r = €, and cipher from r = e to r = x. The* 
integrals ipxr and ^Fir will be constant quantities for all values 
of z which surpass £; and, as they are by supposition cipher 
for /* = X, they will be so likewise from me to r =: x. 
This being established, if first a point of the fluid comprised 
within the extent of the primitive agitation be considered, we 

shall have r Z €; as long as t will be less than —the va¬ 
lues of/(r + at) and/'(r + at) will not be cipher, and they 
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( 8 ); the same Will be thecase 
with respect to the values of f (r - «,) and p'Cf- «.) aslohg 

a’ Ai® greater than —, these can be deduced from 

t ose off (at ^r) and/' (at ^ r) hy means of equations ( 6 ); 
SnailV. wliPTi _- 1 r + £ 


finally, when the fame t becomes greater than-, axi lu. 

tamed m the extent oftbA rv..;....-*:_,, .. . 


j all the 


tained in th ^.te;;" -- 

vertpd *! f " ^ pninitive agitation will have re- 

within “ T Thus, for all points contained 

tion will ^ ^ radius is e, the duration of the mo- 

the centre to the surface, between-the 

liinitsiand:^(») 

a a ^ ^ 


I 


this wUI primitive agitation, we shall have r + ai^e, 


^ - ai) —^F (r ~ at)i 


equation^ (dj, to ^ 

pf(at~r), 

expresSoM^ anZtdIl bf comprised in these 

be cipher when f> «/ a! ^ by formulae ( 8 ), they will 

rZ. at • h *^11^*’ become so again when 

OM “ ”’■ “ P^pagated i- th. 

d^ X T' -f d cylin. 

’ d motion of each molecule of air will 

•« .« during an mmivd ef hme equal to that the 
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At a great distance from the centre of this agitation, the 
second terms of the values of which are divided by may 1 
be neglected, relatively to the first, the divisor of which is r; ' 
we shall then have ! 



during the entire continuance of the motion, ns in No. 497, 
where s represents the dilatation instead of the condensation. 

The velocity of each molecule of air will then decrease in the 
inverse ratio of r. The intensity of sound is supposed to be 
proportional to the square of this velocity; so that at a great 
distance from the point of the primitive agitation, it will de¬ 
crease in the inverse ratio of the square of this distance; 
which is conformable to experiment. These results likewise 
have place when the agitation is not the same in all directions. 

At a considerable distance with respect to its diameter, the 
velocity of sound is uniform and equal to the constant < 2 , the 
form of the waves is nearly the spherical, and the intensity of 
sound in the direction of each radius varies in the inverse 
ratio of the square of the distance, whatever may be, in other 
respects, its variation in passing from one radius to another^ 

This intensity also decreases with th e d,ensit y of the mediim S 
in which the sound is produced; so that, for example, it di¬ 
minishes according as we approach to the sumimt of a high 
mountain. In considering the propagation of sound in air, 
composed of strata of different densities, it is found that at 
equal distances, its intensity depends solely on the density at 
the place of the primitive agitation ; it follows from this, that 
a person in a balloon ought to hear the noise made at the sur¬ 
face of the earth, j^ust as if it was at this surface ; and, on the y 
other hand, the noise made at the balloon would be heard in 
precisely the same manner by an individual at the surface, as 
if the same stratum of the atmosphere, in which the aeronaut 
floated, extended from the balloon to the earth(p). 

If the intensity of sound depends on the magnitude of the ve; 
locities of the molecules of air which strike the organs of hearing, 
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and if the eleration of the tone is regulated by the number of 
strokes in the same time, that is to say, by the more or less 
frequent repetition of the vibrations of the air, it may be de¬ 
manded what it is that makes the difference between one syl¬ 
lable and another, when sung with the same force and on the 
same tone. According to Euler, this difference ought to be 
ascribed to the form of the function which expresses the law 
of the successive velocities of air during each vibration; so 
that the organ of the voice has the faculty of giving the 
suitable form to this function, and the organ of hearing, the 
feculty of appreciating the different forms. 

/ 662, The origin of the coordinates may be transferred to 

other points of the fluid, without the form of equation (4) 
^undergoing any change. Hence, if &c.; denote the 

radii vectores of the same point, reckoned from these different 
pirigins, and if <j> be supposed to be successively a function of 
\f and of each of these radii, equation (4) may be satisfied by 
means of the value of ^ of No. 659, and of the values which 
may be deduced from it, by substituting &c., in 

place of r, and changing each time, the arbitrary functions. 
On account of the linear form of this equation, it may there¬ 
fore be likewise satisfied, by taking for the sum of all these 
particular values, this gives 


^ = y [/(^ + + F (r - at)] 

+ ;r [//(^//+ at}+ F/Xr,/— at}] 
+ &c. 


Now, It follows from this formula, that if the air is simul¬ 
taneously agitated about each of the origins of r, r,, &c., 

^ the condensation at any point and instant whatever, which 
is always given by equation (1), will have for its value, the 
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sum of the condensations which would have place in virtue of 
each of these separate agitations. Moreover, it appears from 
equations (2), that the components of the velocity at the end 
of the time and in a point m, the coordinates of which are 
referred to the origin of r, will have for expressions 


dx~ drdx^ dr^dx ' 

dy dr dy ^ dr, dy ^ dr,, dy *’ 


^dcj) dr 


dp dr, 
dr, dz 


dp dTj! 


=r-x_4.rz-ri>:-Lr^rii4.&e - 
dz drdz^ dr.dz^ dr„dz^^^^^ 


dp dp dp 


in which the partial diflferences taken, 


that r„, are considered as independent variabk But if 
y 19 ^19 the coordinates of m referred to the origin of 

and to axes parallel to those of a?, y, js, these coordinates x,y,z, 
will only differ from a?, y, by a constant quantity; so that 
we shall have 


^ X, dr, ^ dr, ^ y, dr, ^ dr, _ z,^ 

dx dx, ^ r/ dy dy^ r/ dz “ dz, r/ 

we shall have likewise 

rf® r,/ dy r,,’ dz r,' 

aj,^, being the coordinates of the same point, the origin 

of which is the same as that of and so on. Therefore, 
the preceding formulae will become 
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hence it follows, that the resultant of v,w, will be the same 
^ that of the velocities^, &c., w hich act in t he di- 

consequently, 

in virtue of formula (9), the same, in magnitude and direction, 
as^ if all the agitations about the centres of these radii ob¬ 
tained. separately; this agrees with the principle of the super¬ 
imposition of small motions (y). 

663. By means of this formula (9), the reflexion of sound 
on a fixed plane can be determined. 

For this purpose, let us siqipose that the mass of air is 
terminated by a fixed plane AB (fig. 55), and that the primi- 
tive agitation has place about the point c, the origin of the 
radius vector r, and.thatit does noj.extend to the plane ab. 
From this point, let a perpendicular cd be let fell on this 
plane, and prolonged to c„ so that dc, may be equal to cn, 
let c, be the origin of r„ and let the line cdc, be taken for the 
axis of the ordinates « and a:,. If the length of cd be denoted 
by A, we shall have a: = A and a., = _ A, for all the points of 
t e plane ab ; therefore, it is necessary that for these values of 
X and velocity u perpendicular to this plane, should be 

const^tly pipljer ( Nm fegg) . Now this condition, and the 
imtial state of the fluid, can be both satisfied, by making A 
equal to formula (9) reduced to its two first terms, namely, 

^ ; [/(»• + at) + p (r _ at)} + (r, + at) + p, (r% at )}; 

and determining in a suitable manner, the arbitrary functions 

In fact, the two first may be determined, as before, by 

means ofthe Wtialstate ofthefluidaboutthepoint c; and as 

the pomts which correspond to r,Z A„do not appertain to the 
flmd we can assign any value we please to each of the func 

for '^^out.chan^g,this initial state; there- 

, we can assume for.the. functions indicated by/ and p,, 
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the same functions as were found for those of which the indices 
are/and f ; the preceding formula will then become 

^[/(n + «0]> (1 

and will no longer contain any unknown quantity. More¬ 
over, as for all the points of the plane ab, we have =; r; 

we shall have, therefore, ^ ^5 and since we have likewise 

for these same points a? z; A, and :z: — A, there results from 
this = 0; so that formula (10) will represent the initial state 
of the fluid, and satisfy the condition relative to the points 
adjacent to the plane ab ; which it was proposed to obtain(r). 

Let M be the point of the fluid whose radii vectores cm and c^m 
are r and ; in virtue of the two parts of which formula {10) con¬ 
sists, this point will be first agitated at the end of a portion of 

time equal to LUl, and then at the end of a portion of time 
a 

T —6 

equal to —, in which s denotes, as before, the radius of the 

primitive agitation. The first motion will produce the direct 
sound, and the second the reflected sound. This last will be 
the same as if the plane ab had no existence, and a se- j 
cond agitation, identical with that which has place about the | 
point c, had place simultaneously about the point c^. It will; 
be prd^agated with the same velocity as the direct sound, ; 
namely a, and will have an intensity corresponding to the dis- | 
tance c^m, or to the line cem, the parts of which are ce and | 
EM, E being supposed to be the point where the radius c,m 
cuts the plane ab. Finally, as ef is the normal to this plane, 
CE and ME the two parts of the sonorous ray which is reflected 
at the point b, will make cef the angle of incidence equal to 
MEF the angle of reflexion. Thus it results from formula (10) 
that the laws of the reflexion of sound from a fixed plane, are 
precisely the same as those of light. 

664- Let us now compare a the velocity as given by^ 

4 D 


VOL. n. 


590 


OF THE PBOPAGATION OF SOUND. 


theory, with that which has been determined by experiment; 
and for this purpose let us first consider what the quantity /3, 
which occurs in this expression, denotes. 

It appears from No. 657, that 

_ + » + 

FTT+5 • 

or more simply, by neglecting tbe square of (s) 

p=^^(l+p.). (a) 

I Let 7| be the increase of temperature which corresponds to 
^this condensation «; so that the temperature, which was 6 in 
the state of equilibrium, becomes 6 + u at the end of the time 
t, in the state of motion. At this instant, the pressure |7, the 
density />, and the temperature O + n will have place simul¬ 
taneously ; therefore we shall have by equation (1) of No. 
€44 

p = Ap [1 + a(0 + ij)], 

in which k denotes a coefficient independent of the density 
and temperature, and a the coefficient 0,00375, that ex¬ 
presses the dilatation of gases. In the state of equilibrimn, 
we have 

pzugmh, p = J>, u = 0» 

therefore the preceding equation when applied to tUii state, 
win be 

pmA = Ad(1 +aS); 


consequently, we shall have in the state of motion(f). 


p = 




\ . 

l+oW’ 


and, by compaxing this value of p with formula (a), there will 
result 
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Now, if the oscillations of the air are supposed to be so ’ 
rapid, that the condensation 5 has place without any loss of 
heat, s and n may be substituted in place of S and w in equa¬ 
tion (5) of No. C36; this gives ^ 

l+/3 = y; ' ■' 

y expressing the ratio of the specific heat of air under a con¬ 
stant pressure, to its specific heat under a constant volume. 

By this means, the value of of No. 657, will become 

_ gmhy 

Clt — • 

D 

If A be the density of the air under the pressure gmh and 
at the temperature zero, we shall have (No. 624) 

— ^ 

^ l + a0’ 

and, consequently, 

A 

Since by hypothesis the quantity j is independent of ; 
pressure and temperature (No. 637), it appears 1st, that the 
velocity a will increase with the temperature 0, in the ratio ot 
y'l.f a6 to unity; 2ndly, that it wilt not vary with the heights 
of the barometer, since A and a increase simultaneously in 
the same ratio. The French Academicians who were sent to 
Peru to measure the arch of the meridian, found, in fact, that 
the velocity of sound at Quito, where the pressure of the ba¬ 
rometer was only was very nearly the same as at Paris, 

where this pressure amounted to 0“, 76. The hygrometrical 
state of the air has some little influence on the value of a; for 
since the density diminishes, every thing else being the same, ac¬ 
cording as the air contains a greater quantity of vapour, cc the 
velocity will increase with the degree of humidity; but from 
the data of No. 631, it appears that the density of dry air at 
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the temperature of 18® 75, for example, hardly exceeds by 
that of air loaded with the greatest quantity of vapour that it 
can contain: and this only causes a variation of in the velo¬ 
city of sound in these two extreme states of thehygrometer(t^). 

It has been found in the latest experiments made by per¬ 
sons, who were deputed by the Bureau of Longitude, that 

a = 340^89, 

the second being taken for the unit of time, and the tempera¬ 
ture of the air being 15®, 9 of the centigrade thermometer. 
Now, if in formula (b) we make 

ff = 9^89896, h z= a^76, — = 10,462, 

a = 0,00375, $ = 15®, 9, y = 1,3748, 

we obtain 

a=:337’%0r; 

which differs very little from the result of observation. By 
assuming (No. 637) 

7 = 1,421, 

and retaining all the other data, we find, 

a = 342% 69,: 

which differs from the value given by observation in an oppo¬ 
site way from the preceding, but the difference is, as before, 
very small. If the observed velocity is made use of to deter¬ 
mine the value of y by means of the formula 

I gmh {I -J-aO/ 

we obtain, by means of the preceding data, 
y =: 1,4061. 

665. When this last value of y is compared with the pre¬ 
ceding, we should recollect, that in each of them the dilatation 
or condensation of the air is supposed to be so rapid, that the 
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quantity of heat of the fluid has not had time to vary in a sen- j 
sible degree. Now in the propagation of sound in the open 
air, from which the value of 7 = 1,4061 has been obtained, it 
is possible that the heat may escape or return with greater fa¬ 
cility in a radiating form, than in the case of sound produced 
by air contained in a tube, the consideration of which has fur¬ 
nished the other value, namely 7 =: 1,421, and in which the 
quantity of heat of each stratum of air can only vary by con¬ 
tact with the sides of the tube. This remark enables us to 
account for the difference between the two results, and also 
induces us to think that the greatest value of 7 is the most 
exact. 

If this quantity isjiot taken into account, the velocity of 
sound reduced to ^i /is that given by Newton. It is 

too small by about a sixth. In order that it might agree with 
experiment, Lagrange remarked that the pressure must be 
supposed to vary in a greater ratio than the density, and to be 
very nearly proportional to the | power; and in fact, if the 
square of s be neglected, the value of p which is made use of, 
is(t;) 

for the density 0(1 + s). But he did not assign any cause of 
this more rapid variation of the elastic force of the air; and it 
was Laplace who first attributed it to the variation of tempera¬ 
ture with which the alternate condensations and dilatations of 
the air are accompanied in the phenomenon of sound. 

It is to this same cause that the propagation of sound in 
vapour produced from water at its mmimim of density is to be 
ascribed. If a sonorous body is made to vibrate in a closed 
vessel which contains this vapour, without any mixture of air, 
experiment shows that sound is produced in this vapour, and is 
heard outside it. Now, if the temperature of the stratum of 
vapour adjacent to this sonorous body, was not increased when 
it is condensed by the vibrations of this body, it would be re- 
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duced to water, and precipitated on this body, since it is 
supposed to be at its maximum of density relative to the tem¬ 
perature of the space in which it exists ; but as its temperature 
is increased by the compression, the stratum adjacent to the 
sonorous body may maintain itself in a state of vapour; it 
then condenses the following contiguous stratum, this con¬ 
denses the stratum which is next to it, and so on; so that the 
sound is propagated as in a medium of permanent gas to the 
inner side of the vessel. The dilatations of the strata of va¬ 
pour, which succeed their condensations, are accompanied with 
a diminution of temperature, by which, however, they are not 
reduced to water, since their density diminishes at the same 
time, and falls below the maximum relative to the temperature 
of the space in which the phenomenon takes place, 

666 . If water be considered as a fluid a little compressible, 
and perfectly elastic, sound will be propagated in it according 
to the same laws as in a mass of air. When the sound has 
reached to the surface of the water, it will be partly trans¬ 
mitted into the external air, and partly reflected back into the 
water; in this distribution, the direction of the sonorous waves, 
both transmitted and reflected, will be determined according 
to the laws of the reflection and refraction of light. The ve- 
locity of reflected sound will be the same as that of the direct 
sound, and the ratios of the intensities of transmitted and re¬ 
flected sound to each other, and to the intensity of direct 
sound, will depend on the ratio of the velocities of the propa¬ 
gation of sound in the two superimposed media, that is to say, 
in air and water. These points are detailed at length in the 
memoirs cited at the commencement of this chapter; so that 
we shall here restrict ourselves to the determination of the nu¬ 
merical value of the velocity of sound in a mass of water. 

It appears from what has been observed in the case of an 
elastic fluid, that this velocity will be the same as if the water 
was contained in a very narrow tube, the diameter of which 
was the same throughout; and in this case, this velocity is 
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also the same as that of the propagation of the motion, along 
the length of an elastic rod of the same material as water. 
Now let us suppose that a column of water contained in a 
vertical cylinder is pressed at its upper surface by the weight 
A, and let I be its natural length, and / — what it becomes 
by the effect of this pressure, so that S may be a very small 
fraction which expresses the condensation of the liquid; like¬ 
wise let p be its weight, and g the gravity; if, as in No. 494, 
we make • 



9ji _ 
P 


5 


a will be the required velocity, as has been observed in No. 
497- 

Let b denote the horizontal section of the column of water; 
then if the pressure A is supposed to be equal to the weight 
of a column of mercury whose base is 5, and height is equal to 
/i, we shall have 

A =: gmhh^ p = gplb^ 

m denoting the density of the mercury, and p that of water; 
and there will result from this 



so that in order to calculate the value of cj, it is sufficient to 
know the fraction 8 relative to a given height A. 

The English philosopher Canton found 

8=0,000046, 

at the temperature of 10 degrees of the centigrade thermometer, 
and under a pressure equivalent to the ordinary pressure of 
the atmosphere. This result has been confirmed by experi¬ 
ments recently made, under more considerable pressures, as 
has been already observed in No. 575, and these show that the 
condensation is proportional to the pressure, and equal to the 
preceding value of 8, for each atmospherical pressure. More- 
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over these expenments, however great the pressure may have 
been, do not indicate auy sensible increase of temperature, so 
that there is no reason to think that the propagation of sound 
in water is accompanied, as in the air, with a variation of tern-* 
perature which can influence its velocity. This being the 
case, if this value of S be substituted in the preceding formula, 
and if we make 

g =9", 80896, A = 0“, 76, - = 13,6976, 
we obtain firom it 

a zs. 1484"; 

80 that the velocity of sound in water is more than the qua* 
draple of its velocity in aii(a;). 



CHAPTER III. 


OP THE MOTION OF FLUIDS IN A PARTICULAR HYPOTHESIS. 

667. The supposition which is made in this chapter is 
known under the denomination of the hypothesis of the paraU 
lelism of the slices. It consists in supposing that when a 
heavy fluid, water for example, flows out of a vessel, and 
issues through a horizontal orifice made in the bottom of the 
vessel, the infinitely slender horizontal slices continue pa¬ 
rallel, while they successively replace each other. This im¬ 
plies, that the differences of the vertical velocities of the points 
which belong to the same horizontal slice are neglected, so 
that each slice may be regarded as composed of the same 
points of the fluid during the entire continuance of the motion. 
Likewise, the horizontal velocities which are by hypothesis very 
small with respect to the vertical velocities, and which have 
but a slight influence on the vertical velocity common to all 
the points of the same slice, are neglected. These suppo¬ 
sitions always agree better with observation, as the horizontal 
dimensions of the vessel vary less, and as their differences, 
from one slice to another, are smaller, with respect to the 
height of the liquid above the orifice. When these conditions 
are satisfied, it is observed, in fact, that particles of any light 
powder thrown into the liquid, and carried along in its motion, 
move, very nearly vertically, with a velocity which is almost 
the same for all the particles situated in the same horizontal 
slice. They retain these directions as long as they do not 
come very near to the orifice; when they are at an inconsider¬ 
able distance from it, and the area of the orifice differs con¬ 
siderably from that of the lower sections of the vessel, they 
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assume oblique directionSj which shows that then the pa- 
tallelism of the slices ceases to be admissible, for there is 
every reason to suppose that these light particles are attached 
to the liquid, and exactly assume the motion of the points to 
which they belong. 

Therefore in the hypothesis of the parallelism of the 
slices, such as it has been now explained, there are only two 
unknown quantities to be determined in functions of two 
variables; namely, the velocity of any slice whatever, and 
the pressure to which it is subjected, in functions of the dis¬ 
tance from a horizontal plane and of the time. The question 
will be thus reduced to its greatest possible simplicity, and 
will be susceptible, as we now proceed to show, of a com¬ 
plete solution, in the case of a homogeneous inconfipressible 
■fluid, 

668. Let ABCD be the vessel (fig. 56), ab the horizontal 
orifice, eb the level of the liquid, occ a vertical axis, on which 
the distances of the horizontal sections jfrom a fixed point o, or 
from the horizontal plane drawn through this point, arc 
reckoned. Likewise, let mnm'n' be any slice whatever, 
comprised between mn and m'n' two horizontal sections of the 
vessel, whose distance from the point o at the end of any 
time whatever, such as f, is iP, and breadth dev. Let v denote 
its velocity at this same instant, and p the pressure relative to 
the unit of surface, which is made on the upper surface mn, and 
is transmitted hy the fluid on the lower section m'n', and on mm' 
and nn' the sides of the vessel. Let y represent mn the area 
of the section mn of the vessel, which, in each example, will be 
given in a function of a?. Finally, let g be the gravity, and p 
the constant density of the fluid ; the question will consist, as 
has been stated, in determining the values of v and p in func¬ 
tions of t and X, 

The mass of the slice which is considered will be the 
product of the density p and of its volume ydx^ and therefore 
equal to pydx. If it was free, the increment of its velocity 
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would be gdt in the instant it actually increases by dv, 
consequently the velocity lost is gdt — dv ; and we have 

for the force that is lost, that is to say, for the part of the 
weight gpydx which is destroyed by the pressure of the other 
slices. Therefore by the principle of D'Alembert, there 
should be an equilibrium in the fluid, if all its slices were 
solicited by similar forces; in this state, the pressure py which 
acts on MN the upper surface of the slice pydx^ will be 
transmitted on the inferior base m'n', and will consequently, 
as the pressures are in the proportion of the surfaces (No. 57 7), 
become p' denoting the area of m'n' ; hence, if to this 
transmitted pressure, be added the preceding motive force, the 
entire pressure exerted on will be obtained i and if this 
pressure on the unit of surface be denoted by p', we shall have 

p'yf =py' + (s' - 

Now, as the quantities p* and are what p and y become, 
when X -j- dx is substituted for a?, there will result, by neglect¬ 
ing infinitely small quantities of the second order, 

and, consequently (a), 

{p^-p)y' = %ydo=-> 

this reduces the preceding equation to the following 



this might also he obtained by substituting 9 - plac® 
X in the first equation of equilibrium of No. 682. 
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669. The second equation which is necessary to determine 
the two unknown quantities, will be furnished by the consi¬ 
deration of the incompressibility of the fluid. It follows from 
it, that the volume of the liquid which passes, during the 
instant dt^ through each horizontal section of the vessel, must 
be the same for all sections; consequently, the velocities of 
the fluid, which correspond, at the same time, to two different 
sections of the vessel, must be reciprocally proportional to the 
areas of these sections. If therefore u denotes the velocity at 
the end of the time at the horizontal orifice ab, and a the 
area of this orifice, this velocity u will be to v the velocity at 
MN any section whatever, as ^ to a; hence we obtain 


au 


( 2 ) 


In this value of m is a function of and y a function of ; 
the differential may therefore be taken with respect to one or 
other of these two variables: the diflferential relative to 
expresses the difference between the velocities of two consecu¬ 
tive slices which have place at the same instant; by diffe¬ 
rentiating with respect to the difference between the veloci¬ 
ties of two slices of the fluid, which successively correspond 
‘to the same section of the base, will be obtained; but, in 
order to obtain the difference between the successive velocities 
of the same slice, which is displaced in the instant dt^ the 
value of V should be differentiated, at the same time, with 
respect to the variables x and t\ this gives 

dv ^ a du aU dy dx 
dt^ydt dx dt* 

dx * 

Moreover, we have — = ; and by taking into account 

U/Z 

equation (2), there results from it 


dv ^ a du dy 

dt'^ydt y^ dx* 
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It is this value of that should be employed in equation 

(1), which becomes, in consequence, 

dp _ ap^ ^ 

'y dx' 

If these two members be inultipHed by dx, and then in¬ 
tegrated with respect to x, there results, by observing that 
dti 

the quantities u and must then be considered as constant(6), 




du 



o?pu^ 


£ being an arbitrary constant, which may be a function of U 
In order to determine it, let n represent the atmospheric 
pressure, which we suppose to be that which has place at bf 
the upper surface of the liquid. Previously to the com* 
mencement of the motion, this surface is horizontal, and as 
each horizontal slice is assumed to be constantly composed 
of the same points of the fluid, it follows that the surface ef 
will remain horizontal during the entire continuance of the 
motion. At the end of the time let 0 denote the distance 
of EF from the point o, and w the area of this variable section 
of the vessel, so that w may be the same function of 0, as y 
is of aj; we shall have, at the same time, 

p = n, 57 = 0, 2/ = (o; 


and if the integral § y be supposed to commence when a? r: 0, 
the preceding equation will give 


€ = n + “q y — yp9 ; 


in consequence of which, this equation will become 

/ AN du^dx pii^ (0? /o\ 

p = n + - 0) - W - -y b - 
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By means of equations ( 2 ) and ( 3 ), the values of the two 
unknown quantities v and p will be given, when the value of 
n shall have been determined. 

670. For this purpose it is to be observed, that the pres¬ 
sure which has place at the orifice ab will be given; for if the 
liquid flows into the open air, it will be the same as the atmos¬ 
pherical pressure, which presses at its level ep ; and if it flows 
into a vacuum it will be cipher ; for greater generality, we shall 
suppose that it flows into air whose elastic force is equal to 
the pressure n diminished by gpc^ the pressure corresponding 
to c, a given height of the liquid; so that if I denotes the 
distance of the orifice ab from the point o, we shall have con¬ 
stantly 

^ = n - gpc, 

for x'zzh Likewise, let h denote the height of ep, the level 
of the liquid, above this orifice, or the difference / • 0, and 

^ the value of the integral ^ — extended to the entire volume 

of the liquid ; so that X is a line, the length of which is a 
function of A, depending on the figure of the vessel, and given 
in each example. Therefore, at the orifice, we shall have at 
the same time, the preceding value of jt?, and 


X I ::z S ^ 


‘0 4- A £& 

e y 


1 


consequently, equation (3), applied to this section of the ves¬ 
sel, will become(c) 




( 4 ) 


in which we make, for conciseness, 




We may remark, that this numerical quantity will be 
always positive and less than unity; for, in order that it 
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should become negative, the area of the least section of the 
vessel should surpass that of the orifice, and the liquid should 
be detached from the vessel at the place of this least section, 
which will then become the true orifice through which the 
flowing takes place. 

When the level of the liquid always remains at a constant 
height above the orifice, the three quantities A, 0, Z, will be 
given constants, and equation (4) will suflSce to determine the 
value of w in a function of t. When the level ep is depressed, 
during the flowing of the liquid, h will be a variable, which 
must be also determined in a function of t. Now, at this 
dO 

level, y zz b) and v and because the sum 0 + A is equal 

dt 


to Z a constant quantity, we have also ^ zz — ^; 
fore, in virtue of equation (2) we shall have 


there- 


dh , an . 
—= 0 ; 
at (t) 


( 5 ) 


and thus the values of u and A will depend on the two diffe¬ 
rential equations (4) and (5), which are of the first order. 
The two arbitrary constants which their integrals will con¬ 
tain, can be determined, by means of the initial height of the 
liquid, and by observing that w = 0, at the commencement of 
the motion. 

Whether the level is depressed or does not vary, if q de¬ 
notes the volume of the liquid which has issued from the 
vessel at the end of the time Z, its differential will be equal to 
audfy the volume of the slice which traverses ab the orifice 
during the instant dt; therefore, we shall have 

dq = audty q =: a^udty 

the integral being taken so that it may vanish when ^ = 0. 

We now proceed to apply these different formulse succes¬ 
sively to the two cases of a constant and variable level. 
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671. In the first case, equation (4) gives(^/) 

"'2^(A + c) — 

hence we deduce;, by integrating and substituting h for 
^ _ 


Xtzz 


— — log ■_ 

(iV2gh v2^A —jSw 


it is not necessary to add any arbitrary constant, for we must 
have u zz 0 when t = 2 *^. We are at liberty, without changing 
this formula, to consider /3 and 2^A, as either positive 
or negative; we shall suppose them to be positive. There 
results from the preceding expression, 

\/2gh-^(iuzz{\^2gh-{- ^ > (^) 

e denoting, as usual, the base of the Naperian system of loga¬ 
rithms. According as t increases, the second member of this 
equation will diminish; so that after the lapse of a certain time, 
it will be sensibly cipher; and, reckoning from this time, the 
velocity u will be very nearly constant and equal 

=pl/2^A. 

In each point of the vessel, the^pressure p and the velocity 
V will vary with the velocity and become sensibly constant 

at the same time as u. If in formula (3), be made equal 
to cipher, there will result, by substituting its preceding value 
in place of w, 

which will be the final value of p relative to M any point 
whatever. 

In the state of equilibrium, the pressure on this point 
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would be n + ^jo (ic — 0 ), therefore, it will be increased or 
diminished by the motion of the liquid, according as the 
last term of this formula is positive or negative; that is to 
say, according as the horizontal section mn or y is greater or 
less than the section ef or w. 

Equation (6) gives (/) 




_ j 


2I 




^uVTgh J ^ 

•2a e ““ 


and as 5 = a^udt, and j = 0 when < = 0 , we shall therefore 
have(^) 


2a\ . 


fixtV tigJt 

^ 2 a 


/3\iV \ 

+ e y 


for the volume of the liquid that has issued from the vessel 
during the time t. After the lapse of a certain time, the 
second exponential may be neglected relatively to the first, 
and we shall have 


ta\^2gh 2 a^, ^ 


The first term is the volume corresponding to 2gh, the 

constant velocity with which the liquid flows out; the total 
volume is less, since at the commencement, the variable value 
of tc is less than this final velocity. 

672. In the case of a variable level, tc should lie con¬ 
sidered as a function of h, and by eliminating dt between 
equations (4) and (5) ; there results(A) 




ahidu 

\wdk 


hl3V = (), 


the constant c being always supposed to be comprised in h* 
If ^ denotes the height due to the velocity so that 

4 F 
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= 2gz, udu 5= gdz, 

the preceding equation will be changed into the following li¬ 
near equation, 


dz j8®Xfc> Xa»A 
dh a® 


= 0 , 


( 7 ) 


the integral of which may be obtained, as is well known, under 
a finite fo^m(^). 

When z and u are known in functions of A, equation (5) 
will give ^ in a function of h by an immediate integration ; 
so that the time which has lapsed, when the level of the liquid 
is at a certain height h above the orifice, will be known, and, 
conversely, h the height of the level ef, at the end of t any 
time whatever. The entire time which all the liquid takes 
to flow out will be obtained, by integrating the value of dt 
from the initial value of A to A = 0. With respect to q the 
volume of the fluid that has flown out, it will be equal, at 
each instant, to the portion of the vessel contained between 
the variable and initial level. 

673. Let us suppose, for example, that the vessel is a ver¬ 
tical cylinder terminated by a segment of surface, the sagitta 
of which is very small, and in which the horizontal orifice ab 
is pierced. Let a be the constant area of the horizontal sec¬ 
tion of the cylinder, and n the ratio of a to a, so that we may 
have(A) 

a = -, -5—^ 

n ^ rr 

If the inferior segment of the vessel, which is by hypothesis 
very small, is not taken into account, we may assume 

1 A 

in equation (7), which will then become(/) 
dz 1) 


dh 


0 + = 0 . 
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Its complete integral i8(»i) 
z =: 


2 -«®’ 

in which c denotes the arbitrary constant. If the initial value 
of h be denoted by H, it is necessary that z should vanish for 
A = H; this requires that 




a-»* 


hence there will result, at any instant whatever, 


We shall have, at the same time, 

M = n/2^AV -13^2-> 

and, in virtue of equation (5) («), 

dh / 2 — 

It is this formula which should be integrated in order to 
obtain t in a function of A. In the case of « = 1, we shaU 
have 


( 8 ) 


( 9 ) 




dh 


V^2p H—a’ 


hence we obtain 


= v1 


/h — a. 


and, consequently, 

H — A =s ) 

aa we know it ought to be, since the orifice being then equal 
to the base of the cylinder, the motion of the hquid ought to 
be the same as that of a heavy solid body that descends m a 
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vacuum. Formula (9) may also be integrated in a finite form, 
when zz 3, and it can only be elFected in this case and for 
nzz I* But its definite integral taken from A zz h to A = 0, 
which expresses the time that the entire liquid takes to flow 
out, may be always reduced to the transcendentals, that M. 
Legendre has denominated definite Eulerian integrals of the 
second species, and of which he has given numerical tables. 
This reduction has been also effected by the author in the 
third volume of the correspondence of the Polytechnic school; 
here however he restricts himself to apply formula (9) to the 

case of zz % in which it occurs under the form 

Its true value, as furnished by the common rule, is(o) 



Now if we make 

h zz dh =z — 

there will result from it 

dt:=z2\/— e-^dx. 

9 

The limits relative to Xy which correspond to A = H, and 
A = 0, will be a? ci 0 and a? =:» . If therefore the time of the 
entire flowing out be denoted by t, we shall have 

^ ^ Jo ^ g 

since the integral ^ ^ e^^'dx is half of e'^'^'dx, the va¬ 

lue of which is tt, as was observed in No. 512. It follows 

therefore that the time t is that in which the small oscillations 

2h 

of a simple pendulum, the length of which is —, are per¬ 
formed. 

674. When a.b the orifice is very small relatively to the 
horizontal sections of the vessel, the term multiplied by a in 
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equation (4) may be neglected, unless the factor — is not 

very great; this is, in fact, what has place at the commence¬ 
ment of the motion, when the velocity u varies with great 
rapidity. We may also substitute unity in place of j3; and 
then, whether the level falls, or remains stationary, equation 
(4) is reduced to 

^(A + c) — = 0; 

from which we obtain 

u 2g(h + c). 

It follows from this theorem, that the velocity of a liquid 
which issues from a vessel through a very small orifice, is equal 
to that which a heavy body would acquire in falling in a va¬ 
cuum through a height equal to that of the level of the liquid 
above this orifice, (when the superior and inferior pressures 
are equal), or more generally, of the height of the level, in¬ 
creased by the constant c, when these two pressures are 
unequal. 

In the case of a constant level, this theorem results from 
the final value of u found in No. 671, by maldng in it /3 = 1- 
It results also from formula (8) applied to the case in which n 
is a very great number, in order that the orifice a may be a 
very small part of a, the horizontal section of the cylinder. 
We can then substitute in place of — 2; this at once 
changes formula (8) into 

Now as A is evidently less than h, the power of ^ 
will be a very small fraction, and this value of u will be re¬ 
duced very nearly to u zz \/^gh. 

As the orifice ab is very small, if ^the section mn is not 

very near to this opening, the ratio which occurs in for- 
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mula (3), will be very small ; the ratio ^ is so likewise; the 

last term of this formula may therefore be suppressed ; and if 
the term multiplied by a be also neglected, it will bo reduced 
to 

p = n — 0) ; 

hence it follows that in the case of a very small orifice, tlic 
pressure in all points of the vessel at a distance from this 
aperture, is sensibly the same during the motion as in the state 
of equilibrium. 

676. The hypothesis of the parallelism of the slices re¬ 
quires, in general, that the orifice should be horizontal; but 
when the orifice is very small, this may be also assumed even 
when the liquid flows through a lateral opening, the plane of 
which may have any inclination whatever, and may even lie 
vertical. It appears from observation that the liquid situated 
a short distance below this small opening remains stagnant, 
and that the horizontal slices, situated at an equal distance 
above this same opening, descend parallel to themselves, H« 
that, as in the case of a small horizontal orifice, the panil- 
leflsm of the slices is not disturbed, except for the part of the 
liquid which is very near to the orifice. V2^.(/i + c) may 
therefore be assumed to be the velocity with which the liquia 
flows through a very small opening, whatever the inclination 
of this orifice may be; A being the constant or variable height 
of the level of the liquid above the centre of the orifice, and c 
the constant arising from the difference of the exterior pres¬ 
sures which correspond to this level and this opening. If tlic 
vrasel is situated in a vacuum, in which case the two pressures 
and this constant are cipher, the molecules of the liquid will 
be actuated as they issue from the vessel, by the velocity 

^2^ which is due to the height A, which is also the velocity 
with which a body should move, in order that when pro- 

^ tWs height 

onsequently, if a vertical direction is given to 
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the fluid by means of a pipe, it will reascend in the tube, to 
the height of its interior level; which is in fact conformable to 
experiment. In general, the molecules of the fluid will de¬ 
scribe, in a vacuum, after a very short interval of time, parabolas, 
the tangents to which at their point of issuing from the ori¬ 
fice, will depend on the direction of the jet, and the parameter, 
on the height A or A + ^5 if fbe constant c is not cipher. 

The pressure p will be sensibly the same as in a state of 
equilibrium, except at the orifice, where it will be equal to 
Uspc instead of n +^pA. ISIow ifit was also equal to n 
on this part of the vessel, the horizontal pressures will destroy 
each other, and the vertical pressures will be reduced to the 
weight of the liquid increased by Hw, the pressure which has 
place on the surface of the level; hence it follows, that in the 
state of motion, the entire load which the pressure will have to 
sustain, will be made up of the vertical pressure which would 
have place in the state of equilibrium, and of a force normal to 
the plane of the orifice, acting from without the vessel inwards, 
and equal to the excess of the pressure (n +gph)a over the 
pressure {n—gpc)a, or to gp{h + c)a, in which a denotes, as 
before, the very small area of this orifice. 

676. In the case of a constant level and of a very small 
orifice, either horizontal or inclined, the consuTuption in the 
time t, that is to say, the volume of liquid which issues from 
the vessel with the velocity V2gh^ will be 
g ^ at 2gh ; 

this also results from the final value of which was found in 
No. 671, by neglecting the square of a. But it should be kept 
in mind that the hypothesis of the parallelism of the slices, 
on which this value of q is founded, is only an approximation, 
the accuracy of which cannot be estimated a prwiH^ and of 
which therefore the results should not be employed without 
restriction; for it is well known that this theoretical value of 
the consumption of the Uquid does not always accord with ex¬ 
periment. 
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If the side of the vessel is not very slender, an<! if 
opening wrought in it widens internally; so tliat the fluid 
which flows out of the vessel may be a vertical cylindtT, or a 
curved cylinder, the vertical sections of which arc constant, 
and equal to a, the area of the orifice, measured on the exterior 
surface of the vessel; in this case it may be admitted that the 
observed consumption agrees with the preceding value of y. 
But if the side he very thin, the observed consumption is 
always proportional to the area of the orifice and to the square 
root of the elevation of the level, as in the theoretical formula; 
but though it is in this proportion, it differs from this formula 
in its absolute value, by a factor which is nearly constant, and 
less than umty. It appears from the most accurate ex peri-* 
ments, that this factor is 0,62; so that the value of y which h 
made use of in practice is 


?=(0,62)at\/2^/i, 

Wien the orifice is a very small one wrought in a thin siclo, 
an t e eight of the level considerable with respect to tiu* 
immsions of this opening, whether horizontal or indirKul. 
This difference is ascribed to the inclined directions which 

the m^oleculesofthe liquid assume, as they approach the orifice, 

clearness we suppose to be horizontal, niul 
w ic they retain, after having traversed the thin side of 

/.nnt T i ^ from this, that the exterior fluid vein 

contracts to a smaU distance from the vessel, where it atfthis 

retains^ T L " 

orifice was theT^'^^ ^ ™anner as if the area of the 

section be ci so tiat if the area of this ' 

level of the Hqrid b V ’ constant distance from the 

W Sowed o«t WM de‘now"f 

because h and h' 5/ ^^7’ "" 
other. NowitisrunH / 

‘ by direct measurements r.f 
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the section compared with the orifice a, that these two 
quantities are to each other in a ratio, which is very nearly in¬ 
dependent of A, and that we have constantly o! =: (0,62) a. 

It appears from experiment, that if to an orifice in a thin 
side, a cylindrical adjutage be fixed without the vessel, perpen¬ 
dicular to the plane of the orifice, the quantity which flows 
out through it will be increased, and may amount to four- 
fifths of the result of theory. On the contrary, if this adju¬ 
tage is fixed in the interior of the vessel, the quantity which 
flows out is diminished to one-half of the quantity which is 
given by theory, so that in the preceding value of g', the factor 
0,62 should be replaced by 0,80 in the first case, and by 0,50 
in the second. 

These results of observation have been here only briefly 
pointed out, as they have not as yet been reduced to any 
precise theory. 

677. The hypothesis of the parallelism of the slices is 
also assumed in the motion of an elastic fluid which issues 
from a vessel through any orifice whatever; and, when the 
sections of the vessel parallel to the plane of the orifice, do not 
differ much from each other, and the length of the vessel is 
considerable with respect to their dimensions, this hypothesis 
is not far from the truth. 

In this case, the weight of the molecules of the fluid is not 
taken into account, so that the motion is solely due to the 
greater or less elastic force of the fluid, in the interior of the 
vessel than outside it. Therefore, the term depending on g in 
equation (1), which is applicable both to liquids and elastic 
fluids, must be suppressed. Moreover, as the differential of v 
•which it contains, must be taken with respect to t and the 
variable ai, considered as a function of we shall have 


_ av , av ax - 

*=*■"+***' 
dx • • 

and as we have also — this equation will become(p) 

4 G 


VQL. n. 



614 


ON THE MOTION OF FLUIDS 


dp 

dx 


dv 




dv 

dx 


= 0 . 


(a) 


As the fluid is compressible, the same volutme will no 
longer pass, at each instant, through all the sections of the ves¬ 
sel, and equation (2) will not have place. The mass of fluid 
which passes in the instant dt^ through the section mn, will 
be equal to pyvdt^ the same mass will pass the following in¬ 
stant through the section m'n', its volume being changed; and, 
daring the entire continuance of the motion, its magnitude 
will not vary. Therefore the differential of the product pyv, 
taken with respect to and the variable x considered as a 
function of will be cipher; and, because y is solely a func¬ 
tion of Xy and that ^ = u, we obtain from it($) 


dy d,pv , d,pv 

•y I /If • _1_ /a/'H L—. 




dt 


+-«/«■ 


dx 


: 0 . 


(fc) 


Finally, if the temperature remains constant during the 
motion, in the entire mass of the fluid, we shall have 


p — pk\ 

h being a given constant coefficient. 

This being established, if ^ be substituted in place of p 

in equations (a) and (b), we shall obtain two equations of par¬ 
tial differences of the first order, by means of which v andp, 
the two unknown quantities of the problem, can be deter¬ 
mined in functions of t and x. As they are not integrable in 
a finite form, the values oip and v can only be obtained by 
approximation. These values will contain two arbitraryTunc- 
tions, which can be determined by two particular conditions ; 
for this purpose, we shall suppose that the elastic fluid issues 
into the open air, so that if IT denotes the atmospheric pressure, 
on the unit of surface, we may have constantly p n, at the ori¬ 
fice AB. We shall also suppose that the vessel communicates 
with a gasometer of great capacity (r), by means of which 
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BF a section of the fluid parallel to ab, and fixed in position, 
sustains a constant given pressure, so that if this pressure on 
the unit of surface be denoted by n', we shall also have/) 11' 
in this part of the vessel, during the entire continuance of the 
motion. If therefore the distance x be reckoned from the 
plane ef, and if I denotes the distance comprised between ab 
and EF, we shall have, whatever t may be, ^ = 11' for a; = 0, and 
p = n for a; = ^; this will enable us to determine the two 
arbitrary functions, and thus completely solve the problem. 
But this solution is so complicated that it cannot be reduced 
to any useful result; and in practice it is sufficient to know the 
constant velocity with which the fluid flows through the ori¬ 
fice AB, when the pressure p and the velocity v become con¬ 
stant in each point of the vessel; this, in general, takes place 
after a very short interval of time. 

cfe? do 

678. If therefore we make ^=0, and = 0, in equa- 

at at 

tions (a) and (b), they will be reduced to two differential equa¬ 
tions, namely, 


k dp ^ dv 
pdx ^ dx ^ ’ 




because p kp. 

The integral of the second of these equations h(s) 


ypvczc; 

c being an arbitrary constant. If the orifice ab be always 
denoted by a, and the velocity of the fluid at this orifice by u, 
so that we may have at the same time, v = w, p = n, 

and, consequently, c = allw, there will result from this, at 
any point whatever of the vessel. 




(d) 


By substituting this value of v in the first equation (c), it 
becomes 
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2n2^,2 d ,— 


g^nv 

p dx py dx 




hence, by integrating, and denoting the arbitrary constant by 
c\ we obtain(^) 




Therefore, if the area of the section ep be denoted by so 
that we may have at the same time y "zz a and p = D', we 
shall obtain 


Alogll' 




2n'V 


- = e' 


3^6, by subtracting this equation from the preceding. 


(e) 


By means of equations (d) and (e), the velocity and pres¬ 
sure in any point whatever of the vessel will be known, when 
n the velocity relative to the orifice is known. Now by 
making p = n, and p — a, in equation (e), we obtain 




(0 


from which the value of m can be deduced. In this formula 
we suppose 

h = grh, 

g denoting the gravity, and r the ratio of the density of the 
mercury to that of the interior fluid under a barometrical pres- 
sme, the height of which is h, hence the value of the volume of 
the fluid which issues from the vessel in the time t, will be 


It may be remarked, as in No. 615, that when the orifice 
IS very smah, it is no longer necessary that it should be parallel 
e section ef, that is to say, it may be made in the lateral 
part of the vessel, and have any inclination whatever on the 
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plane of this section. We may then neglect the term depend¬ 
ing on ^ in the first member of equation (f which will be¬ 
come 

M®r= 2srrA.log 

consequently, the velocity with which a fluid issues through a 
very small orifice, will be that which is due to a height rA, 

n' 

multiplied by the Naperian logarithm of the ratio —. The 

supposition that the temperature is invariable during the en¬ 
tire continuance of the motion, implies that the velocity u 
should not be very considerable, otherwise the temperature 
would vary, as in the propagation of sound. 


ADDITION. 


EELATIVE TO THE APPLICATION OF THE PKINCIPLE OF LIVINO 
FORCES IN THE CALCULATION OF MACHINES IN MOTION* 

t 

679. The conditions of the equilibrium of forces applied 
to machines, are furnished immediately by the principle of 
virtual velocities; the theory of their motion is given by that 
of living forces, which enables us to calculate, in the most di¬ 
rect manner, the effects of the forces that are applied to them- 
This application of the principle of living forces constitutes, 
so to speak, the point at which rational and practical mechanics 
coincide. It is on this account that the author thought it 
necessary to give, in this addition, a brief sketch of the most 
general principles relative to this matter. 

680. Machines may be defined to be instruments or sys¬ 
tems of solid bodies, which are made use of to transfer the 
action of forces from one pa!rt to another of these bodies. 

Therefore when a machine is in motion, certain points 
of it are subjected to the action of given forces, and other 
parts press on exterior bodies, or are reciprocally pressed by 
those bodies which it is proposed, by means of the machine, 
either to displace or to separate. The first description of 
forces are termed moving forces^ and their points of application 
move along their directions, or, more generally, the directions 
of the motions of these points make acute angles with those 
of these forces(a). On the contrary, the pressures exerted by 
extraneous bodies are denominated resisting forces^ and the 
directions of the motions of their points of application are op¬ 
posite to those of these forces, or at least, they make with them 
obtuse angles. 
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The connexion of the parts of a machine is such, that it 
can, in general, only assume two motions, directly opposite 
the one to the other; it follows therefore, that, when the di¬ 
rection of the motion which it actually assumes is known, one 
equation is sufficient to determine this motion in a complete 
manner. This equation is that which is obtained by inte¬ 
grating the two members of equation (a) of No. 564, namely, 

d , = Sm (xdx + Ydy + zdz). (a) 

After the lapse of if, any time whatever, reckoned from the 
commencement of the motion, v denotes the velocity of the 
point, and aj, z its three coordinates referred to fixed rect¬ 
angular axes; m is the mass of this point; dx^ dy^ dz are the 
projections, on these axes, of the space which it describes 
during the instant dt ; mx, w,y, mz denote the components of 
its entire force parallel to these same axes, and the sums S 
are supposed to extend to all points, such as m, of the system. 

681. Before we proceed farther, it will be useful to distin¬ 
guish, in the second member of equation (a), between the 
terms which arise from the moving forces and those which 
result from the resisting forces, and to assign another form 
to them. 

For this purpose, let p be one of the moving forces, and 
a, / 3 , 7 the angles which its direction makes with lines parallel 
to the axes of x^y^ z\ we shall have, relatively to this force? 

mx ;= pcosa, twy = Pcosj3, mz zz p C 0 S 7 . 

Likewise, if ds be the space described by its point of ap¬ 
plication during the instant dt^ and X, /x, v the angles which 
the direction of ds makes with its projections dx^ dy^ dz^ we 
shall also have 

dxzzdscosX, dy = ds cosfjL, dzzzdscosv. 

Finally, if dp denotes the projection of ds on the direction 
of the force p, and o- the angle contained between, dp and ds ; 
we shall have 
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dp ZZ ds COStr, COScr = COSa COsA + COS]3 COS/X + cosy COSj; ; 
and, from these different equations, we deduce(&) 
m{^dx -f- Ydy -l- zdz) = ^dp^ 

for that term of the second member of equation (a), which 
corresponds to the force p. 

If one of the resisting- forces be denoted by q, and the pro¬ 
jection of the space described during the instant dt^ by its point 
of application on the production of its direction, by rfg', it 
may be shown, in the same manner, that — (^dq is the term of 
this second member, which arises from the force q. In this 
manner, equation (a) will assume the form 

i d .Smys = Sprfp - SQt/y; (b) 

in which one of the sums 2 contained in its second member is 
supposed to extend to all the moving forces of the machine, 
and the other to all the resisting forces. According to the 
hypotheses that have been made respecting the directions of 
these two descriptions of forces, relatively to the motions of 
the points where they act, the quantities dp and dq^ and also 
p and Q are positive, consequently the sums 2 consist only 
of positive terms. 

682. If h denotes the initial velocity of m any point what¬ 
ever, or the value of v corresponding to ^ = 0, then we shall 
obtain, by integrating the two members of equation (b), 

i 2?wu2 - -127wP = S Sp^/p - S 2; (c) 

in which the integrals are taken in such a manner that they 
may vanish at the commencement of the motion. It is under 
this form that the equation of living forces should be employed 
in order to calculate the effects of machines in motion; it 
coincides with equation (b) of No. 564, when the integrations 
indicated in its second member can be effected. 

The products '^dp and <kdq^ the sums of which are sub¬ 
jected to these integrations, have received different denomina¬ 
tions ; they have been termed tU quantities of action, the 
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moments of activity ^ the dynamical effects of the forces p and 
Q, It would be useful if they were always designated by 
the same term; the denomination of quantities of elementary 
work^ which was proposed to be given to them by a French 
author of the name of Coriolis, is the one that will be here 
adopted. Consequently, the sums and SQdy will be 

the quantities of elementary work performed daring the same 
instant by all the moving forces and all the resisting forces; 
and their integrals JSpd/? and jSadg' will express the entire 
motive work and the entire resisting woj'k of the machine, 
from the commencement of the motion to the instant in 
question. 

Hence, equation (c) indicates that, in any machine in mo¬ 
tion, the increment, during any time whatever, of the semi¬ 
sum of the living forces of all its parts, is always equal to the 
excess of the motive work over the resisting work, during the 
same interval. 

683. If the moving force p, or the resisting force q, is a 
weight n, which descends in the first case, through a vertical 
height A, or which ascends, in the second case, to the same 
height, the product IIA will be then the value of the motive or 
resisting work, whatever be the route traversed by this weight, 
h being always the vertical projection of the right line or 
curve described by its centre of gravity. If there are points 
of contrary flexure in this line, or if it returns into itself, the 
motive work and the resisting work will alternately succeed 
one another; and, as h is the difference of level of the points of 
departure and arrival, HA will be the excess of the first work 
over the second. In the case in which there are no such suc¬ 
cessions, the quantity of work corresponding to a weight FI 
raised to a height A, is equivalent to the quantity of work 
which belongs to another weight 11^ when elevated to a height 

nA 

A', which is such that W := jp-. 

Whatever may be the force p or q, the integral or 

4 H 
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S <^dq is always equivalent to the product of a weight P and a 
height h ; and, in order to compare together, and express in 
numbers, works of different descriptions, we may in this man¬ 
ner assimilate them to weights raised to given heights. In 
this case there is assumed for the unit of work, which is usually 
termed the dynamical unit^ the work corresponding to a 
weight of 1000 kilogrammes, which is supposed either to be 
raised to the height of a metre, or to descend vertically through 
a space equal to a metre. This being agreed on, if the nu¬ 
merical values of the integrals and iQdg be computecL> 

1000 kilogrammes being assumed as the unit of force, and the 
metre being the linear unit, the numbers obtained in this man¬ 
ner will express, in dynamical units, the quantities of work 
represented by these integrals. Any sum whatever of living 
forces, such as ^ for example, may be also expressed in 

dynamical units; for if I be the height due to the velocity Vf 
g the gravity, and p the weight of we shall have 

= 2^^, p zz gm^ \^mv^ = Sp/; 

and this sum is of the same nature as the integrals and 
or as the product n^. 

684. When the machine sets out from a state of rest, 
equation (c) is reduced to 

4 =z I 'Z^dp — (d) 

As its first member is always positive, it is necessary that, in 
the first instants, the motive work should exceed the resisting 
work. But as the velocities of the points of the machine 
cannot increase indefinitely, this first member attains its maxi^ 
mum after the lapse of a certain time, which is for the most 
part inconsiderable. By a means which will he pointed out 
farther on, the semi-sum of the living forces is made to 

remain constant from the instant the maximum is attained, or 
at least it then only experiences very small variations, so that 
the machine is said to have attained to its permanent state. 
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In this constant state, we obtain, by differentiating the pre¬ 
ceding equation, 

; 

so that the effect of the machine is then to change, at each 
instant, the elementary motive work into an equal quantity of 
resisting work. But it is important to observe, that $ 'Eo^dq 
the quantity of resisting work into which the motive force 
S is changed, during any time whatever, does not ex¬ 
press solely the work proposed to be done by means of this 
instrument, for the integral also contains the resisting 

work that arises from the friction of the parts of the machine, 
either against one another, or against extraneous bodies, and 
also that which is produced by the friction of the medium in 
which the machine moves (rf). 

For example, in order to take into account the frictions, it 
is necessary, agreeably to what has been observed in No. 568, 
to add to S Eoidg, the integral arising from the resisting work 
properly so called, another integral SS/Nd'<5, in which / is the 
coefficient of the friction, N the mutual pressure of the parts 
which rub against each other, and ds the element of the curve 
described by their point of contact. In consequence of this 
addition, equation (d) will be changed into 

^ Emv^ = SSpdp — lEQdq - (e) 

Hence it follows, that when a machine has attained to a 
permanent state, JSPdp the quantity of work performed 
during a given time by the moving forces, is not altogether 
represented by SSodj? the effective part of the resisting work, 
for this part is always less than the motive work J Evdp, by 
the entire quantity of work that corresponds to the frictions 
and the other resistances. A machine is more perfect the more 
the effective work ^Eddq approaches to an equality with the 
motive work but the first integral can never, how¬ 

ever the parts of the machine are combined, be equal to the 
second, much less surpass it. As an example of imperfect 
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macliiuerjr, in which the effective work is only a very small 
fraction of the motive work, or rather in which the greatest 
part of this is absorbed by the frictions, we may cite the old 
machine set up in Marly; in this the motive work consisted in 
the fall of a considerable body of the water of the Seine, and 
the effective part was the elevation of a quantity of water to a 
height, which was far from being an equivalent for the small¬ 
ness of its quantity. 

685. The essential parts of a machine are, the part to 
which the moving force is applied, that which is in contact 
with the body which it is proposed either to move or separate, 
and the intermediate part which transmits the action of the 
moving forces. It is of consequence, in order to save ex¬ 
pense in the construction of machines, and also to diminish 
the frictions, that the solid mass should be as small as possible, 
consistently with the solidity of its parts; but there is another 
circumstance to be considered, in consequence of which it is 
necessary to increase this mass, and to add to the three essen¬ 
tial parts of which it consists, a piece called a Jly^ and which 
in general consists of a solid body revolving about a fixed 
horizontal axis. 

As the motions of the three first parts of a machine are 
either such as are alternately those of the motive and resist¬ 
ing kind, or such as produce a revolution, ^ the semi-suini 
of living forces relative to them, becomes a periodic quantity, 
after it attains ^^^naxvmum ; consequently, this will be the case 
with respect to the second member of equation (e) ; so that if 
the machine was reduced to its three essential parts, the motive 
work and the resisting work, in which last the effects of fric¬ 
tions are supposed to be included, would alternately predomi¬ 
nate, the one over the other; and if the alternate variations of 
the motive work JSprfp and of the part of the resist¬ 

ing work, were not exactly regulated according to the periods 
of the machine, the quantity of effective work would 

continually vary. Now, in order to secure the good perform¬ 
ance of the working of the machine, it is indispensably neces- 
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sary that, for the most part, the effective work should ap¬ 
proach as near as possible to uniformity; and the chief use of 
the fly-wheel is to accomplish this object. In fact, if dm is 
an element of the mass of the fly, r its distance from the axis 
of rotation, w the angular velocity about this axis, common to 
all the elements dm^ and which may vary from one instant to 
another; tid will be the absolute velocity of dmi consequently, 
\r^u?dm will be the value of the sum of the living forces of the 
entire mass of the fly, or, what comes to the same thing, the 
product in which fx denotes the moment of inertia of the 
fly with respect to its axis, that is to say, the integral ^r^dm 
extended to the entire mass. If therefore be added to 
the first member of equation (e), and if the semi-sum | 
be supposed to refer to the three other parts of the machine, 
we shall have 

I — S 'Ecidq — ; 

from which we obtain 

SSQcij =: R — 
in which we make, for conciseness, 

R = I'Stvdp — jS/Nrf^ — ^ 

Now, we may conceive that the variations of w can be 
so regulated by those of this quantity r, that the entire 
variation of r — i/xw® may be reduced to very small ampli¬ 
tudes, and that consequently, the resisting work may be 
very nearly invariable in the permanent state of the machine; 
we may likewise conceive that, every thing else being the 
same, the variations of w the velocity of the fly, will be so 
much less, as /x its moment of inertia is greater. 

686. The quantity of motive force necessary to put the 
machine in motion, and to increase the total living force, 
until it reaches its maximum^ is found to be augmented by the 
addition of the fly; but after the machine has attained to its 
permanent state, the masses of its different parts no longer 
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influence its work, provided we do not take into account the 
effect of their weights on the frictions* 

If, during the motion of the machine, its parts experience 
a shock either between themselves or against extraneous bodies, 
and if after the shock the points of contact are actuated by a 
common velocity in a direction perpendicular to the surfaces, 
there will be a diminution of liying force in the system; if the 
parts which experience the shock, are afterwards separated in 
virtue of their elasticity, there will be also a loss of living force 
when these parts are not perfectly elastic; and when they are 
perfectly elastic, there will be a loss of living force in the first 
part of the shock, and then an increase exactly equal to this 
loss in the second part (No. 572). Consequently, in order to 
reduce the machine to its permanent state, without any dimi¬ 
nution being sustained in the quantity of resisting work, there 
must be a fresh consumption of motive work made by the 
moving force, similar to that which has place at the commence¬ 
ment of the motion, and equal to half of the living force that 
is lost during the shock(e). This is the reason why, inde¬ 
pendently of the damage which these shocks produce in ma¬ 
chines, it is also necessary to avoid them, in order to economize 
the moving forces. 

687. In general, the resisting work which arises from 
frictions and the action of the medium in which the machine 
moves, is a continually increasing quantity; so that in order 
there may be some effectual work, or, at least, that the motion 
of the machine may be kept up, it is necessary that the quan¬ 
tity of motive work should also increase with the time, and in 
a ratio at least equal to that of the increment of the resisting 
work. If this is not the case, the resisting work will even¬ 
tually become equal to the motive work, at this instant, the 
semi-sum of the living forces of all the points of the system will 
be cipher; the velocities of all these points will be zero, and 
the machine will stop, and be reduced to a state of rest. 

There should be also added to the frictions and resistances 
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which produce this gradual exhaustion of living force, the 
communication of a part of the motion of the machine to its 
supports, which part is then transmitted and lost in the ground 
where the machine is placed. This communication does not 
arise solely from the defect of solidity in the supports; it is 
also produced by their elasticity, in consequence of which the 
motion is propagated in the same manner as sound; and there 
may result from this propagation a diminution of the velocity 
of the parts similar to that which is produced by the resistance 
of a medium. An example of this remarkable effect is furnished 
in the motion of a pendulum suspended at the extremity of an 
elastic horizontal rod of an indefinite length. The details of 
this discussion are given in the additions a la Connaissance 
des temps pour Vannee 1833, page 26, 

When the action of the moving forces is suppressed, and 
the effective work of the machine has likewise ceased, the 
equation of living forces becomes 

^ — S S/Nrf.5; 

being the sum of the living forces of all the points 
of the system at this instant, this sum at a subsequent 
epoch, and is supposed to comprise both what arises 

from frictions, the resistance of the medium, and also the 
loss of motion by the supports. Now this last term very soon 
becomes equal to so that the living force of the ma¬ 

chine will be completely exhausted, and it will cease to move, 
as has been already stated in No. 568. 

688. When a man carries his own weight, or himself, 
which we shall denote by u, to a place the vertical height of 
which above the point from whence he set out is A, the quan¬ 
tity of work performed is, by the rule of No, 683, expressed by 
u/i; but this quantity will give us a very imperfect notion of 
the muscular efforts that have been made by him, and of the 
entire muscular force which he has developed. Indeed it 
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would be difficult to obtain an exact measure of it; we can 
only show that it exceeds, for the most part considerably, the 
preceding quantity, which would be cipher, if the height h 
was zero, although there can be no doubt, but that a man 
walking on a horizontal plane, exerts a quantity of mechanical 
work. 

If as he walks the man has first the left foot before the 
right, his centre of gravity is then depressed below its natural 
position by a quantity which we shall denote by f. Then by 
leaning on his left foot, the man, by means of the pressure of 
this foot against the ground, brings up his right foot to a level 
with the left, afterwards the right foot is advanced before the 
left, and placed on the ground; in this operation he makes an 
entire step, which is thus made up of two parts, li^ow, in the 
first part, the man raises his centre of gravity by the height c, 
and thus performs a quantity of work equal to Uf; he im¬ 
presses at this same instant on this point a horizontal velocity, 
which we shall denote by a, at the end of the first half-step ; 
this corresponds to another quantity of work equivalent to the 

semi-living force ^ —, in which g denotes the gravity. There 

^ 3 

should be also added to -, the part of the semi-sum of the 

Kving forces arising from the relative velocities of all the other 
points of the body (No. 569) ; but it is not necessary to take 
these into account in this estimation, which can be only a 
mere rough sketch. We shall likewise assume that the se¬ 
cond half-step has place in virtue of the .velocity acquired at 
the end of the first, and of the weight of the body which falls 
back on the ground, so that during the second half-step, the man 
exerts no effort whatever, and thus the vertical and horizontal 
velocities with which his centre of gravity are still actuated at 
the end of the entire step must be destroyed by the impact and 
friction of his foot against the ground. In this hypothesis, 
the quantity of work exerted by the man during the entire 
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step, will be the sum Uf + J-or u (g + a), in which a de¬ 

notes the height due to the velocity so that a® = 2ga> 

It follows from this, that in a number such as n of equal 
and similar steps, the value of the quantity of work performed 
by a man or animal carrying a load, and advancing on a hori¬ 
zontal route, will be wk(£ + a), in which ic denotes his weight 
u increased by that of the burden. If the entire weight was 
raised vertically to a height h about the point of departure, 
Kh should be added to the quantity wK(e + a); and if the 
load is drawn along a route on which it experiences a resist¬ 
ance denoted by f, which is a certain fraction of its weight, 
there will result another addition of work to be done equal to 
fZ, in which I denotes the length of the route(/). 

689. In calculating the elfects of machines in motion, it 
is frequently useful to distinguish the velocities which are 
common to all its points, and also those that are relative to 
their different points. For this purpose, let x, z be always 

the coordinates at the end of the time Z, of any point whatever 
(hoc dLi! (hz 

whose mass is m; ^ will be the components of its 

absolute velocity at this instant, and the coordinates of this 
same point will become cc + dx, y + rfy, ss + dz^ at the end of 
the time t + dt. Now, the motion of the system during the 
instant dt^ may be decomposed into a motion of translation 
and rotation common to all its points, in which their distances 
are invariable, and into particular motions, in which these dis¬ 
tances undergo suitable variations, l^et d'x^ d*y^ d'z denote 
the increments of ar, y, sr, which arise from the common mo¬ 
tion, and dflc^ d/y^ djZ^ those which result from the relative 
motion of then we must have 

dx =: d'x -f d,x^ dy =: dhy + d^y^ dz = dz^ -f d^z. 

Likewise, relatively to this same point wz, let w', t;', be the 
three components of the common velocity, they will be given 
functions of Z, x, y, z, and will be respectively 

4 I 
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, d'x , 


dt’ 


w 


dt ’ 


those of its relative velocity will be likewise 

d^x d^y djZ 
dt ’ dt' dt' 

so that the components of its absolute velocity will he 
dt~ ^ dt' dt~ ^ dt' dt~ ^ dt' 


and by differentiating, there will result 
cPaj _ du‘ ^ dd,x 

dF~li ^ IF' 

(Py __ dv^ ^ dd/y 
dF~l[t'^ ~dF' 

(Pz _ dw' , ddfZ 
dP ^ dt dP ^ 


(0 


which will be the accelerating forces of this point m in the di¬ 
rection of the axes of the coordinates; the differentials relative 
to t being taken with respect to this variable and to the co¬ 
ordinates y, z, considered as functions of t. 

If this point m is constrained to move on a surface, which 
may be either fixed or moveable, but whose form is invariable, 
it should remain constantly on this surface, in virtue of the 
motion common to all the points of the system. If l = 0 be 
the equation of this surface, l will be a given function of the 
coordinates of m referred to the moveable axes, which partici¬ 
pate in the common motion, and this quantity may be changed 
into a function of the time and of the coordinates of m referred 
to fixed axes, that is to say, into a function of z, z. 
Equation l = 0 ought to subsist when these four variables 
are replaced} either hy t dt^ x + dx^ y + dy^ z rfz, in the 
absolute motion of m, or by ^ + dt^ x -f dx^ y + dy^ z + dzy 
in the common motion of the system. Therefore, if infinitely 
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small quantities of the second order are neglected, we shall 
have simultaneously (^) 

—d'v ^—d'g - 0 


aud, consequently, 


dh .dh ,d.v 

£<;,»+5‘',y+E';^=o. 


(%) 


This being established, we now proceed to investigate the 
sum of the living forces due to the relative velocities of all the 
points of the system, and to compare it with the sum of living 
forces which result from their absolute velocities. 

690. For this purpose, let us resume the general formula of 
No. 631, from which equation (a) of No. 680 has been de¬ 
duced, and let us successively arrange the terms of this for¬ 
mula with respect to the different descriptions of forces which 
may act on the system that is considered. In the first place, 
let p be one of the given exterior forces; as 8 p is the projec¬ 
tion of the displacement of its point of application, on its 
direction, which projection is considered to be positive or ne¬ 
gative, according as it falls on the direction itself of in or on 
its production, we shall have, as in No. 681, 

7 w(x 8 i*; + YZy + 282 ) = pSjo, 

for the part of the above cited formula, that results from this 
force p. 

Likewise, let 11 be the mutual action of two points of the 
system, whose masses are m and m', r the distance mm'i of 
which R is a certain function; then as 2 , a;',«/', 2 :' are the 
coordinates of m and 7 w', we shall have 


= {x—x'f + {jf—yy + 

and if 8 r be the variation of r which results from their incre¬ 
ments 8 a 7 , hj, Sz, So;', Sy', dz', we shall have likewise 
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rS/* = (ic — x') (Bx — Bx') 

+ iff-yO i^y-^!/) + — 2 ^')- 


be 


The components of the force ii applied to the point »?, will 




and those of the same force applied to the point m', 



hence there results 

m(xBx + YBy + zBz) 

+ m'(x'Bx' + Y'Sy' + z'Sz') — ± nSr, 

for the part of the general formula, which arises from the force 
E; in this the superior or inferior sign has place, according as 
this force is repulsive or attractive. 

If the point m is constrained to remain on the surface, 
whose equation was denoted by l zz 0 in the preceding num¬ 
ber, and if w be the element of this surface corresponding to 
the point m at the end of the time t, and wu the resistance 
which it experiences, this force will be normal to the actual 
position of w ; therefore its components will be 

dh dh , dh 

772X = WUV^, wuv-r-, 7nz = wltV —, 

dx dy dz 

in which we make, for conciseness, 
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and if we also assume 

' (I®*+§*")=»“• 

there will result wuSm, for the term of the general formula that 
arises from the resistance (uu. The factor u will express this 
resistance on the unit gf surface; andSw will be the projection 
of the displacement of m on the normal to the element w ; the 
sign will be doubtful in consequence of the radical v, and Sw 
is to be regarded as positive or negative according as the pro¬ 
jection of the displacement of m falls on the direction itself of 
the resistance wu, or on its production. 

Besides the normal resistance of the sui'face on which the 
point m is constrained to move, it likewise experiences a tan¬ 
gential resistance, that arises from the friction against this 
surface; if this force be denoted by wf, and the projection of 
the displacement of the material point m on its trajectory by 
(jjtSs will be the corresponding term of the formula of 
No. 531, 

In consequence of this, the formula may be written as 
follows: 



= SpSp ± SaSr + Sa)uSt« — SwfSs ; J 

in which the sum S of the first member belongs to all the 
points of the system, and the sums S of the second member 
extend, the first to the points which are subjected to the action 
of the extraneous motive forces, the second to the mutual ac¬ 
tions of all the points of the system taken two by two, the third 
and fourth to all the elements of the surfaces that in moving 
resist, and produce fnction. This being established, if the 
sole condition that restrains the motions of the entire system, 
be, that a part of the points of the system are constrained to 
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exist on these surfaces, all these points may now be regarded 
as entirely free, and Bx, the variations of the coordi- 

ates of any point whatever, may be subjected to any condition 
we please. 

691. In the first place we will suppose that 

Bx=:dv, By = dj/, Sz=:dsi; 

in which c^e the displacement of any point whatever is 
that which has actually place during the instant dt. We shall 
have at the same time gr = dr, and gp, gu, gs will be replaced 
by dp, du, ds, which denote the projections of the real dis¬ 
placement of the point m on the directions of the forces p, 

t^v, If the velocity of any point whatever such as m be 
denoted by then since 

equation (h) will become 

J = 2pdjp ± 2Rdr + 2a.oe?if _ 2wFd«. 

Hence we shall obtain, by integrating, 

iSwn* -1 2 mA* = S2Pfllp ± S2Rdr + S 2wudM - $ 2a.FJ4-; (i) 

in which the integrals are supposed to be reckoned from the 
commencement of the motion, k being the initial value of*;. 

The term l^vdp comprises the part of the motive work 
that belongs to the weight of the system; and if this weight 
be denoted by n, and the vertical height through which the 

centre of gravity fells in the time t by Z, this part will be 
equal to 11?. 

When the distances of the points of the system that is con¬ 
sidered continue invariable during the motion, rfrwill be = 0, 
and the term ^'S.rdr will disappear from equation (i). In the 
case of a fluid, this term comprises the mutual attractions and 
repulsions of its points, which extend to considerable dis¬ 
tances; It also comprises those mutual actions that are pro- 
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perly denominated molecular forces (No, 588), which extend 
only to insensible distances, and which produce those interior 
pressures of which no account was taken in forming- equation 
(i). The value of this integral l'2Rdr depends on the change 
of form and on the condensations or dilatations of the fluid 
during its motion; and for the very small variations of density 
which have place in the liquid, it may vary very considerably, 
on account of the molecular forces or interior pressures that 
result from it (No. 57ft). 

The sums and that occur in the two last in¬ 

tegrals, are themselves double integrals, which extend to all 
elements such as w, of the resisting and rubbing surfaces. If 
the part of the system which produces friction by moving 
against one of these surfaces is a solid body, the force wf 
will be independent of the velocity of this body, and propor¬ 
tional, for each element such as <*>, to the corresponding 
pressure, which is equal and contrary to the resistance wu. 
If this part of the system which produces friction is a fluid, 
the force wf will depend on its relative velocity, and will 
be independent of the pressure (No. 456). When the surface 
of which L zz 0 is the equation, is immoveable, the projection 
of the displacement of on the normal to this surface, will 
be cipher, since the point m is constrained to exist on this 
surface; therefore we shall have dw = 0; in consequence of 
which the integral will disappear; and if besides, we 

do not take into account the friction, equation (i) will be re¬ 
duced to the ordinary equation of living forces. 

692. Let us now assume 

8a; z= d/Kf 8y =: d^y^ Bz = 

in which case the displacements of the points of the system 
implied in equation (h), are their relative displacements. Let 
dja, d^ be the projections of the relative displacements of 
the points to which the forces p, u, f are applied on their di¬ 
rections ; d^p, d/iy djS^ will be the values of Sp, 8^<, 8^, which 
correspond to those of 8a7, 8?/, dss that are employed. More- 
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over, as the other parts d!x^ d% d!z of the total differentials 
dx^ dy^ dz^ are supposed not to influence the mutual distances 
of the points of the system, Sr will be changed into the diffe¬ 
rential cf/-, as in the preceding number. Consequently, equa¬ 
tion (A) will become 



== Sprf/P ± SRrfr + '2(jjvd,u — '2u)Fd,s, 


If the relative velocity of the point the components of 

which are ^5 be denoted by Vj^ we shall have 

dt dt dt ^ 



and, by differentiating. 


\d.v]^ 


ddfc 

dt^ 


d,x^ 


dd,y 


df 




ddfZ 


Hence we shall have in virtue of equations (f) 


j , d^y 1 . d?z j 


= ^d.v^ 4 . 


dt 


J JF . 


dt 


Moreover, if we substitute £?/r, d^y^ dps in the expression 
for lu of No. 690 , in order to obtain that of we shall have 



which will be cipher in virtue of equation (g). Equation (k) 
will assume, by means of these values, the form 


\d.^mv^ + S«* (^' + ^d,y + ~d,z) 

= Sprf,/? ± — SwJF(i^5; 

and by integrating, there will result 
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— I = S "SisdiP ± S SKdr—§ SwFd/ 

(du' dvf, did , \ * (1) 

in which the integrals are reckoned from the origin of the mo¬ 
tion, Ai being the initial value of 

693. This equation (1) will make known the increment, 
during the time of the semi-sum of living forces due to the 
relative velocities of all the points of the system. 

If in the general formula of No. 531, we make the hypo¬ 
thesis which has conducted us to equation (e), that is to say, if 
we substitute djZ^ instead of grc, Sj/j we shall have 

or, in consequence of what precedes(7i), 

kd.mvr- ■S.m [(x - ^)dfl + (y - g) '' 

in which S, the sum that occurs in the second member, is sup¬ 
posed to extend to all the forces that act on the points of the 
system, with the exception of those forces, that arise from the 
normal resistances of the fixed or moveable surfaces, and which 
are made to disappear, by means of the values assumed for 
8 a?, dz. Now if H denotes the force whose three compo¬ 
nents are 


{ du'\ 

f dv^ 

f 

dw‘\ 

dt )’ 

”^V-df> 

, m\z 

dt)' 


and dih the projection of the relative displacement of its point 
of application on its direction, we shall have 

m(x- ^dpi + (mY - + m{z- = 

the upper or lower sign has place, according as this projection 
dfi falls on the direction itself of the force H, or on its produc- 
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tion. Therefore, if in the first case h and dfi. be retained, and 
if L and d,l be employed in the second, we shall obtain 

i ^ z= — 5 ; 

in which the sum Sho?/i is supposed to extend to all the 
moving forces of the system, and the sum to all the re¬ 
sisting forces. 

This last equation is in fact equation (1), presented under 
a different form. It appears from a comparison of it with 
equation (d), that the principle of living forces likewise ob¬ 
tains with respect to the relative velocities of the points of the 
system, such as they have been defined in No. 689, provided 
that the given forces p and q are replaced by other forces, u 
and n, which depend on the first and on the motion common 
to all the points of the system. We are indebted to M. Co¬ 
riolis for this theorem. It may be usefully employed in many 
questions which do not fall under the head of rational mechanics, 
and for which the reader is referred to a memoir of his in the 
twenty-first number of the Journal of the Polytechnic School, 
on the principle of living forces in the relative motions of 
machines. 

694. JSro?/* the term that results from the action of mole 
cular forces, is the same in the two equations (i) and (1); for 
the most part the term that arises from the friction is also the 
same in the absolute and relative motion of the system, and, 
consequently, it does , not undergo any change when we pass 
from one equation to the other; in this case, then, if the se¬ 
cond of these equations be taken from the first, we shall have. 

=: S2p(rfp — d^p) 

If the forces p are reducible to the weights of the different 
parts of the system; and if n denotes the entire weight, and 
the vertical height described by its centre of gravity during 
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the time U iii the motion common to all its points, it is easy 
to perceive that we shall likewise have(^) 

Moreover, if there is only one resisting surface, and if it 
be, for example, a plane that moves parallel to itself, the 
given motion of this plane may be assumed for that of the 
common motion of the system, for it satisfies the two condi¬ 
tions of No. 689; it will not produce any change in the mu¬ 
tual distances of the points of the system; nor will it prevent 
the points that are in contact with this moveahle plane, from 
remaining on its surface. Besides, it is evident that as this 
motion is perpendicular to the moveable plane, it will not have 
any influence whatever on the relative velocities of the points 
which slide on this plane, nor on the trajectories that they 
describe; hence it follows, that the resisting work arising’ from 
the Motion against this plane, will be the same in the absolute 
and relative motion, as is implied inequation (m). In order 
to simplify still more this equation, the motion of the resisting 
plane is supposed to he uniform; so that all its points describe 
perpendiculars to its initial position with a common velocity, 
which should be rendered invariable and independent of the 
action of the system on this plane. Its components v% v/ 
will be constant, and we shall have 



If this velocity be denoted by u, and the angle that its direction 
makes with that of gravity by a, we shall have also(A) 

= at cosa. 

Moreover, let q denote the pressure, at the end of the time 
on the entire surface of the given plane, and acting in the di¬ 
rection of the velocity a. Then the resisting work corres¬ 
ponding to this force, talien in a direction the opposite to that 



640 


ON THE PRINCIPLE OP LIVING TOBCBS 


in which it acts, that is to say, to the resistance of the plane, 
will be — ^Qodt, during' the continuance of the time t, the in¬ 
tegral being supposed to vanish with this variable. Therefore 
if the fector a be taken from under the sign we shall have 

SSwudw zr — a^Qdt, 

for the value of the last term of equation (m), which will 
become 

Sm (A® — A,®) — i Sot (®® — v/) + IIo^ cos a = oj Qdt . (n) 

The velocity v, is the resultant of v and of the velocity a 
estimated in a direction contrary to that in which it acts; if 
therefore, e denotes the angle that the direction of the velocity 
V makes -with that of a, we shall have 

w® = o® — 2au COSE + a®, 

and if 8 denotes the initial value of e, we shall have also 
A:,* s= t® — 2 oft COS 8 4* o® 5 
hence there results 

i'Sm{k^ — A/) = uSotAcosS — ^a®SOT, 

4 S»n (tJ* — »/) z= uSwi® cos £ — 4**® Sot ; 

this changes equation (n) into the following, namely, 

'Sank cos8 — Swmcose -f- IK cosa = $adt, (o) 

when a the factor common to all its terms is suppressed. 

The sums SmkcosB and Sot® coss express, at the com¬ 
mencement and end of the time t, the quantities of motion of 
all the points of the system, estimated in a direction perpen¬ 
dicular to the given plane; the product fltcosa is the quan¬ 
tity of motion produced in the same direction by 11 the weight 
of the system, during the continuance of the time t; and the 
integral ^Qdf is the quantity of motion destroyed during this 
time by the resistance' of the given plane; now it is evident 
that this last quantity ought to be equal to the excess of the 
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first sum over the second, increased by the quantity ntcos a; 
so that the preceding equation, which expresses this equality, 
may be regarded as a verification of our analysis. 

696. When k the velocity of each point of the system is 
suddenly changed into the velocity », the action of the system 
on the ^ven plane will become a percussion; during an ex¬ 
tremely short time, Il< cos a the efiect of the gravity may 
be neglected; so that the quantity of motion destroyed by the 
plane will be the excess of SmJl cos8 over Smvcose. 

If the system is a solid body situated above the plane, and 
which continues in juxta-posidon with its surface after the 
shock, ucosj the component of the velodty v will be the same 
at this instant, for all the points of the body, and equal to the 
constant a; therefore, if equation (o) be difierenced with re¬ 
spect to t, we shall have 

n cos a = Q; 

and, in feet, as the velodty of the plane is, by hypothesis, in¬ 
variable, the accelerations produced by g^ravity, which would 
have place in a direction perpendicular to its surface, must be 
continually destroyed by its resistance; consequently, this 
force must be equal and contrary to the component of the 
weight n in this same direction, to which component the 
pressure q should be equal. 

We may remark that when the angle a is obtuse, the sign 
of the prece<fing value of q is minus. But, it was supposed 
above, that the direction of the pressure exerted on this plane 
was the same as that of the velodty a ; and, if the contrary 
was the case, the sign of q should be changed in all the pre¬ 
ceding equations. Now, as the pressure, in feet, takes place 
in a direction contrary to that of the velocity a, it follows, 
that when the angle a is obtuse, the value of Q must be 
— n cosa; or, in other words, this value must be always 
equal to Ilcosa, abstraetbg from the consideration of the 
sign. 
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696. Equation (o), which is evident in itself, will enable 
us to determine the pressure on a plane ab (fig. 67), of a fluid 
vein which is actuated by a velocity equal to ot, in a direction 
perpendicular to this plane, and which direction makes an angle 
equal to a with that of gravity. 

For greater clearness, we shall suppose that the liquid 
issues from a vessel through a horizontal orifice, and that it 
forms below the contraction of the vein (No. 676), a vertical 
cylinder, all whose points are actuated by a common vertical 
velocity, which we shall denote by 7 . We shall also suppose 
that the level of the liquid as kept at a constant height in the 
vessel; by which means the velocity y becomes independent 
of the time. 

The vein retains its cylindrical foim and the velocity y 
as &r as CD, a horizontal section thgt is made at a short 
distance above the. plane ab ; it will then spread on this 
plane, and will eventually flow over it. After the lapse of a 
certdn time, the fluid will attain to a permanent state, in 
which the velocity of each molecule will only depend on the 
place that it occupies, and where the pressure in any point 
whatever of the plane ab, will be also independent of the 
time. It is in this state that it is proposed to determine q, 
the total pressure that is exerted on the entire surface of the 
plane. 

The part of this pressure that is due to the weight of the 
liquid, will be the component of this weight estimated in a di-*^ 
rection perpendicular to the plane ab, with the exception of 
the part of this same weight that is sustained by the sides of 
the vessel from which the liquid flows. As it will be always 
easy, in each particular case, to take it into account, we shall 
here abstract from the consideration of it, and consequently 
make n = 0 in equation ( 0 ). It is evident that in the sums 
2771 ^ cos S and Sttii^cosc, we may also omit the consideration 
of the molecules of the liquid that are situated above cd, since 
they always retain the same velocity, which causes the dif- 
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ference of these two sums to disappear. Finally, if the dia- 
meter of the fluid rein is very small, the thickness of the 
iqmd stratum will be also very small, to an inconsiderable 
distance about^ the axis of the vein. At this distance, the 
re atire velocities of the points of the stratum will be sensibly 
parallel to the plane ab, throughout the entire thickness of 
the stratum, or what comes to the same thing, their compo¬ 
nents perpendicular to this plane will be equal to a. More¬ 
over, this part of the fluid that is comprised between ab and 
CD will be much more considerable than the part adjoining to 
the axis of the vein, if the surface of the plane ab is very 
great relatively to the section Sb; we may therefore, without 
sensible error, assume a to be equal to the ucoss, the compo¬ 
nent of y, the velocity of each point of the fluid contained 
between ab and CD. 


This bemg established, let c'n' be another section of the 
fluid vein, made above cn, and such that the volume com¬ 
prised between cn and cV peay be equivalent to the volume 
of the fluid contained between ab and cn; and let the time 
that the first volume of the liquid takes to traverse the section 
CD, and to occupy the place of the second volume, be denoted 
by 9, then if the sums Siraft cos S and Smu cos t, of equation (o), 
extended to all the points of the second volume, be supposed 
to refer to the beginning and end of the time 9, since at the 
commencement, all these points were situated above cd, and 
consequently, are actuated by a velocity, which makes an 
angle o with the velocity a, we have for any point whatever 
such as m, ’ 


A—y, 4cOs8 == yCOSa. 

At the end of the time t, we have, as has been already 
stated. 


V cos j = a, 

for any point whatever such as m, of the liquid contained be- 
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tween ab and cn. If tKerefore the mass of this Kquid be de¬ 
noted by jx, there will result 

Sm&cosS— Swz;cosc = ju(7Cosa — a). 

Moreover, as the pressure a is constant, the integral 
is equal to the product q 6, for the duration of the time 6 ; 
therefore by equation (o) we shall have 

jLt(7Cosa — d) =zQ0. 

If » be the number of times that the time 0 is contained in 
t any time whatever; then Ufi will be the mass of the liquid 
which traverses the section ensuring the time t; but as this 
mass is also equal to pcyt^ in which p denotes the density of 
the liquid, c the area of the section cn, and y the constant ve¬ 
locity with which the liquid flows through this section, we 
shall consequently have % 

np. ~ pCyt» 

If the preceding equation be multiplied by w, and if we substi¬ 
tute in it this value of Wjtt, and then suppress the factor which 
is common to all its terms, we have finally 

Q rr pcy (ycosa — d) 

for the value of this pressure that it is proposed to determine. 
It should be observed that this formula implies that the angle 
a is acute; when it is obtuse, the sign of q should be 
changed, as has been stated above; so that then we shall have 

Q, =: pCy(yCOSa + «)• 

These two expressions for ^ likewise suppose that the 
plane ab is entirely covered with the fluid spread over its 
surface; in order to this it is necessary that a should not be a 
right angle, and in general, that it should differ sensibly from 
90°. When the direction of the motion of the plane is vertical 
we have a =: 0, or a » 180°, and, consequently, 

a = pC7(y±a); 
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the upper sign has place when the plane moves in the di¬ 
rection of gravity^ and the lower sign in the contrary case. 
If a =: 0, and y be the velocity due to the height A, and g 
the gravity, we shall have 

Q = '^gpch\ 

so that in this case the pressure o will be equal to the weight 
of a portion of the cylindrical vein, the length of which is /^. 




NOTES. 


CHAPTER I. 

(«) From equation (1) we obtain 

^7 ^ ^ ^n'dv^^ 

which becomes, by reducing the first terms of the first member to a 
common denominator, and putting dv for — dv' in the second, 

- JJ-, - ghdt = {m + m') dv, ; 


dt 


now if in the equation 


fdrh dv\ 
dv 

we substitute this value of -7-, there results 
dt 


which is equal to 


ffh fmH' — mm^l\ , 


Y — mm'I' 


^g;h: 


mm' (I + 1') 


m + wi' 

ndl 
m ^ 


gh ; 


(m + wd) W 

and when dU == m/', this expression becomes, as Vzn 

, /wi + '/n'\ , . . . mgh 

+ —= -f- 

(/;) The quantities of motion lost are 7n. (o — c) = (a'+c?), 

from which we obtain 
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ma • 


m^a' = (m + c, *.* c = 


ma - 


on + m' 

if this yaltte af c be substituted in m . (a — c), it becomes 


ma 


^ + a') 

\ m •{• m' j w + w' * 

(e) Since in this equation <fo = dxf— — and ^'=A— 

cfi dit 

we obtain by substituting these values for c/v, do\ 

from which there results, by reducing, 

d^SD (I + 1'\ \gh 

and by substituting and /8 for^, becomes the equation 

in the text, the integral of which can be obtained by the common rules. 
Now when the entire chain exists on the same inclined plane, that is, 

dx 

-when X x^— di A, we have dx =: vz:z — consequently, 

the preceding equation becomes 

■which, as ^ in this case is equal to V is reduced to|^ =^, iwhichis 
^tbe equation m uniformly accelerated motion. 

{d) Since a line parallel to the base of a triangle divides the sides 
which it meets into segments ^r^to the sides, it is evident that as 
X, x\ the parts of the chain in equilibrio on I and are proportional 

to these lines, the line connecting the two extremities of the chain 
must be parallel to the base, and consequently horizontal. 

(a) By adding these two equations together, we obtain mdv -b 
niaJd/d =: 0, and if the first members of these equations be multiplied 
: hy 2 andSt;^ respectively, and then added together, there results 

2 mvdv 2 w't/'cZw' 4. 2 a {vdi - v^dt) = 0, 

vdt — = dx — dx^ = — dr^ 


now 
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consequently, 

2 mvdv + 2 m'v'dv' = 2 Vidr, mv* + m>i}‘ = 25 Rrfj- + c'. 
if) law of Mariotte we have 


R : /trey :: a : r, 


B =: 


hoJCL 

T 


(ff) As in general/(»-,«) = 5 + c', in this case we shall have 

f ^kuia . — + o' = — fcu log t 4- c'. 

Now when »• = «,/(,- a.) = 0, ■, -kc. loga4- c' = 0, andc'=ifc«, 
log a, consequently, 


/(r, a) = 7rcylog-. 


(/i) See the discussion of this point of the question in the 21st 
Number of the Journal of the Polytechnique School, page 191. 

(i) From the equation mv 4 . m'v'z= 0 we obtain v'= - and 1 
at the mouth of the piece where uzrv, v'=v', and r = l,'Z have 

(k) The differential of v“ relatively to a is evidently equal to 
2m'kaj 




day 


m {m + 771') 

which, since in the case of a maximum it is equal to cipher, gives 
I 


log- 

a 


:1, 


^ — €y and as ^ :r 2,71828, it follows that a is some¬ 
what greater than 

o 


(0 When m'is at rest, n is equal and if m! be consi¬ 

dered as infinite relatively to m this expression is cipher. 

(0 In the first case the actual motion impressed on m' is equal to 

m + m'' ‘’®comes, when m' is so small that it may be ne¬ 

glected relatively to «», equal to »t'ii; in the second case the actual 
motion impressed on is which becomes, in the same sup- 

position, equal to 
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(m) The integral of cos ^6 sin 9 cos^S, which taken be¬ 

tween the limits ^ and 0 , is equal to hence the value of R is that 
given in the text. 

(n) See Newton’s Principia, Book IL Prop. 10 , and Scholium to 
Prop. 34, 3rd edit,; Lacroix’s DifFeren. Calculus, Tom. 2 , article 867; 
Woodhouse’s Isoperimetrical Problems, page 115. 


CHAPTER IL 


(а) The expression for c is equal to 

C = /> SSS^- dxdydz + p ^^fdydxdg, 

and when these are integrated between the limits stated in the text, 
there results 

fd?hc , al:^c\ cihc , ^ ^ . 

c = />. (- 3 - + = P— (a> + 6 =); 

if the axis passed through the centre of gravity of this homogeneous 

;parallellopiped, then the moment of inertia would be (a® + h ^); 

it is evident from the expressions for the moments of inertia res¬ 
pecting the three sides, that the greatest moment of inertia belongs 
to the least side; ^ind it appears from what is stated in the last pa¬ 
ragraph of No. 370, that the rectangular axes passing through the 
centre of gravity of the parallellopiped parallel to its three sides are 
iprincipal axes. ’ 

' / — -- «w3 

( б ) As V J'*—obtain by making y z= rg, 
J-r ^ 

t* • VJ 

J ~ ‘‘ *0'’ai'osill = ~, 

and this taken between the limits r, — r, gives f ^ ^ 


}-". 2 arc sin = l=:r 8 a., and the integral of 


i/nf; 




t/l-ari + l-avcsinri^r), vyhich when^ is substituted for g, and 
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then taken between the limits r, — r, is reduced to ^7rr% and con¬ 
sequently, 


C /-s-T 7 QTsrCr’^Sb^ 

-V ^^ 


dx 


52 

which becomes, by substituting for its value and re- 


ducing the integral of which is 


pTrbcfa^x^ a/* 

”^"V“ 




and when this is taken between the limits x zz a, ^ there 

results 

^Trphefa^ ^ 4p7rbc,a^ 

VS" ““ 3 J "" ~15 


(c) + day zz , the other terms of tlie 

series being neglected as infinitely small. 

(d) (^T + dry — zz ^rdr + •/ ^rt^r + dry^dx •— ^rr'^dx zz 

^Trrdrdx + TcdrHxi this last term is of the third order, and may be 
neglected. 

(>) See No. 84. 

(^f) In this case we have 

jto = ^ 5 (2ax — x^y^ dx = ^ 5(4aV— 4aa’®+ .'^’0 dx = 


which when taken between the limits xzzoc^ and reduced, be¬ 

comes the expression in the text, and when (c zz it is equal to 


•xp 



a* — 16a'® -]—J z= 


Sxped 

T^’ 


(g) By multiplying and dividing the value of by jS — a, wc 
obtain 

I* — tV 5rp0'‘-(/3 — «) (' ^ ' _2) ~ (^—“*)• 

(/S'* + a/3® + a*/3* + 6 c®/ 3 + «^) = (as aS = «, 0/3 = ?>), 
the expression in the text. 

(7i) jt >2 — i^a _ cosS)*-* = ar® + + ^* — 0®^ cos a + ;#y cos (3 -j-z 

cosy)®zza?®(l — cosa®) + y(l —cos*/3) + 5?®(1—cos®y) — 2xyeosoc. 
cos/3 —2arj3rcosacos7—2 ?/^rcOsS/3 cosy, which is equal to the expres¬ 
sion in the text. 
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(z) For in consequence of equations (2), if the members of equa¬ 
tions (1) be multiplied by a, 5, c, respectively, and then added, the 
result will be equations (3). 

(A:) By No. 377 we have aa; + equal by substi¬ 

tuting for a', a", their respective values given in equation (5), 

(cos6.sin\{/sin<{> -l-cos\{/ cos<}>)^-|- (cos9 cos4/sin<{>— sin^ costjv)?/ — 
sin fl sin 

which is evidently the same thing as 

(•^cosOsin^f/+2^cos^cos^ — £;sin0) sin<f> + (a'cosJ/ ysinvf/) cos<|> 
= by substituting x and Y for their values 
Ysin<j) + xcos<f>, 

the expressions for and iHj may be obtained in a simiiar manner; 
hence we evidently obtain 

= 0 = sin<jr cos<[>.5(y^ —x 2 )c?w 2 -h (cos^<{>—sin2<}>)5xYcfw, 
in which if we substitute for sin <}, cos <{>, and cos2(J. for cos®<^ — 

sin*<}), we obtain equation (b). 

(0 Y = arcosesini|/4.ycosficos4» — ffsiuS, 

^sin^sm\(/ +^sin^cosv{/ + ;2?cos0, 

*.* zs. a;*sind cos9 sin*^f' -f- ^^sin $. cosd sint{/ cos \l/ — z*v sin® 6 sin if/ 
+ zj/ sin 0 cos^ sin i|/ cosif/ -J- ^®sintf cosfl cos^if/ ~ zy sin*0 cos if/ 

-j- zx cos®0 sin if/ zycos^ 6 cos if/ — z^siuB cos 9 

— x^,sin& cos9 sin®if/ -|- 2xy sin^ cos9 sinif/ cos<f> zx sinif/(cos®^—sin®0) 

+ y sin9 cos^ cos®if/ + ^^cosif/(cos®6-sin®tf) — ;!?®sin9 coa9; 
consequently if we substitute/for for &c., and reduce 

all the terms into two expressions, one of which has the factor sin^. 
cose, and the other the factor cos®®- sM, the value of given 

in the text, wiU be obtained- 

(jw) Dividing both sides of this last equation by cos 9> we obtain 
(h' (cos'4/) + (f-g) sin costang 9 =/ sin cos ; 
in which if we substitute for cos rj/, sin xff, their values, there results 

O + (/—ff)-«-]tang.9 _ fu—g! 

1 +«' ~ i/HpM*’ 

from which it is easy to obtain the expression for tang 9, given in 
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text; and if in the first equation, their values be substituted for 
sin 4^, cosipf it becomes 

+ _ A a(COS^6-sin= 5) = 0, 

and if all these terms be divided by cos® 0, there results 

—rr-T^ I tang a + ^y.Zz=. =>~^=di lang®0 

V l+M* J ® ^ 

= [if-K)u^+2h'u+g—h'\ -^??iJ==+(g^M+-/')=(^'«+/)-‘a“g°0» 

V 1 + w® 

and by substituting for -4 — there results, 

\/l + u^ 


[(/-“ ^0 ^ ^ - ^0 

h'{l - u^) + (^f-g)u 


^g^u+f 


\:h'(i^u^)+(f^g)uy ^ 

multiplying both sides by the denominator of the first term of the 
first member, and we obtain 


[(f—hy+^hhi^(g - 7i) .] (fn - $^0+(/w+/0-P^'( 1 - + (f-g )«] 

_ (g''^ +f0 (1 + 

h'(l ^u^) + 

now it is evident from inspection of this equation, that its first mem¬ 
ber can be resolved into two factors, one of which is I + from 
which it is easy to obtain equation (d). 

(w) In this case wo have by equations (1). 

^xgdm == xj^ dm + hh'^y/^dm + cc' $ i^l^dni 
= (as = ^yl^dm)^ (a^'+ 7>h^)^x'fdm + 


now, by equations (4), we have aa'-p lib^ = —cc', consequently, ^xydm 
becomes equal to cc^{^z^d7n — ^Xf^dm), 

(o) A = c®) No. 370, •/ when ^>rzc, as in the present 

case, we have 


A-c (52-a®) 

A = I- m 52, and a* -= M ^- - = —=—. 

^ ' M 5m 5 

{p) The distances of the sides of the parallellopiped from the 

VOL, II. 4 M 
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centre of gravity, are \/ c% and the moments 

of inertia with respect to the sides, are ^ ^ 

|m(6® + c2); so that when M(a-+&^) is taken from the first, the 
remainder = -J-m (a® + h^); and therefore in the present case we have, 

«=± \/^, = v^*EZ 

^ M ’ ^ 3m 3 * 

See second edition of Mr. Wheweirs Dynamics, Part II. page 271 . 


CHAPTER III. 


(a) As the velocity of dm is equal to rcu, when resolved parallel 
to these axes, it becomes —yw, xcu, 

(b) By substituting for m^j t/', and for and 


for cv in the equation 


there results 


fjt,vf = 0 , 


— fn/= ftvf = 0. 

(c) In the case of equations 2, the value of the force parallel to 
the axis of jir, is — ta^ydm, while in the case of equations(S) the 
value of the force parallel to the same axis of x, is u^lxdm, for the 
centrifugal force acts in the direction of the radius t, while the force 
in Uie former case was at right angles to r, consequently the ex¬ 
pressions for z', z", the distance from the plane of the axes of x and 
y, must be the inverse, the one of the other. 

i With respect to the statement in page 73, namely, “ that the 
jvalue of the integrals, which the equation (cos“ 6 — sin* 6) $xydm + 
|sin 9 cos 0 — ’j^fdm) = 0, contains, may change with the po- 

;Sitiou of the point o,” it appears to be incorrect ; in fact, the direction 
jof the principal axes which with oz belong to the point 0, must be 
Iparallelto thecorrespondmg principal axes passing through the centre 
if a point such as p be assumed in the principal axis GY 
j passing through the centre of gravity, at a distance from g equal to «, 

, then the coordinates of any element, such as efm, passing through the 
; centre of gravity, are x,z,y — and we have . (gf _ dm — 
IS^ydm — a S xdm =: 0, •/ 
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smflcos^ ^xydm ^ - 

^3i:ydm:z:0) *.•—^ -r-r-a =itan2^=: . /d=0, 

consequently, the two other principal axes are respectively parallel to 
those passing through the centre of gravity. 

(d) X and y being considered as functions of the variable #, 

dx dtp dv ^ dtp and as ^ — «/co, ^ xdy’:=:>x^vtidtp 

at at at at 

ydx = and consequently, xdy-~^ydx = (^+y) ojdt = r‘^wc?^ 

(e) u = ^(^x- dm, and as = 


and 








there results, by substituting for and observing, that in the in¬ 
tegral relative to dni) ^ must be taken from without the sign of in- 
tegration, 

u = S xdm + ^xdm + 


hence, as ^xdm =: moTj and ^ydm = m, we have evidently the 


expression in the text. 


(/) 


dx 

dt 


a cos 


i.e., -J/.c«=5^, 



(g) From the value of I it appears, that when the axis of rota¬ 
tion passes through the centre of gravity, i must be infinite, and con¬ 
sequently the time of vibration, in fact, the oscillatory motion is then 
changed into one of revolution. 

(h) See Philosophical Transactions, year 1818, and WhewelFs 
Dynamics, page 240. 

(i) By dividing both numerator and denominator by «, the value 

, , Ma + ';j dl v u • e 

of Izz: -, becomes-, - 7 - =- 9 which in case of a 

Ma u da u 

A . 

minimum zrO, from which there results a® zi this value is evi- 

M ’ j 

dently that of the minimum* It is easy to show, without having rc. 
course to the calculus, that I is the minimum in this case, for as it is’ 
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% 

equal to M^+ - M, it must be least when the numerator is least, 

since the denominator is constant, and as the product of the two parts 
of which the numerator consists is constant, their sum is least when 

A 

these parts are equal, that is, when zn -• 


(i) By multiplying each’member of this equation by then in¬ 
tegrating, we obtain ^as t?ct; ini ~ dt^ the value of 

(k) Versed sine of /3 = *.• cos /3 = rad — versed sine = c — 


= when the radius is unity = 1 — — ^ and by substituting this 
value in the preceding equation, there results by putting n for 

the value of given in the text. 

(l) The quantity of motion impressed on the compound pendu¬ 
lum, is known from knowing that of the recoil, which may be easily 
ascertained, and then as this is equal to jxv, when is given, v can 
be immediately obtained. 

(m) See Hutton’s Course of Mathematics, Vol. III. page 269, 
and Whewell’s Dynamics, No. 214, page 199. 


CHAPTER IV. 


(a) tty h, Cy See. are the same, at each instant, for all points of the 
body; for wherever dm is situated the axis of is fixed, and 
are parallel. 






cosioa?, = —;=4=== = — . - , &C. 

j (c) In No. 411 it is proved that when jo, q, r are constant, the 
differentials of these numerators are cipher, from which it follows that 
ibey are independent of the time. 

= (bde + 6 W+ V'dd'y, fdt^-=. (adc + n'<fc'+ a"rfc")“ 
+ f) = («“ + + (««> + J«) dd^ + (rt"* 4- 6"*) dd'^ + 

2 («a' 4 - bb^ dedd + 2(aa" 4 . bb") dedd' 4 - 2 {a'a" 4 - b'b') dddc "; 
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now as a* + = 1 - c=, (a« 4 j/s) _ i _ «/« 4 jw _ i _ 

2 (aa' 4 iJO = - 2ce', 2 (««'/ 4 56 //) = _ 2cc", 2 (a^a" + m") = 
— 2 o'c", the expression given above becomes 

+ f) = ^(?— (?d<? 4 c?c's - (?idcfi 4 acfn _ indent. _ 
Uc'dcde' - ^ed’dedd' ~ 2 </e''ddde" = dc^ 4 dd’^ 4 dd>^ - 
{ede 4 cfdc' 4 c"dc")\ 

(e) By making this substitution there results 


J 


dx 


da 


db 


. uu 

"/T ~ +«/®/ 




dc 

'It 


, , dh' , rfc/ 

^// d« _ .. da", „ db" , „ rft// 

consequently by adding them together we obtain 

d^' , Jy , ,,dz ( da , ,da' , „da"\ / dh 

^Tt + ^'Tt + ^’'Tt = \^Tt + “V + ^"-m) + (4 + 

db' i,dh"\ , ( da , dd . dc"\ 

now the first term of the second member of this equation is cipher, | 
the second term of the second member is equal to — and the ! 
third term of the second member is equal to consequently we t 
shall have 

dx dy dz 

^W + ^di + ^ W = 

the two other values may be obtained in the same manner. 

(/) If ?«'/ —«iy/> f!y>-F/> and tteir values, be re¬ 

spectively multiplied by a, h, c, there will result 

“".f + “'ff + 

,.dx . ,dy , ,dz 

consequently, by adding these equations together, we obtain 
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(«* + &» + c») ^ + (««' + w + CC') ^ + (m" + hb" + cc") — 
clt at ^ 

= a{qz,-ry,) +6(yji?^_^4r^)4. c(j>y,-qx,'), 

which as a® + 6' + c’ =1> and (oas'-l- hh^J^cc'), (aa^'+fei'^+cc") are 

diX 

— 0, gives for — the value in the text; and when the differential 

dx 

of this value of — is taken, ssj must be considered as constant, 

because they do not vary with the time- 

. d^x d^y <^^^-11. 

\S) , and their respective values, be multiplied by 

a^ h, Cy we obtain 

d^x 

”"d^~ ~ — z^p) + ac (jy/ip —le/lq') + ada, 

{qnt—vy) + cidb{rx,—pzi) -j. adc{py,—qx^, 
dhf 

= •>!\^fk-y,dr) + a'y{a.4r-zfip) + a>c>{;y^p- x'dq) + 


..d^x 


dda'{qz, - ry^) + a'dbiirx, -pz^) + a'dc'{py, -qx,). 


«''%^Aq—yjdr) + a''h"(xpir-z^p)^ a"ci'(y^p-x^y + 
a'>d(d'{qz,—ry,) + a''db>\rxj-pzi) + aW^qy^-qx^); 
and by adding them together we obtain 
(Px cPy , ,d*x 

‘'W + * 5 F + * dF = + {ai + a>y 

+ a"b') (x/lr- z^p') + (ac + aV + a'V') {pidp - x/lq) + (ada + 
a'da' + a’'da") (qz,-ry^ + (adh + a'dh> + aW) (rx^-pz;) + 
{adc + add -f- d'dd'^py^ — qxj) ; 

I hence as 4- a'* + = 1, -}- dry ^ ^ ac + a'd + 

; a"c'' = 0, ada + ddd + a!'da" z= 0, adh + ddd + a"dd^ = — rdty 

\adc + aW Jr a''d<d'=z qdt, the value ofjo^i is evidently that given 
jin the text. 

^ (h) If the value of a given in No. 378 be differenced with respect 

^0 4,, the resulting quantity will be equal to the value of b given in 

the same number, and the same obtains for the values of ^ 
svhich are respectively equal to b' and 6" 

(i) Since by No. 378 we have 



- cosf, i cos«sin.J,cos<^ - cosvl^sin^. 

sinltr^ cosflsi„^cos4,sin<^) -rf^(sinacosfl 

-4 cos^ ecs<^ s,a9 cos^^-sin<^), cos/- ^^.sLe.sin^, 

“osrj, cos^ +sin 4 , Sinf _ i'dc' = - ^Ccos^O cosVcos,i> 
+ sin4, cosf sin4>) + (si„f cos9 sin.|, cos <p eos<j> + sin0 sin^vf/ sin 

ci;/ ^" = --^eos<,> V 

litemrir^l'^^ by adding these quantities together, and ob¬ 

literating those that destroy each other, 

th/t"" -^o-l>dc'-h'>dcr>=, _ rfS.cosc^-l.rf4,.sl„9.sin<|,j 
the values otqdt and may be obtained in the same manner 

( ) or example, if these three equations be multiplied by a, h, c 
respectively, we obtain ^ > 

a*dc -|- aa'dd aa"dc" = cujdt 
11‘dc + hhdc' 4- Wdd' — _ ipdt 
<?do -t- ccfdd -f cd'dcf' = 0 

(« + a'® -1- a'^)dc •+ (aa'+ bb'+ cc')dc'+ 4- cc")dd'z=. 

dc z= (aq — hp) dt. 

(0 Ifin equations (8), da, db, dc, and their values, be respectively 
niultiphed by;i, q. r, and then added together, the result is evidently 
equd to cipher; and it is evident from the equation pda 4- qdb + 

» , that when p, q, r are constant quantities, the numerators 

of equations ( 4 ) are constant, for their differentials are cipher. 

(?») The first of these equations is evidently equal to 
l(«f,Yi~ypij)dm 4- ^ip/Pj—qp;^dm=: 0, 
substituting for^, and q, their values given in No. 408 , we obtain 

y,pAl = !>wAl-il?dv 4- (py/ - qw,p,)qdt 4. {pp,z,-rs,,y,)^dt 
^ dr-zpcAp^(q,vp>,-rx,y;)vdt+{qx;-pie,y,)pdt 

as *•/, j/,, z, are supposed to be principal axes, the value of 

Ste- - S(», 

W =S"". =SV ■■■ _ 

a//j3) M. 

L (o) If A = B, then the value of dt is 
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the integral of which is obtained below; if a = c, then the value of 
dt is 

dt — ±\/B.A§c?r 

(h^— bA + (b — 

and a corresponding expression results when b = c.. When k^ = Afi, 
then the value of dt is of the form 


dt = 


-h \/ABC.dr 


V/U—c).r^[(A--B)/id- (b —c).cr2] ’ 
it is easy to show, that in all these cases, the integral of the value of dt 
may be obtained in a finite form; for in the first case, that is when a=b, 
it is evident that the two factors in the denominator of the general 
value of dt are equal, but affected with contrary signs, consequently 
4 ^ AC dr , AC 


the value of dt = 


— A^ + (a — 


if we make 


(a— c).c" 


and Id^—Aliz 


— ^Yidr 

:5i2(a—c).c, it becomes _l ., 2 ’ ^ the integral of which 


+ r'^ 


. m r 

IS — arctanff=-. 
n ^ n 

When A=: 0 , by putting V^b.as-^ v^A/i—- /^X i/a(b—a) = m 
and —A:^), the value of dt becomes equal to 

and if mandw are real, the integral of this differential is equal to 
log.(r-f-'t/; if the coefficient of is negative, then the ex¬ 
pression for may be reduced to dtzzz — — . the integral of 
r 

which is m .arc sin zi: - + ^ 5 it may happen that norm are negative, 

in which case the integrals are also easily computed. In the last 
case, i. e. when Jc^ — aK or bA, then the terms independent of r* in 
one of the factors of the denominator of equation (g) vanishes, so 
that the term comes from under the radical, and the value of 

__ q: VT^dr _ 

vV' (A—c).[(a—b) A+• (b— c)cr*“]’ 
which is evidently either of the form 


dtzz: 


^mndr 


or dt'zz 


^mndr 
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the integral in the first case is 

t = or <=log!Ll±^S, 

{jf>) In consequence of the three first equations (8), we have 
€?c = {aq-^bp)dty dh =: {cp~--av)dt. See,, •/ substituting dc for (a^ — 
bp)dt 3 we obtain 

(edr + rdc) c + (ddq + » + (^dp + pda) a = 0 . 

(q) By taking the squares of equations (h), and then adding them 
together, we obtain 

4- c« + c"2) + ny. {6® 4. d'* + 4. 4 - + a""*) 

+ 2 cr.Bq,(cb 4 - c'Z>' 4* c"Z>'0 4- ^CT.kp.(ca 4 - c'a';4- d'a^') 

4 - 2 Bq,kp,(ba 4- h'a' 4“ 4* 

which as c® + 4 - c" = 1, + 2 /* 4 " = 1 , a* 4 " 4 " ~ 

ch 4- dh' + c"l/'~ 0 , ca 4- da' 4. c"a" = 0, 6a 4- 6W 4" ^ 

becomes the expression in text. 

(y) If the first equation (7) be multiplied by sin0.sin<f>, and the 
second by sincos(^, there results 

sind.sin(pjt?<^^ 4“ dinb,eo^<pqdt — dm^^,d^^ 
i. e. by substituting for sin0 sin(p, sinQ.cosip, their values given 
above, 

(kp^ + Bq^\. ,, 

(s) By neglecting the products ^xjjyfdm, ^z^Xidm, this 

sum is evidently equal to 

S(^V 4 y^yj^]d 7 n. 4.5(^2^/ -\^p^zf)dm 4- K/'V + f^!)dmy 

that is, 

t-My? + ''^f)dm 4- J^yf)dm 4i?“S0/ 4 - !sf)dm = 

4- r*c 4-yA- 

{t) By No. 407 we have 

w cosiOj 2 f izz a"p 4 - 4" d'r^ = in this case and by substituting 

AJO BO CV 

for a", h", c", their respective values we obtain 

^ __ Ay 4 By 4 __ h 

k k' 

4 N 
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(t«) By taking the value of ^ in each of these equations we obtain 
P 


and 


—c)w_ aw' ^ w^.(a —c)(b--c) 

/3 Bw' (B —c)w ’ AB 

/3'2: /32 :: (a —c)a : (b — c)c. 


(«) Since = 0, No. 404, tang ^ 

(^) When the instantaneous axis coincides with the axis we 
have sin \ 0 !Sj z= 0, and therefore jo = 0, and ^ = 0, consequently we 
must have also jS, jS', respectively equal to cipher, and *.* a = 0. 

(i/) This is evident from the known formulae 

g®i/—1 — 6—^ gof -4/ — 1 .q. Q a’\/—1 

sin^=-—=-, cos^=- —T. -: 

2 /-! 2 ’ 


in which if x is of the form — 1, it is evident that each of these 
values of sin cos^, when expressed in a series, are composed of 
possible quantities. ' 

{£) It appears from equations (i) that 


sin5sin<f>.fe _ sin 0 cos 

^ A ’ ^ B ’ 


T or n : 


cos0./b 


hence by substituting for^ and q their values given in equations (2), 
we shall obtain, by observing that k = mvfy equations (3). 

{of') The second members of the two first equations (3) become, 

whmt=0,-c.i^fIM3sinY, -cosv. 

myf' mvf ^ 

by means of which a and y can be determined when 0 and c(j are 
known at the commencement of the motion, and as 0 is very small at 
the commencement, it must, by what has been established above, 
continue very small. 

02 

(i') Cos^zzil — — -j- &c., now as sin 0 and *.* 0 is a very 


small angle, we may neglect 6 ^ *.• we have in the third equation (3) 

1 = —.and cnzzmvfi 

mvj 

(&) If B be supposed equal to A in each of the two first equations 
(3), there results, by adding their squares together, 
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• 9 • OA a^.A^A —c) 

sin^gzrsm^S =- 

Now, £0= = (t>y substituting for p, g, r, their values 

given by equation (2 )), (a — c) + n% = (as cc^a^a — c) =: 

sin'^ s\ 

--J, the expression given in the text. 

(d^) It is evident from the value of ^given in No.420, that when 

A = B, 1 — 5 = and as —— = when these values are sub- 

A cos s c 

stituted in the expression for \p, we shall obtain the value given in 
the text. 

(d) By multiplying the two first equations (7) by sin0-cos(p, 
sin^.sin®, respectively, we obtain 


pd^.sin9.cos(p = sinip.cosp sin®5c?t{/— sinS.cos^^pc^S 
5'c?^.sin0.sin(p = .sin<p-co3(p sin^^c?^' + sin0.sin®p.£/^; 


now it is evident that if we divide these equations by and then 
take the second from the first, we shall have the value of josin^.cos^ 
— ysinO.sinp given in the text. In like manner if the- tvpo first 
equations be multiplied by sinSsinp, sinfl.cosp respectively, we shall 
obtain 

^d^.sinSsin(p = sin2(j5.sin^0£i4' — sin(pcos(p,sin!3d0, 
yc?^sin^.cosp = cos'YsinWvf; +• sinp.cospsinScf^; 

if these equations be divided by df, and then added together, we 
shall obtain the value of josinSsinp+ ysin0cosp given in the text. 
Also, as 

pW = sin®(p sin^9c?\|/‘^ — Ssin^.costpsin^.ef^/^^?^ -f- cos^(pd&^ 

=: cos‘‘*(psin^^c?i{/‘-* + 2sinp.cosp.sin0c?\//e/6 

there results by adding these equations together, and dividing by dt\ 





{f‘) In the general expression of e of No. 281, g=ra, s^zra + 
90, £'' z: 90,' consequently, the value of E or ^ in this case is 

I = cncosa + ^cos(fl6 + 90) -}• ?w,cos90 = c^i.cosa—//. sin a. 

(/) As tis the independent variable, if this multiplication bo per¬ 
formed, we shall have 
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-—^^ =: \yh Sin ; 

now asy sin^ is the horizontal projection of the radius vector go, 
ysinflc?\J/ is equal to the arc described by this projection in 

'—-—~ IS the area described m this time. 

(h^) From the first equation (6), we obtain 

• /cw\®cosa\2 

”^®-=(Tj (,—ST-j- 

therefore, by substituting this value in the second equation (6), there 
results 

QMffy . /cw\® 

sin*9^ = —^--^.sin®0.(cosS—cosa) — (~) • (cos^—cosa)^ 

which, by substituting ~ for —, and for and then con- 

A A A A"^ 

cinnating, becomes the expression in the text. 

(i') By substituting for sin 6, cos fi, cos a, their values expressed 
in series, and restricting the series, as is indicated in the text, equa¬ 
tion (7) becomes 




which, by concinnating, becomes the expression in the text; and 
it is evident from an inspection of this expression, that if 6 was 

greater than a, would be negative, if 0 was equal or less than 

Bcc dd^ 

the corresponding value of 0® ^ would be cipher or ne¬ 
gative. In order to resolve the first equation (9) for dl, we should 
multiply both sides by by this means the first member becomes 
and the second member is the factor by which di^ is multiplied. 
(/d) By substituting for d0 and 9 in the value of dt, we obtain 
_a*jinj^s u dn 

^ [a* sin^ u -f- sin^t^ — /Swiss’*] (^od — a® sin* w 

__ a* sin 11 cos u du sin udu 


t/ [cd sin^ u — /3V. cos* w] a* cos^ u 't/"siu^ u — jS**. cos® \ 
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sin udu . • V dx 

: — v^. , : = (by makine cosw = — an ■ - - ; 

-/l—(l+^')cos2w + 


i. e., by making x = , — —f — ,. 

\/l+/3‘-^ V'l + iS^ /l —2/® 

• . 1 • 1 . 1 
integral is — arc sin zz: y + c; i.; e. 


, of which the 


=. arc sin =r 


\/l +/3“ V^l + 

cos w + ^* It is to be remarked, that when dt is ex¬ 
pressed in a function of d, that the signs with which the numerator 
is affected are the opposite of those by which it is affected when dt 
is expressed in a function of % because the d cos. m = — sin %idu» 

(/') From the preceding equation we obtain, 

am.^« V^«’—#“1 

hence we obtain the value of 0®; now when ^ == a, ^zz:0, and when 

fl-_^ 


/1 + /3’ 


, ^ zz T, therefore we have 


|5V 


a* 


'8 ^ . 


■ sin’T 


v4(i±i!), 


^ • sin= T == 1, and T. V^SI±^ 

^ A 2 

*.• T = the expression given in the text. 

(m') It is evident that the value of fl’ may be made to assume 

the form 

a’ /S’ + ^2. f 1 - sin®^ /Sips') 

09 — _\_ / 


a* |3*+a®.cos*i 


1 + ^* 


in like manner we have 


a? — 6*=-, 


r sin!* t 




1 + /S’ ^ 

therefore, if these values of 0’and ct’ — 6’be substituted in the second 
equation (9), we obtain, by multiplying it by dt^ 


consequently, 






■.■dxP = . 


/SVf.dl 

cos®^ s/ 


/3"+cos>>fv'iii^ 


which is evidently reducible to the expression in the text. 
(«0 In order to perform this integration, let us make 

/3l/f(l + = m, and \/l(}±El = 


then we shall have 

d\p = -=—-5 • 

iS^+cos'^n ^ K 

now if we assume tang then 

_ w 

“ «‘l + /3* + /32Af‘’ 
the integral of this last quantity is equal to 

m 

*”8 - ^1+^. - arc tang 

^ tangtn 

— 

and if there be substituted for m and n their values, it is evident that 
we shall obtain for 4/ the expression in text. Now if in this ex¬ 
pression of if/, the value of t at the end of the first, second, third, Ssc., 
intervals of time, which are (as appears from what is already estab- 

“ i' ■/«■«- b» 

tuted, we shall obtain the expressions given in the text; and it is by 
subducting the value of if/ from the preceding one, and this againfrom 
the first, that the arcs traversed by the node n during the successive 
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intervals T are obtained, and it appears that they are all equal, and that 

f \/l 4- _-/3\ 

their common value — ^ , which by multiplying 

both numerator and denominator by jS + V^l+ /3® becomes the ex¬ 
pression in the text. 

(o') Since in this case cos w = 1 — sin m =: w, we have 

sin 0 zz sin a cos u — cos a sin w = sin a — cos a. u, 

sin-0 = sin® a (1—w®) —2 sin « cos a - m + cos^a.-w®; zz sin®a -f- (cos®a 
— sin®«) w®~2 sin cos a.w = sin^ a + cos 2 a.w®— sin 2a.w ; cos 0 = 


cos a cos u 


+ sin ee, sin w = cos^e + sin *. 


■ cos 0 — cos X 


z= sin a.?^ —^ cos a. 


,c^0 


(jt)') Now if these values of sin cosd, be substituted in equa¬ 
tion (7), there results 

(sin® a “ -w sin 2 a -1- «® cos 2 a) [(sin*'*^^—w sin2a+w®cos 2a). 

(wsin a—^cos 2a)—2|8®(^ sin a— cos 2a)®], 

A 2 

and as powers of w higher than the second are neglected, the second 
member of this equation may be reduced to the form 

^ u sin a (siu®a — u sin 2 a) — ^ sinS a -|- 2/3® sin^ a j, 

consequently, we shall have 

Pv, c/w® 

-.(sin“a — u sin 2ei + zt® cos 2 a)- 7 T: = 2w sin a.fsin-^a — wsin2a) — 

g ^ ar 

sin® a (cos a + 4 jS®); 

now if both members of this equation be divided by sin^a—wsin 2<« 

+ t«®cos2a, it is evident that the first member will be , and 
* ^ dt^ 

we must divide the first term of the second member by sin® a — 

w sin 2a, and we must divide the second term by sin® a, in order 

that no powers higher than the second may occurs when these 
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operations are performed, we shall have the expression of given 

in the text; if the square root be taken of each side of this equation, 
and if then it be multiplied by dt^ we shall obtain the value of dt, 
given in the text. 

(^') This expression may be made to assume the form 




du 


and if we make 
since 


Vcos a + 4 S* /- ^ 

y * • ^ COSa^ 4/8» 




- _ 2 sin CL 

-5 and •.* - 


siir CL 


cosad-jS^’” cosa+-4/3** "* (cosi%+4]3)2 

the value of dt will become 


A 


dz 


Vcos^ + 4/3^(-. f>^^. -^) 


and if we make = 

dt 


+ 4^)- 


Sin CL 


. \/ 1(cosa + 4 ^^)—— ^^ , ... <-v/c(cos «+4/30 = 

y 1 —y® A 


arc sin 


cosa+4j62 
I r--:-— 


=y z= arc sin =-—i— 5? 

sill 


. / cosa +4^2 

= arc sin =z-1 , 

\ sin CL J 

and when we integrate for the cosine, we must take the opposite 
signs. 

(i^) When cos a is neglected, the value becomes 

«=^(3 -cos2^{ V^,and as cos2/3« |=1 _ 2shi'/3if \/i, 

we have u = the expression in the text. 

(i') By making the substitutions indicated in the text, we obtain 


(sin'« - « sin 2 a) 2/3 \/u sin a, 


and by dividing both sides of this equation by the factor of and 

dt 

neglecting the square of w, w’e obtain 
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dt 



U 

sin a’ 


now if in this equation there be substituted the value of given above, 

j f 

we obtain the expression of ^ given in the text; and the value of 
is obtained by multiplying both sides of this equation by dif and 
noting that sin®|3t =i — icos2^t 


CHAPTER V. 

(«) When the same face is always presented to the central body, 
the angle which the moveable describes about its axis of rotation 
must be equal to the angle described about the central body; in ad¬ 
dition to the condition of equality between the motioirs of rotation 
and revolution, it is also necessary that the axis of rotation should l' 
be perpendicular to the plane in which the body rnoves. 

(J) As^® + 5* 4- = w*} we have by equations fS) of No. 405, 

cos lOa:, (~ in this case cos a)zz^, and by equations (1) of No. 418, 
we have, (as cos soar, =s in this case cos a), p = (u cos = 

A 

now it is evident from the equations Aw cos a = A; cos «, bw cos j3 = 

A cos i, c «7 cos y = A cosc, that when a = 90°, 6 = 90o, c =: 0, then 

* — ^ “ 90, yt^O) in which case the value of co is —, in which 

G 

if we substitute MV;^for /c, we obtain ca zz 

(c) In fact, if the body when it commences to move, satisfies the 
conditions here specified, either all the three principal moments a, b, c, 
must be equal, or the perpendicular to the section hbk must coin¬ 
cide with one of the three principal axes, and, therefore, the other 
two must exist in the plane hex, i. e,, we must have a =: a = 90,' 

= 90, y = c = 

(d) Sincethcinstantaneousaxis,ifit does not exactly coincide with 

the axis of figure, deviates very little from this axis, which is that of the 
greateHvciomemt of inertia, the constant ^of No. 420 must bereal, and 
VOLv II, 4 o 
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the duration must depend on thisquantity, i.e. on 


(A-C).(B—C)^ 


or on the differences of the moments of inertia of the earth ; but, as 
no Tariations have ever been detected by the most accurate obser¬ 
vations in the geographical latitudes of places on the earth's surface, 
it follows that the oscillations of the terrestrial axis, which depend on 
the initial state of motion, have long since been annihilated, so that 
whatever variations now exist, must have a permanent cause. See 
Ifoumobl de VBoole Polytechniqm^ Tome VJII., &c. 

{d) As the arcs described in the several successive days consti¬ 
tute an arithmetical progression, the arc described in t days is equal 

[n+ n(l +(i — l)a)]^=:znf + ^ant(t — 1). 


(e) As the length of the year is very nearly equal to 865,26, the 
number of days contained in a century is 36525, consequently, the 
number of days contained in t centuries, i. e., in t days, is equal to 
: (36525) i, in like manner as a is the diminution of each day, the 
jannual diminution is (365,25) a, and the secular diminution is 
(36525) a, in the same manner it may be shown, that the values of 
and nV are respectively (36525) n, (36525) 

(jf) By substituting in equation (1), for a, w, w.', t, their respective 


values, itbecomesj =:|* 


.(m—(36525)®=^jS.(7»— 


---- .V- • V—/ » 

now in the most ancient eclipse recorded by the Chaldeans, 720 B. C., 
i. e, 2532 years ago, we have by hypothesis jSi = 36525.25,32<% =;: 
0,0000001; and therefore 25,32.0,000000L445210o=:84'.yj&. 

(^) There are three cases considered ; 1st. When the axis of ro¬ 
tation is vertical, in which case the bullet deviates from the vertical 
plane passing through the axis of rotation, and consequently, de¬ 
scribes a curve of double curvature. 2ndly. When the axis of rota¬ 
tion is horizontal and perpendicular to the direction in which the 
bullet moves, in this case, the force R acts in the vertical plane which 
is perpendicular to the axis of rotation; consequently, the curve 
described by the bullet will be a plane curve, but as the effect of the 
friction will be either to increase or diminish the weight, the range 
will be affected; if ;the velocity of the rotation he such as to 
render the resistance arising from the friction greater than the weight, 
the curve will be convex to the horizon, when the direction of the 
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motion of rotation is towards the horizon, consequently, in this case 
the curve described will have a point of contrary flexure. The 
third case is that in which the bullet turns about the diameter which 
coincides with the direction in which it moves, or vyith the line of 
flight, in which, as is stated in the text, the resistance has no effect^ 
this advantage is secured by rifle-barrelled guns, whose effect is to 
render the axis of rotation of the bullet coincident with the line of 
flight. 


CHAPTER VI. 


(a) By substituting for a:, y, z their values given in equation (6), 
there results 


^cos A "zz -a^.cosA -p flta.cos A -|- jSbcosK yccosA, 

+ a.a'cosjo- -f- -h y(/cosfi, 

^.cos y zz Z/Co%v -|“ ^it.a^^.cosy -j- /3.5^'^cos v -f- cosy, 
consequently 


^cosA q-T/cos^-l- 5fcosy = ^-yCOSA •+yyCOS|K.+ -f a.(tfcosA 
+ tt'cos^ +a'^cosy) + j3.(ft.cosA + ^'cos^ + 6''cosv) + y.(c.cosA 
-|- d cos/M, -[- cos v), 

which, by putting cos A', cos/^', cosy', for their values furnished by 
equation (4), is evidently reducible to equation (7). 

(&) Since when the moveable is terminated by a point that touches 
the given plane, the coordinates a, /3, y are constant, there are only 
ten unknown quantities to be determined, which can be obtained by 
means of the nine equations (1), (2), (3), and equation (7). 

(c) When the given plane is fixed and horizontal, and is taken to 
be that of the axes of the coordinates ^ and as we have then also, 
A = 90, ^ =: 00, also sr =: 0, we must have ? = 0; and as in this 

case we have also respectively equal to cipher, there 

at* Cut* 


dz dy 


results M M ^ equal to constant quantities, consequently, the 


horizontal motion will be uniform and rectilinear, and the velocity 
must depend on the horizontal percussion that the moveable expe¬ 
riences at the origin of the motion. 

(d) As a=:b, c" = cos9, and rzz:?t, the value of / becomes, 
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d'J/ , 

by substituting — sin^O ~ for the expression in text, 

and in the value of A, as ^ = 7 sin 0 ^, it is equal to 
at ' at 

on» + A.(sin*fl + gj + M. (r‘sM'§ - Sys'oost^. 

(e) By substituting for a, 6, 6', 6", their values given in 

No. 378, and observing that ^ = nt, we obtain 

flcosA. + a'cosjWr + a^'cosy n: cosA. cosd.sin\f/.sinn^ + cosA. cosvf^. 
cos«# +■ coS|6«. cos^cos^f/sin.Ti^ — cosjM,.sin\{;.cosw^ — cosy, sin^sinw^. 


which becomes, by putting p and q in place of their values = psin.wi 
+ Q.cos^i^. 

(/) Since the quantities P, Q, e, by hypothesis, vary very slowly, 
when the coefficient of sin^i^ contains a term which has cos for a 
factor, m being a very small fraction of w, even in this case it may be 
rejected in the first approximation, for, as is stated in the text, the 


product of sin nt . cos mt = sin ^ + sin 

(g) If in these equations we make — ^n~m, — (p sin nt + 

A A 


Qcos?it)=:T,^(Qsinnt—Pcos7iif)=T', then they will become 


dq + mpdt z= ndt, dp — mqdt = T'dt ; 


now if the second of these equations multiplied by 0^ be added to the 
first, we shall have 


dq + ^^dp + m{p--&^q)dt = (t + ^y)dti 

let g + = 5f, and qznz ^ and dq + b^dp -zidz-- pd^^^ 

by substituting this last quantity for dq + ^^dp^ and observing that 
=2 we shall have 

ds! — pd^^ + mp>(l+^^)dt — miyZdt = (t + « 

if the terms multiplied by p be taken from this equation, there will re¬ 
main an equation of the first degree between the two variables z and 
tfj, from which there can be obtained a primitive equation between 
these variables.—See Lacroix^ Tom. IL No. 562. Now this can be 
effected by making 

d\ ^ m.(l + ^^)di = 0 , 
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this equation will enable us to determine the factor di, which in ge¬ 
neral depends on however in the present case, as m is constant, 
this equation is satisfied by making = 0, + dj®) = 0, by 

means of this last, we obtain =: ± —1> consequently, by sub¬ 

stituting this value of dj, there results 

q: w = (t rh —1 ; 

hence in the case of the upper signs we obtain by substituting their 
values for t, t', 

wv/ — [psm»#-l- QcosTii —l.sinn^ — 

A 

P\/ — 1 cosnt'jdt 

= ■^[P'Csinw^ ——l.cos«^) 4-Q.(cosw-^ + \/ — l.smni)]c?^, 
by substituting their exponential values, there results 


dzf— m 1 z^dt = dt. (q-^ \/ ^l, p)], 


consequently, by integrating, we obtain (Lacroix, No. 562) 

isif ~ gwii/IT. 1^ l/3T, p) const.; 

the value of the integral under the sign J is 

Ry (q y' — 1 . p) 4 . const.] 

now if B', p', a' denote what R, p, q become when ^ 0 , we shall have 


^ R'y (V^ — l.p'— o') 

const. = —. -; 

A. (n — . y — 1 


consequently, the value of z' will be equal to [because 


91 —m cnj 


A cn A cn 1/^ 


In the same manner, if we suppose 6, = — \/ —1, we have 
c?y'4“ m^/ —Iz^^dt = (t — V—1T') dt 
zz ^ [(P(sin nt'-^r V' — I. cos nt) 4- Q(cos nt —V —1. sin nt)"] 
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= Y + V'- 1 P) ! 

•.• »"= 5 ««*t/^.(Q+v/3rP) e-r^V^K dt+ const.], 

the value of the quantity under the sign J is 

By . (a + y/IT. p) + const. -1 

(m_«)/i:T J’ 

if Q', p/, denote as before the values of b, a, p, when t = 0, we 
shall have 

const ^ (q'+1/3T.p0 

A cn v^irT ’ 


and ^-^.^»rvC:T. (a + -/-lP) 

i/-i 

A. Cm * . /=^= > 


-/-I 


V «' + *//=: 2 o=^ Q 

• • y/3J 

_.2Zp 4/— 

■ * l/TT 

hence we obtain bj substituting for the exponentials their values in 
functions of the sine and cosine, and observing that 

^ = 2^ =: ^ [<l.2sin««-p2cos«t]- ^.a^Ssin^^^nt + 


-■ c» 

®Vw.-j (a-o) 

—.p'2.cos'-_^„,. 


which by putting D and e for their values, and dividing by two, gives 
the value of g, as it is stated in the text. 

In a similar mnner we might obtain the value of p, for as we 
have ^ _ 1 , the original equation becomes 


- ^■=ip=4 
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consequently if we take the diflference of the preceding values of 

and and then divide by -/ — I, we shall obtain the value of 2p 
given in the text. 

(h) By substituting for p and q their respective values, we obtain 
pamnt= XR/fp-'sin^iZf} ntsiant + — 

A A 

+ asin^i^. cosw^)] 

g.cosnt = ;;^R'[p'.cos^-^^^.««.cos»<— — 

cn A • A 

R (p cos^M^ — Q.sinni. cos»^)] 


for 


. , j 7 / , cwi . . ont 

p.smnt + ^cosw/ = — R^p'cos - U Q.sin - r.p : 

cn A ' A 


cos Tit.cosw^-f" sin «^.sin=; cos=cos—; 

cos ^«i.sinw^—.sin ^^^-^^wtcos?itesin^l — ; 

it may be shown in the same manner that the value of is that 
given in the text. 

(i) By substituting for cosv, cosii,, cos A, in the values of P^ and 
Q', we obtain 

p^ rz cos 6^* sin s. sin sin -f- cos sin g. cos s' cos \p' — cos g. sin 0'^ 
Q' =: sing.sins'. cos\J/' — sing.cosg'.sinvf/', 
which are evidently reducible to the expressions for P' and o' given 
in the text. 

(A;) Since the sine of an angle is the same as that of its supple¬ 
ment, we have in this case sin 0 very small, consequently sin*tf and 


•*’ 0® may be neglected s hence we have cos0 = 




— — 1, the value of cos0 is affected with a negative sign, because it 
is by hypothesis an obtuse angle. 

(l) Since cos *A cos^p 4- cos^y nz I, and r is nearly vertical, the 
squares of cos A and cos^ may be neglected, and therefore cos®v =r 1, 

(m) If we substitute for d0 and sin^d\(/ in the value of dc, and 


observe that —— = m, we obtain 
cn 

dc = »^[cos A sin^/ cos\J/ — cos/w.sin*\|/ + sinS cos\(a — cosAsin^cos\|/ 
— cos/://Cos*\J/]<^^ = »j[8in3.cos\J/~cosfc.)6?^= m{c' dt^ by 
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substituting o' for its value; the second equation (15) may be ob- 
tained in the same manner. 

(n>) As these equations are of the same form as those integrated 
in note it will not be necessary here to showhow they maybe re¬ 
duced to an integrable form, for, from a consideration of what is 
there stated, it is evident that they may be reduced to the form 

^c'4 “ = (t + QjT'),dt, from which by the arti¬ 

fices there pointed out, we can obtain 

ds±m V^ —= m[cosAdtV'ZT.cosiifc] 

and therefore 

= me-”oV=i [S ([cos A - . cos/^] *] + c,) 

z''=me^v^i (S8-^V'^([cos A + /‘-Tr cos ft] dq + c'), 

••• by substituting for 0><tV=i, their respective values, there 

results 

^' = w2[cos9?2^—\/ — l.sinmi]5[cosm^+ v/ITT.sinm^] 

[cosX— — LcoS|»]rf^, 
equal by performing the multiplication 
^' = 9n.cos??2^S cosm^cosX«?^~m.cosw2^Scosm«/‘irT.cos/^e^^ 

+ m.cosmi S l.siim^.cosXcf^ + w^.coswz^Ssinm^cosjUv.dT^ 

_ w V^— l.sinm^5cosw2^. cos}s.dt—m.sinmt^cosmt cos^ dt 
+ ^‘Sinmt^sinmtcosXdt — ^sinw^Jsin mt —1. cos^aM 
s;"=:m.(cosmt + V -- I ^ sinmt) (^cos mtV'^, sin mt), (cos \ + 

V —l.cos^.)c?^ 

— w^.cos 9 ?^^. 5 cos? 72 J^. cos\,df -J- m .cosw^Jcos nii -y/ —l.cos fA,dt 

— in,cosmt — l.sin»2^.cosX<f^4* i^*oosmt^siximUcos^,dt 
+ m 1/ — l.sinw2# 5 cos w^cosXc?^ — m,sinmt^cosmt cos ft, dt 
+ w.sin.7/1^. Jsinw^cosX.cf^ 4- jwsin.wi^J siim^V — 1. cos fj,dt; 

4" .j. 

now as c _ ~ ^ ^ if these values of and jsf'^'^be added together, 

it appears from an inspection of the preceding expressions, that all 

terms multiplied by V - 1, destroy each other, so that there re¬ 
mains 
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^ = m. co^mt 5 cos mt cos A-c?^ + in* cosaw^S sin mt cos^c?^ 

— wi.sin«2^5 cosw 2 <cosju..tf< -|- w.siim^J sin mitcosArfi j 

in like manner as c zz —- — , by taking the difference of the pre- 

« K 1 

ceding values ofand z", and dividing by 2 V”!. we obtain the 
value of c, or sin 0. sin given in the text. With respect to the va¬ 
lues of the arbitrary constants, as 

;s'=e-»V^[5ffie».rv^,(eosX- v'iri.cos^)d(f + c], 
z"=e’»ti/=i [Sme->«fi/=i. (cos A + cos^)dt c'J, 

tf A, aud B, denote what cos A, cos/*, become when t = 0, we shall 
have (as z', z" =z 0 when tr=0,) 

0=«»«i/-i.(A,_-/~i.B,)+c]=0,0=e-'«<l/=T[(A^-J.Vrr)Bj-l-o'], 
ce”‘*v'^ -|- c'c—> =: Aj (e”‘*v'~.|. e— 

+ B. V~^ (• - e’'V^) = 2a,. cos mt + 2b,, sin mt. 

(o) In this case we must have fl' = 0, consequently the terms 
multiplied by Ar, k ', in the values of siu0cos\J/, sinSsin^J/ must dis¬ 
appear, and as m is very small, the variations or deviations from the 
horizontal plane must continue very small during the continuance of 
the motion. 

ip) This series is that which arises from integrating J cos A 
by parts, for if we put dj^' for cosAcfif, we have, by partial integration, 

Jcos mtdiV' = cos + ^yjjsin mtxdt :x: (»itsin mt Ijsdt^in^^co^mtyxdf) 
= cos m S cos \dt -b m sin mt cos K*dt^ ^ cos/w# cos \dt^ _&c.; 

and it is evident from its form, that when the variations of cosX are 
very rapid relatively to those of siimif, cos wi, that this series must 
converge rapidly, and may thus be reduced to its first term; but this 
is the same thing as if cos mt was regarded as constant in the integral 
S cos X cos mUdt 

Now when A;, k', are respectively equal to cipher, we have, by 
considering sin mt^ cosmt, as constant, 

sin 0 sin ^ wz.sin»m^ 5 + w.siiu/i^.cosy/^/J cos Kdt 

— m ooh^mt J cos {j,dt — m* sin cos/«^ J cos kdt 

= — ni* 5 cos f^dt . 

The value of sin d cos4/ can be obtained in the same manner, 
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(^) obtain by adding the two preceding equations 

“ <= 2 -- 

(r) Since the pulley turns on its axis in the direction in which 
the vertical forces act, the monaents of the forces of the points of the 
pnUey with respect to its axis must be added to the forces acting in 
the vertical direction; and, as the linear velocity of-any point of the 
circumference of the pulley is by supposition equal to that of any 

point of the vertical string, its angular velocity must be equal i — 

. c dt ' 

(s) This equation becomes, by substituting — ^ for —, and 

dt^ dt^ 

observing that gfc. = ^, gp! — w - 


'which is evidently reducible to 

[, ^g: ^^ 

(0 If all the terms of this equation be multiplied by df‘ and 

afterwards by we shall obtain as = ^df 

df 

dzd^z-^ ^ zdzdt^ + gadzdf = 0, 

of which the integral is 

+ goLzdt^ + Cdt* z= 0, 

•df. 






which can be integrated by the ordinary rules* 

W Since ^ ^ 


we 


have 


1 = 0 , = 


c0==:0, c = c'; 
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and since « = 0, when # = fl we have 

-oV'SI ai 
[ 2^ )\j '+« U = J' 

(v) And since 
* ^ « =1 + 


4-&C., 


ff I 


^ I ^1.2.'^ 1.2.3 ■*■03:4 

•' + r&i]= 


V a^y = 2(al-^s) 



6*s:si. 

1.2.3.4‘. 


therefore, dividing by we obtain the value of y, given in the 
text. 

(or) Since all forcesprfv act in parallel directions, it is evident, 
as they cannot impress any rotatory motion on the body, we must 
have Ixpda; ^ypi,}, respectively equal to cipher, and as the moment 
of the resultant is eqnal to the sum of the moments of the compo¬ 
nents, we have nx^'=.%'hxpi 9 , and •.• a?, = 0. 

Cy) It is evident from what is established in No. 57, that when 
S xia = 0, '^ia- = 0, the origin of the coordinates x and y, coincides 
with the centre of gravity of &. 

(») When the two centres of gravity exist on the same vertical, 
5a’d<7-= 0, p must be a constant quantity, consequently. 


p%d<tx=. 
( g /) We have 


which by substituting 
text. 


p, i.e. and 






for p its value wy, gives the expression in the 


(6') In this case, if each of equations (1) be squared and then 
added together, we shall have 
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_ dB 

^ *•* cos a =r — sin <), cos /3 = cos 

(d) When this is the case, equation (3) becomes 

*”§ = - T J ^ 0 rd. = 

JJ.. 7 


hence when 


••^dt- A ^ %C« 


.=o,n-^=o.„., = n^£. 


(c?') By means of this equation we have 

which is equal to the value of i given in the text, when we restrict 

the expansion of the radical to the two first terms; now by the first 
equation (1), we have 

andhysubstitutingfor-, and neglecting the square and higher powers 
^ there results 

COS«=i^J.lf^si„g 1 <^8 ■ . 

Now as «3= — 4 .^^ evidently 

-ir —sinfl— . . 

consequently, by substituting this value of - Irf sin fl in the value 

tt dt 

of cos « given above, there will result the expression for cos« given 
Thtlined**^’ ™ expression for cos/3 maybe 

(e) In ths case the second terms of the values of cos*, cos/3 are 

e,ide„.l,riph».„dvS=«s,* = lJs* = i^, i, „ 

evident that the value of ^ ia that given in equation (4). 
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Since cos^. cos6, cosa. sin^ = by putting for cosjS, cosst 
tbeir respective values, 

-^cos0 .cos^d+ ^.sinfl.cos6 W. -j- 

udt V? \dt dt Jdt dt 

\ dx , ^ 1 fdx . ^ . dy , , \ dy 7^dS 

u dt \dt ^ dt J dt dt 

if we substitute these expressions in equations (3), we obtain (as 

-. — Crcos^cfcr = 0, C.rsin^rfo-= 0, ^ C 7’®sin0. 

u dt 2 u dt ^ dt dt ^ 

(tos^da- = 0, -r~.\ r®cos^fl<^<r=z—. rr-. hy^y -—A r®sm“ 

dt J ^ v?dt ^ 

1 7 o\ dsx^ dy^hy'^ d6 , . . 

the text, by substituting for 4 - </y, and — for 

(jg') It is evident, from a consideration of equations (4), that 
^ divided by ^ being equal to — is also equal to ^ divided 

by consequently we have ^~tane,~, e being an arbitrary con- 

j 

stant, and w r= ^ (1 + tangle)*, hence there results 


W^=- 


_*£* ,„d ...^- ,—»>■<, 

(1-f tan*e)* (1+tang^g)* 


in the same manner it may be shown that 

__ (a — hg.i) tangf 

di^ (1 + tang‘^£)4 

These values of ^ are evidently equal to those given in the text, 

Mt Qz 

and by squaring them, and then adding them together, we obtain the 
value of % given in the text. 

(A') If both sides of this equation be multiplied by we shall 
have 
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7*1 

f' hgdi \ 

, dd 
■ log. — 
dt 

dt “ 


l-^'dt j’ 


hence if be the initial angular velocity, we shall have const* :z: 
logi 2 , + logfi, consequently ^ equal 

to its value given in the text. 

Now in obtaining the approximate values of v and the square 
11 ., rdd 

ana tiigher powers of — are neglected; therefore at the commence- 
d& 

merit, when ^ and r is a maximum, the smaller this product is, 
the more accurate will he the values of v and —. 


CHAPTER VII. 

(«) By multiplying the three 6rst equations (1) by cosa, cos 3, 
cosy, respectively, and then adding them together, we obtain 

N.{cos=« + cos*^ + cosV) + M[(«- „,)cos« + cos^ + 

(w-w,)cosy]=:0, 

by multiplying the three first equations (2) by cos«', cos S', cosy' 
we obtain the second value of n. » osp , cos y, 

” Pl«c»«flho <,««.- 

to which they are respectively equal, we shall have 
N N 

jj "T ^ COSHGL^i fi'coSH'oV = 0, 

(oj ijrom the first equation ( 6 ) we obtain 

that is, by substituting 

__ (^COSHGL+^^COS 

M -f M' 01 cos HG^ 

.1-.-due .f 
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{d) From the three first equations (4) we obtain, by multiplying 
them by cos a, cosjS, cosy respectively, 

2 n , 

— + ttcosa + i;cos/3 + cosy = ucosa + vcos/3 + wcosy=S,cos hg/, 
that is, 

^^^,(^COSHGL 4-0/cOS HVl') 

- SrqilP-+ 9*COS HGL = 0^ COS HG^. 

{e) In the first equation (7), when &z=l 0, we have 

MdCOS HGL 


01 COS HG^ = ■ 


[ + M'' 


now if M, in consequence of its density, may be neglected with 
respect to m', the denominator of the preceding fraction may be 
considered as infinite, relatively to its numerator, consequently, we 
shall have fl,= 0; when the bodies are perfectly elastic, the first 
equation (8) gives in this case, 


fl .„cx...;-(»^-mO<-coshgl 
M + M' 


and the second member of this equation, when m is neglected rela¬ 
tively to M', is reduced to - 0. hgl; the value of the second equa- 
tion (8), is in this case 

9/cosH'G'f'=-!^5ii££lli£I; 

M + M' ’ 

= to cipher when m is neglected relatively to m'. The preceding] 
cases strictly obtain when m, whether perfectly elastic or soft, im-J 
pinges on a fixed obstacle. ^ 

(/) Since Ma'=: mac-- 2 consequently, a'= a — 2 AA, and 
by what is established in No. 886, we have 

f Mc®a= Mac, j.Mc*«' =:Ma'c, f Mc2(a^a')=: Mc(a-a0= 2AMAe, 

hence we obtain 

-and a^ + ca'z= a + Ihh, 

{g) When the absolute velocity of the point K is constantly ne¬ 
gative, its initial velocity a ca, and its final velocity a' + ca' are 
both .negative 5 consequently, as a' + ca'= a +• ca + 7 AA, a + ca 
ijnust exceed 7hh 

(A) Since the final velocity of k is. supposed to be equal to 
cipher, we have 



684 


NOTES. 


a'=- cx'—bh - S (g±£g) _ 5«_2ca 

2 7 ^ • 

(0 By equations ( 6 ), and on the hypothesis that y = 0 , we have 
- + M cos * + » cos M, cos a—cos /3 + -^ -I- m' cos aj 4- s'cos &' 

M' * 


+ w' cos / - M/cos «'_ s/cos jS' - w/. cos y' = 0, 

which, combined with this equation, gives the expression in the 
text. 

(A) By multiplying the three first equations (a) by cos «, cos /3, 
cos y, respectively, we obtain, by adding them together, 

M.(a.cos«+ ft.coSjS -H c.cosy) - m (Mcosa+ ucos^ + wcosy) 
— N (cos® a + cos® (3 + cos^y), 

from which by substituting k for its value, and dividing by m, gives 
the expression in the text. In like manner, if the three last equa- 
tions (a) be multiplied by cos a, oos/ 3 , cosy, respectively, and then 
added together, there results, 

N(co8=«.-|-cos»/3+cos®y)+N'.(cos«cos«'+cos^ cos jS'+cosycosy')- 

/«.((w, cos « + w,C 0 S|S + w,cosy) = 0, 
i. e. N + N' cos 5 _ ^ cos« + », cos /3 + w, cos y) = 0 . 
Hence the first equation (b) becomes 


N + N'C0S ?_ N N'+N.COSj , 

^ and---= 

therefore, from the first equation, we obtain 


_ 

M'* 


and from the second, 


V- M V cos S ’ 
—N.cosj^ . 


hence, by comparing these two values of n', we obtain 
N given in the text. ’ 


the value of 


UHAPTER VIII. 

(a) If the weight of the string be taken into account, the string 
can no longer be considered as rectilinear, for it will be then’acted 
on by three forces, namely, the two tensions at its extremities, and 
this weight, acting at the centre of gravity of the string. 
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(b) Since the elements are proportional to the lengths, if the 
element at the point m be denoted by fjL) we have 

(c) By substituting in the first equation (1) its value for T, we 

obtain, as c?T = ^ + u) = ds, 

d^u p d^u , 

and in the second equation (1), as d.T— =dT^ + t there 

^ ds as ^ ds 

results, by substituting for T and dr, 


that is, 


ds 


ds dx gl dt^ 




hence, as by hypothesis, we may neglect we obtain 


dx ds' 


ds gl df 


dXi 


as we 


may substitute this equation is evidently the 


same 


as the second of equations (2). 

(d) See Lacroix Traits Elementaire^ No. 319, the equation may 

be reduced to an integrable form, also in the following manner : 

(Pu cPij 

Since member there be added 

wo have 

l■[S+“a=»4[l+4^■ 

hence, if we suppose ^ we have evidently 


dz ^ dz 


-- dt'z:x—adU 
di dx 


if to each side there be added there results 

ax 
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%dl + + « 0 , or| + «|= ^(.*. + at\ 

being an arbitrary function of ^ + at. In like manner, if « 

dx.dt 

be taken from each side of the equation § = we shall, by a 

similar process, obtain — a—{x — at), rp being another ar¬ 
bitrary function, therefore, by adding and subtracting these two 
equations, we obtain 


consequently, 


dv , 

^ — i’*' (•» + at) + I 'i' («■ — at), 
dy \ j 

^ “ 2 ^- 2 ^- “0 


/ dll 

don! rf ^ + aO + F (« - at), f and f being two func- 

lions depending on and 

(e) Since 4'*= - $ P'xdn^zfa;- vx, we have evidently 

^x + <f>x — 2fi!, ^x — <bx—Zvx. 

the 2n Jat' ^ ^ ‘he equation of 

to V s fh ! of the motion, the only restriction 

0 <(> IS, that It must be equal to cipher when a? = 0, ^ f • it mav 

be ^ IS stated ,n No. 488, a discontinuous function, i. e. the form 

slteVi r"^ parts, which are not repre¬ 

sented by the same equation, in its e^ent from a to n . From the 

circumsunce of the extremities a and b being fixed, the remarkable 

eQuatLr!‘it”t"f^i? *" ®*l’^^tions (5) are inferred; from the first 
equation (5)_,t follows, that reckoning from a, the curve represented 

by y-4^ IS continued on each part of a, and has corresponding 
rms each side, the one being above and the other below ab; and 

tniri f true with 

Sr forms ? • T'" " -th si- 

milar forms, the one being above and the other below the axis ab. 
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(if) this case it is evident, that the ordinate of the curve 
must be a maximum ; and when the initial velocity is cipher, i. e. 
1 ,, d,fx d.vx 

when *.• /a* = vx, and the value of ^ in equa¬ 

tion (3) becomes 

y —y (^ “i“ ^0 

and the functioii/expresses the original form of the string, i. e. the 
form when K = 0, consequently / is known, and from equation (5) 

wehave/?4-/(_^):=0. 

(h) In like manner, after the time equal to-, the form of the 

CL 

curve IS the same as at the eommencement, with its position inverted, 

and after the lapse of the times, 1^, &«., the figure will be the same, 
-f I 

if we suppose ««_-we have the figure the curve assumes in the 

middle of the times between the extreme positions, which have 
been just discussed j in this case when there is no initial velocity, 

+ a) “ g) J > *‘"‘1 by equation (5) f(^—^ 

— there results 


tke .bans® indicted b, x + i i - » refo, ,„i„„ ,,„i 

distances from the middle point of ab, if in the original form of the 
curve, the ordinates for the portion between the middle point and B 
be greater than the ordinates for the portion the middle point and a, 
i. e. if it is not symmetrical, then the part of the curve which is to the 
left of the ordinate that passes through the middle point, will be 
above the axis ab, at the middle of the time of a vibration, and the 
position of the portion which is at the right of the middle point will 
be below ab, and similar to the other portion inverted, so that in 
this case the string is never rectilinear. If the ordinate raised at the 
middle of ab divides the curve, in its original position, inlo two 
equal and similar parts, then the ordinates corresponding to the ah- 
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SC 1 SSS 8 g -J- dr, — — a? are equal, therefore, in this case, whatever be 

the value of x, y vanishes when consequently, in this case the 

curve becomes a right line at the middle of each vibration. 

(0 In like manner for equation (d) we have 


II 

^Tra ^ 
= --^-2 

/C* ^ 

\ , . ixx , 


iTFilff* \ 

sm—-4>V(i;arM 

sin 

i^at 

T-cos-^, 

<iPy 2w*a* 



A . . tvX I’jrat 


/» ^ 

' **sin-y-. cos— 

- ■ 


1 . waf 
^ sin 


. ivX . i7eO,t 

1 sin y— . sin ■ ■ y", 

II 

M 

^sin-— 

j,COS-j..COS-^ 

+ 


cos 


^ _ 2(r« , 

. tirar' \ 

V sin -y cos -y 





{•xx . 



Sin —J 

1 tsm —. sin— 
t 1 


hence it is evident that$^ = 

ds^ 

(A) When — the equation <(>^ = sin!!5^ — ^ sin which 

therefore is the greatest value of <|>^, or the height of the trochoid. 

(1) As <{/^=0, the second term, second member of equation 
(d) is cipher, and the first term is reduced to 


y 


=ts:(^ 


. , A . mjrar m^at 

sin* —— dw'A sm -y-cos —y- ; 


as sin —I—— Jcos- ^the integral is equal g 

when taken between the limits 1 ^ 0, consequently the value of y is 
that given in the text. 
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is neglected becomes the expression in the text, and as by No. 
483, T— wzzg^j by substituting this value of T — w we obtain 

1 =$'•“? consequently, when ^ = 1, ^ = A. in which case the ratio 
1+5:1 becomes that of 2:1. 


JS^otes to Pa/ragraph IL 


(m) As U is by hypothesis the entire increase of length of the 
rod when subjected to tension A, the increase of length of the 
part dx of the same rod, No. 288, therefore we must have t : A:: 

du : hdx, T = y . and, consequently, q = now when x=:0, 


the equation of motion is ^ =r by substituting 

, (Pu pd^u ^ 

(rv) That this value of u satisfies equation (1) is apparent at once 
by taking the values of as in note (i), and substituting them 


in equation (1); it is likewise evident from inspection of this equation, 

that w = 0 when = 0, and ^ = 0, when X'=.L 

du 

(o) In taking the value of ^ in this case, it is evident that the 


two first terms in the value oiu need not be taken into account, 
and the third teirm becomes, when differenced with respect to t, 

— and the fourth term when differenced with respect 

to this same quantity is 






cos cos 


itai 

T’ 


which when i m 0, is the second term in the value of 


du 

dt" 
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{p) Beyond a the extent of the original agitation, as long as at^ 
d? —a, the functions/’(^‘—fti), f(^— oi), are cipher, and consequently 
the quantities u and 5, they have a finite value, the moment that at rz 
^ — a, then they become cipher again, when a# = 4? 4- os, so that 
the agitation of the points situated on the positive side of nc com- 

X X “““ ^ I ^ 

mences when i =-, and itlastsfrom t— -to i'rz-, or 

a a a 


during an interval of time = —, and the portion which is agitated 

CL 

at the same time, is comprised between ^ — a, and^= a, 

so that its length is 2 a, •.* as the extent is constant, i.e. 2 a, and the 

2a 

time the same in all, namely, — the velocity = a. The proper velo- 

a 


cities will depend on the equation v — — “0 ^ 

Nos. 660, 1, 2, 3, 4, 5, 6. 

(O') Since ^=r^, asv=^, vdt sdne must be an 

dx at dt da; 

exact differential. Lacroix, 261. 


Notes to Faxagraph IIL 

(g) As (^'x = h from 4? =z 0, to a? = c, the integral of J in 

this interval n Ac, and as from x — cio x:z:l, ((>'x — h'^ the inte¬ 
gral in this same interval is A' (f — c) = A'c', consequently, 

from ^ = 0 to ^ S ^'x^dx' z= he In like manner the 

integral of (p'x' cos^^ dx^ from A’=0 toa?=c, is ^. A .sin and 
from xzzc io xzzil, this integral is J- .A',sin — - *— 7—^ 

i/JT 6 l7t 

cbstTi'.sin*-^; ^(p'x'cos^-^^dx^iiom xzzO to xz=lzz-r-{h--h') 

. tTFC 
Sin-y. 

(r) See the expression for u given in the third case of No. 495, 
and as t =;y.~ by differentiating this value of u with respect to Xf 
we obtain the expression for t given in the text. 
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(0 

I I 




Sy!iin!i-.i»'=i.rto.i^_l.Scoi 2 ^yC=_ t.AriSi) 

^ ‘ ^ i *V ~’ 

which when taken between the limits of I and 0 , is reduced to 

2 ^^ - 71 . 

^cosrw, I being substituted for hence by putting this value 

in the preceding equation, we obtain « = --^sicossV.sin — 

Tf i I ^ 

andby making -^= «, - = - 2-cos*V.sin. i9, therefore by substi¬ 
tuting for * all integer numbers from % = 1 , to i = x, we shall obtain 
(by remarking that cossV is alternately - 1 , and + 1 ), the value of 

2 furnished by equation (3), 

(t) This value of o, when t is either cipher or an even multiple of 
2 results from the equation sincos^^nJsin.V (£^)+^sin 

Sx. \-j-j ; and if in these last terms, I- o' be substituted for c, they 
become^sin w |sin»v(lz(^^ ^hich are respec¬ 
tively = f costV. sinsV. —icossV.sinsV.^^-llfj. 

(u) By substituting these values in equation ( 4 ) there results 

substituting c for I — c', and remarking that f r: c -j- c') h'. 

(«) When a; = I, then cos ^ cos w = ( — J )i, consequently 
the value of ® is that given in the text. 

(.*') This appears at once from the consideration sin — cos — 

I (f 

— , 1 . , . 

— f sin ^ -- -|- ^sm- ^and that cos eV = ( — 1 )i, 

(jy) In the second case of No. 495, when a is fixed and b is free, 
the first member of the value of u vanishes hy hypothesis, and the se¬ 
cond becomes by substituting — k for 0 'a; =: 


t costV* sinzV. f ^ 
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= («s°os^^-(^-c) = (-l)«-'cos(5^^^c). 

the v^ue of u given in the text, 

(-2?) In equation (7) of No. 326, when x is substituted for <j).a?, 
and then differenced with respect to it, becomes 

^(^0 CQS ^-^p- na;. 

Now the integral of ^i'.sin cos 

(2e—I)7r 

, 4/2 . f2«-n 

2 / i- sin — — —5r.«?', which, when taken between 

the limits / and 0, becomes 

4/^ . ^ 4/2 

(2»-l)V ■®'" (2* -1) 2 = (2e-_i)v ’ 
consequently, we shall have 


that is, dividing by dx, and substituting 9 for —, we have 

2 1 

therefore substituting their difiFerent values for i we obtain equation 
( 6 ). 

(«') By substituting o' for c, sin ^ V.(g + c) _ 


(2.--t)J = 0. 


OT o«2iziVia=£i^^ ,^. „(2.--iM.,+ ^) 


= - cos^iiii25lil:£2 
2 / 
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Notes to Paragt^aph JV. 

(a) As the variables'are by hypothesis independent of each otberj. 
it is evident that when l = 0 , is developed, as pointed out in the text,, 
the coefficients of each of these variables may be put separately equal | * 
to cipher, and they must consequently contain one independent va¬ 
riable less than l = 0 , the given equation of partial differences. « 

(b) If we suppose in equation (a), that 6 and also that. 

the coefficients p, q, r, &c. are functions of at, then we have 

II = P(f—R.(^—/i)T + &c., 

and, by substituting for ti in equation (b), we obtain 

ap.(t—+yn.(<—+ &:c.=: 

“'S (<-&)'» + &C. J 

now in order that these two scries may be identical, we must have 

(Pp (Pst 

az=0, i3= 1, 7 = 2 , &c., andQ = a^ 2 r = a j^,3s=:a^, 

3cc.; and it is evident from inspection, that all the coefficients de¬ 
pend on the first p, which alone remains independent, if wo call it 

dwr, then Q = » = f f -so on; honco wc obtain the 

dor* l.2.clss* 

value of u furnished by equation (c), 

If now we suppose B = A), and the coefficients of series 

(a), namely, p, q, b, &:c. to be functions of t, we shall have 

«i=p(ar—i)®+ Q(a?—A)/® + R(jr—A)v-(. &c., 
and by substituting them in equation (b), we obtain 

^(t!-hy‘+—(x-h}P+^(s-hyt + &c. =s a«(«- 1 ) ?(*-/*)•-* 

+ a./ 3 .(j 3 — 1 ) B(jr—A)i^ + &c. j 

since the exponents a, jS, /, &c. constitute always an increasing 

series, in order that these two series may be identical, the first term 
of the second must disappear, consequently we must have either 
a = 0, or « = 15 in the first case, the other exponents jS, 7 , 5, &c. 
must bo the even numbers 2, 4, 6 , &c., and in the second case, they 

4 B 
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must be the odd numbers 3, S, 7, &c. 5 therefore in tire first case we 
have 


dt 




and in the second, 


^= 8 . 4 .«e, — = 6 . 6 .«s; 


di ~ 


dt 


= 4.5.aH, 


dR 

dt 


= 6,7.«s, &c.; 


consequently there will result for « two series, one of which proceeds 
according to the even powers of (x-h), and the other according to 
the odd powers; and in each of them the first coefficient p remains 
in eteiminate, and all the other coefficients may be expressed in 
terms of p, which in this case is a function of t, if in the first case 
I be called and in the second -it, we shall have, by making u 
equal to the sum of the two series, equation (d) of the text. 

(c) By Taylor’s theorem, we have 




U" + 



U"' + &c., 


in which 0 is the value of u when as— h, vs' = —, v" — ^ „„ 

the same hypothesis ; now from the equation (b) we can obtain the 

I d^u 

® ac — h, in functions of t, consequently 

it is easy to conceive that the resulting value of may assume the 


u »"h 


dit 

1.2 • rft + 


{as^—hydspt 

1.2.3.4 'W ■*" 


(x-h) 

1 


H- 


(x—Kfd^t ^ (jg—hy d^f 
1.2. 3 adt i.2.3. 4.6 aW’ 


which when the constant h is made equal to cipher 
senes IS developed according to powers of ir, becomes 
{d) In fact if in series (d) we assume 


i. e. when the 
series (d). 


ij/f =A + 


1 ^ 1.2 ^ 1 . 2.3 



&c., and = A' + s't -I- — 

“ 1.2 

+ &e.. 



NOTES. 


69o 


b, .b. „r f , ^ „. 

ranging them into series proceeding according to the powers of 
we can obtain the series (c). 

(e) By multiplying both sides of this equation by dt^ there re¬ 
sults 

b,,. j log I’ 

and *.* and *.* p= ^c. 

(/) This is evident by substituting for e-'-® its value 1 ~+ 

- &c., for then ^ ^ 2^-3 _ ^ 2^-5 

+ &c., and when these terms are respectively multiplied by duj, 
and integrated between the limits oc ^ x, each of the terms is ci^ 
cc 


plier, ^ 


■ QC 


co2»-'rfwz=0. 


is) By performing this differentiation with respect to^, and dividing 

by we obtain C * = C ** «-8’"Vrf«;=— 

J-ac J-oe 2*gii’ 

S ec , , „, 1.3.6 k „ 

_ oc ® = "ir -S’ consequently, the value of the 

o 

term wheng= 1, is that given in the text; this formula evidently 
oe 


, Si" c oe 

gives /r_ J-—___ ^ «-“• u^dui, where n may be any 

positive integer. 

(4) If in formula (c) we suppose each term to be multiplied and 

ft 

divided by equal quantities, namely, ——- - -- C ® e~^‘u/'‘(lui 

and kj we shall evidently obtain by concinnating 

- A L aV^"'+ 0“^^ + i.2.8.4.2^ +^°-) *-“• 

but ill consequence of what has been established in note (/), namely, 

““y evidently introduce in this 

value ofM the terms 2y'm'* c'-<‘’tudw,^al\/ai^^i * 

rf,rJ-oc rfcO-oc i 
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e “ w’rfto, &c., for they are respectively equal to cipher; conse¬ 
quently, the value m naay assume the form given in text. 

(t) As wdai = — |- by partially integrating the value of 
dii 

^ we obtain- = 

consequently, as the first term of the second member of this equa¬ 
tion vanishes, vre have the value of^equal to that of a 

au 

(A) When the radii of the interior and exterior surfaces of the 
cylindrical slices are respectively »• and + dr, the base of the slice 
will be equal to Swifr, and this multiplied into their height or its 
equivalent e-r , gives the volume of the slice equal to ’itie-^rdr, 
and this when integrated between the limits 0 and x, gives the 

volume of the entire surface of revolution equal to rdr 

= TT, for the value of e-^'vdr when r = x is 0, and when r = 0, it 
IS equal to — 

This value of & may be also obtained from the consideration that 
ife—V«, be expanded into a series, and if each of the terms be 
integrated between the limits oc, - x, the result will be a series 
equal to the known value of tf. 


(0 

therefore, 


j-g-g, sin 2acv = 2<zcu 


(2acoy 


f &C.5 


e~•^\sm2J^cudcv 


= —- 4 - 



~ 


{2(x,ujY 



dctjy 


when these two series are multiplied together, and then integrated 
between the limits a, - qc, the result will be evidently cipher. From 
similar considerations it maj be shown that 



cos 2fl£a/tfco = 



e do) cos 2 oLo:duQ> 


(m) As cos (at + 2aui) ^ cosar.cos 2«(u — sin .v sin 2acu, by sub¬ 
stituting this expression in the value of «, as the function of a; can be 
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taken from under the sign of integration, and C ® e-»*sin2a«;or£u=0, 
we have evidently u = —- cos Qocuudcv zn e—cos iV, 

S 30 , i/Z 

“ cos 


(n) Since cos 2act; = 


gaaoiV—1 2awy- 


£i 

stiluted for a, the preceding equation becomes 


-jwhena'V/ — lissub- 


V- 2 -= 

(o) As by supposition l = 0, is not higher than the second de-i 
gree, when series (g) is substituted in place of w in l = 0 , the result 
must be the value of h given in the text; and as the equation l = 0 
obtains whatever may be the value of t, the coefficients of 

&a, must be separately equal to cipher, from which it appears that 
equations (h) obtain. 

(p) By making this substitution we obtain 


•f- 


„=(|±|:/-)/»v=i _ (|±|.v-) 

=|.-xt/riy 

+ |. + | V ^ y + &c., 

= (by substituting for the exponentials their values) p cos Xt + 
q cos + See-, + y sin \t + q' sin + &c. 

(s) ^<5-? ..sire real, then aj/Sj ci- -tTv)/^ 

and vice 

(y) In equation (i) when ^ = 0, in whch casew 5 ?) by 

hypothesis, we must have (as cosXif, cos &c. are respectively equal 
to unity, and sin sin &c., are respectively equal to cipher) 

^ 5 ) +■ ^ + »' + &CC., in a similar manner it may be shown 

du 

that when we take the value of — in this equation and then suppose 
t = 0 , that we will have f (.r, y, a) equal to Ap' 4 - f^q' + vv* &c. ^ 

*’’<1 
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H^otes to Pm'agTwph V. 


= (“ (‘’+»'‘= 5 - 24 ) 

^•^•’3“27’ from the result obtained by Chladni 

by a ^th part q. p. 


(«) See the difiFerent cases which have been discussed in No. 320, 

the quantity 6^ s: of that number. 

yuj 

(v) Since yi is the weight of the rod,^ is equal to the quantity of 

matter, and m being the area of its normal section ^ is equal to the 
8 glio ^ 

density j now as ^ by substituting «for and 

^ for uiy we obtain equation (5). 

(n?) In this case v is constant and equal to the base of the rectangle, 
and ■.■ u-2ev, likewise as the centre of gravity is equally distant 
from the opposite sides of the rectangle, we have k — k> = e, and 

the integral becomes there- 

fdr6> ^ and h ~ ah = . 

(y) In the case of a cylindrical rod by substituting for v, k, k>, 
ivh^=^^2\/B^-uKn^du, now if we put u = sy, the quantity 


may be made to assume the form 2e*f _ 

y^dy . . ' ~y^ 

<l/l—yj >ntegral of these two expressions are respectively equal to 

J(arc sin=3,)),2E^[^Jy3+ ^ v'rz^,_ 2 g*. 

• 1*8 

^arcsinrryi. 

Now when m = j, ?r= 1, when the preceding integrals are taken 
between the limits 1, -1, the parts multiplied by /T^ vanish, 

and the circular parts become respectively e'Tf, - ^ s«-, conse- 

2 a 
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quently the value of ai/i“ taken between g, —i, is g*^ as u; = ^g' 
h =: and b = ah = 


(.g) In the case of a triangle, as its area is equal to the base mul¬ 
tiplied by half the height which is equal to 2g, we must have co= Xs, 
the integral of vu^du is supposed to be taken between the limits 
k, —k', reckoning from the centre of gravity as the origin, as its 
distance from the vertex is two-thirds, and from the base one-third 
of the height 2g, we must, in thejifrst case, have k = .%e, k' = 4 s, 
and in the second A=:-Jg, A:'=r.|.s. 


(o') Therefore in this first case we must have d : A:: — -I- ; 2e 

3 ~ 

^, I rAz^dn . , "i „ , 

’ w rtw — — 1^—g-h W'VwJ of which the integral is 

Tb L~ + rj 


which taken between the limits-^ and becomes equal to 


9 






which after all reductions is equal to -.-as w=: we have 


/i* = —, and consequently & — 

(&0 When the convexity is turned downwards, we have vu^'u zz 






u^du^ 


of which the integral is ^ 


I W'l\ 

V 9“+4/ 

when taken between the limits A? = 7c' rr: ~ it becomes 

o 3 

S’-! ^ I M* 2A 

9L3^ 27517 A3*~DV®'’ 

which also, after all reductions, becomes equal to f*® := 4e*, 


and 


and h = agl/-J. 

(o') As_p and q are functions of x, if this equation bo differenced 
with respect to .w, wo obtain ^ = ^.sin»i‘it Hf- ^cosw'ii; and 
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in like manner, if this equation be differenced twice successively with 
respect to <, we obtain ^ — m*b^p smmm — m^bq^aosnfht-, 

now if we suppose m%t = we have ^ and ^ = -mf^p 

^ ax' dse'‘ rft* ^ 

2 = by equation (1) - — 

dx* ^ ax' 

'{d') For the integration of this equation, see examples of the 
differential and integral calculus, page 393. 

(e) By differentiating the value of p twice successively, we 
obtain 

d'p _ 

^ A»»“sinar—A^’m^’ccsOTar-f e—»») 

which because it is equal to cipher when a?=0, gives a' = b', in 
like manner by taking the value of ^ when ar= 0, we obtain a =b; 

now as the values of Sic., are also cipher when I is put 

for a in these values, we can obtain the equation 

A (2 sin + e-^) =z 2 cos ml), kc. 

. C/0 expanding this product we obtain 

2 —e“2wiz_|_ 4003^^2^— 4cos ml ,(^6"^ - j - e"^) ^ 

+ 2 + -- Oj i. e. g _4 cos ml 0. 

(g-') If in the expression for y we substitute for jo and q, their 
values, and observe to put for a, a',c, &c., the quantities to which 
they are equal, we shall obtain equation (b); now the value of 

^ = (e»>i + e-”^ - 2cossin mx + im'‘(e^ - e-»“) + 

(2 sin ml — e®'*4' (—m'^cosmx -)- ^ 

but when « = 0, this expression is evidently equal to cipher, and 

when a: zz L it becomes 

♦ 

[(e^+ e-mZ)_2cosw2^][—9w®sinm^ + -J- 

(2 sin w?—cos ml + 

which is also equal to cipher; in the same manner it may be shown, 

d^x 

^ ~ same circumstances. 
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(2 sin ml-^ e^ + e- sin ma + ^ mK («*^ — fr-" ; 

and, therefore, 

— ^ (e»“ + <?“^ — 2cos » 2 /) (jw^sin 4* i(e”*-®—^-»w) ^ 

(2 sin 97%^ ~ 4 (wi^.cos W 2.27 4 J (e”** 4 ^"■”**), * 

which is evidently equal to m^x. 


(»0 If in equation (a) we substitute ‘-fe-w^V^ 'foreosw^, 

then it is immediately evident, that if w is a root of equation (a), so 
will — wand dimV^ —1, 

(*') It is evident from the value of x that it does not involve t, 

.V c 

therefore, consequently, when equation (1) is multi¬ 

plied by xda;, and then integrated between the limits /, 0 , it may be 
made to assume the form of this equation. 


/7A C ^ c 

^ ^ Jo this last quantity is equal 

cfx d^y ^ d^x d^y 

quantityisequal to^.g- 

dy <^3x C<?*x , 

{m') Since by equation (4), yzzpx^^zz p% when < = 0, if in 

the equation ^^xy<te=Hcos>M>i*+H'sinjB>6<, and in its differential 
with respect to t, we suppose f = 0, we must have, as is stated, 

x(pxdx = H, xfxdx = ot*6h'; 


now if in the first member of equation (e), we substitute fory its value 
derived from formula (6), it is evident that as the second member of 
equation (e) contains only sin tri^bt cos m*bt, if such a root as m' is sfated 
to be, occurs in the value of y, and if x' denotes what x becomes when 

m is changed into m', we must have xx'da;=0; and in the case of 

jw ^ when fornuula (b) is substituted for y in equation (e), then 
VOL. n. 4s' 
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as this equation obtains for all values of we must have the coeffi¬ 
cients of the corresponding circular functions equal, i. e. 




(n-') In differentiating the second equation (A), it is evident that 
the differentials of its second number must, in this case, be cipher, and 

when we obtain a differential of the form we can 

VJo 

dHx 

by means of equation (d) substitute obtain 

the expression in the text. 

(o') If we substitute for sin m^tf its value in a series, it is equal 

m^ht , 7n}^.b^i^ . . ... i . 

&c., *.* when this is multiplied into 


to —T- 


1 1.2.3 

/'SoX<j)'rf^ 


1.2.8.4.5 


^ • ' w ' T ?-equal to ^2 (-) x, and 

the coefficients of the subsequent powers of t are of the form 


I iiL--. and therefore equal to cipher. 

(y) Sincee~«>^ = l ±-^4-—±_4-&c., sin 

4" &c., if their values in series 


cos«iar=l— ^ ^ 


be put for e—”^, e"“, sin.m^r, cos mx, &c., in the expression 

given for x in page 805, we will obtain by restricting ourselves to 
the third power of 

.ml ^ mH^ , 

*=('+T+T^^ 





f^ml ml 


mH^ 

ly, 1 1.2^ ~^“T ■ 

1.2 ■ 

1.2.8 ^ 


ml oTTi^ mH^\ /- 

*‘T2 J’ 


j_ 1 I . 1 Ill I 

■ + i +-^ + i ^ ^ 


which, by obliterating quantities that destroy each other, and concin- 
nating,becomes2w®^».2OT^- — zz 4mHK 


e-i). 


now when this 
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expression is substituted in equation (g), it becomes (by taking 4mH^ 
from under the sign of integration) f—-—j |^\ (3^ — 1) + 

J ( 3 ^ _ Q divided by ^ ^ 

^ la \ 

and this divisor whenintegratedbetwreen the limits 

is equal to (—~— j . ; consequently, the value of the term in question 

will be that given in the text. The reason why we restricted our¬ 
selves to the third power of m in the expansion of the exponential and 
circular functions was, because if higher powers were retained, they 
would not be obliterated by corresponding powers of m in the value 

qI 

of \ xV^, consequently, when m is supposed to be infinitely small 
•JO 

they would vanish. 

(j-') In the case of an entire vibration, in which the vibrating 
body returns to the point from which it set out, we must have 


T = and as & is the thickness, it is evident when 


. . , , h 

A IS given that n = vanes as 

(v') In the case of a rectangle, if the base be 2 s' and height 2ff, 
it is evident from the expression given for b in page 302, that the 
values oin will, every thing else being the same, be in the ratio of 
£: e'. 

(s^) When the normal section is a triangle, the value of 6“ in one 

(tS^ 2 y— 

case is —-—, and in the other aey §, so that in the two successive 
o 


semi-vibrations the values of T will be different; however, as it is 
evident that in these two vibrations, they interchange values, the en¬ 
tire vibrations will be always isochronous. 

(/') In the preceding analysis the rod was assumed, as stated in 
page 300, to be free at its two extremities, here it is supposed to be 
firmly fixed at the extremity a, and free at the extremity b, in con- 

sequence of which we have y — 0^ and ^ =r 0, but this expresses in 

general the angle which the tangent at the point a makes with the 
axis of or, consequently when it is cipher, the mean filament must 
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coincide with the tangent at the point a ; and in determining thei 
constants a, b, &cc. we must make use of the equations ^ = 0, ^ 0, 

~n0, instead of equations (2). 

(y/) It is evident that neither ^ nor 5' can surpass for if they 

did, then we would have, for instance, in \\’hich the ex- 

pression for K could be reduced to a form in which S did not sur¬ 
pass^; now it is evident that cos('|(2t+ I)*/** if: 0. = — sin^, it 
2 

follows that if in equation (a) we substitute for ml, we can obtain 
immediately the first equation (k). 

(©0 When J = I we must have eiC2«+i)»r+« + - 2, 

2 

consequently these exponents must be respectively equal to cipher,r 

*jt 

and as ^ ^ we must have i = Q. 

2 

(x^) By supposing 5 = 0 in the second member of the first equa¬ 
tion A?, we obtain a value for sin which is evidently only an ap¬ 
proximation; but by substituting this approximate value in the second 
member of this equation, we obtain one still more accurate; now as it 
appears that the values of I relative to % = 2, i = 3, &c., are less 
than 0,01765, it is evident, that the values of A will, as is stated in text, 

differ little frona the or the odd multiples of The 

least value of A taken into account corresponds to iml, and *,* 
A = 4^ T 

(y') In second equation (k), if we approximate to the value of 5', 
by means of the expression for sin when i = 0, we obtain the ex¬ 
pression in the text; and, as in this case, is not zn ^ when i = 0, 

the least value of A' which gives the gravest tone is ; ai^d as 

the other quantities which express the ratio of n : are the same, 

tiave — m 0,15715 j now if the values of be determined, 
n A* 

as in the former case, when iizi2, =3, &c., it is found that they 
continually diminish, hence it follows that the corresponding values 
of A' will be j'.jd odd multiples of ti*. 
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(^') Since a =: and b =: aA, we have n =:: 2.(3,56082) 

i 

£ £ 

and by substituting —, — respectively for A, we obtain the values 

of n given in the text; it is evident from the expression ^j^vu^du 

— uih^y that, every thing else being the same, h depends on the thick- 
ness. —See page 301, No. 520. 

CHAPTER IX. 

{a) See Nos. 122, 126, 128. 

(b) See Memoires De TAcademie Royale des Science, tome 1, 
unememoire sur la variation des constantes arbitraires par M. Poisson. 

/ \ T *1,' ^ 0 . 1 , 

[c) In this case , &;c., are respectively equal to v 

cipher, and as from the values of l, l', l". See. ~ n ^ 

dja ^ dty 

y —b 

~j—, &c., it is evident that when ^ = a, = /3, -sf = y, the equa¬ 
tions given in the text will result. 

4^) R a + % /3 -h y + respectively substituted for 
y, X in the value of l, there results 

? n: V^(a -h ^ + (/3 + ^ “ ^‘0 

- V{a - af + (^ - hj + (y - c)» 

= / («—<i)»4.2(a-«)24+(/3-6)'4-2(/3—6)u+(y-(;)s4.2(y_c)Mi 

- /(«-«)» +(/3-i)“ + (y-c)“ 

= /(«la)*+(]sr6)i+(y_c)>+ + ^jr 

V 

- /(«-»)'*+(/3-6)»+(y-c)» 

when the squares and higher powers of % v, w are neglected. 

{e) Now in equations (4), we have in this case ^ r: 5^, and 

^=1- 2 -J, by substituting o + wfora!, consequently, by 

making similar substitutions for y, z, h', &c., we obtain, as 

y=-^fe. 


\ f(i^u--a\ /a 


i'£' r 
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/a + tt— 

evident from the values 

of X» S", &c., the value of given in the text, may be deduced.^ 
(jO When w, Vi w are cipher, the accelerating forces, which in 
general are expressed by feci, vanish. 


From the first of these equations we obtain 
fx.+ cos y ^ 

and from the second, 


^a: 


cos A 

_ — — z^z 


^hence a comparison of these two values of $a: gives the equation 
*^-(3/cosA«-^cos^)=:^;3r.(^cosv~^cosA)5 -$i/i$z::sL3 these 
ifactors.—See No. 543. 


(h) If in this equation their values be substituted for 
&c., there will result 


ie'(zao%i). —y cos v)sJfy> (sf cosv—zcosX') s + cosA. — jfcos^). 
df(«'cosf4—ycosy)e'+^(a;^cos(' —ar'cosX) e'+;af(; 3 ^' cos A—a;' cos/ x)e'=0, 

which by concinoating can evidently be reduced to the expression in 
the text. 

(i) By making this substitution there results 
2m.(A—a)(2fcos^--y cosj^)e+ Sm.(B-^6)(d;cosv—^cosA)fi + J,m 
(c —o) (t/ cos A—. 2 ? cospo) £ zr 0; 

nov7 as cos A, cos^, cosv, are the same for all the terms, we must have 
the quantities by which each of them is multiplied equal to cipher, 
as for instance, the quantity of which cos v is a factor is 

2w^.(b—&) — 2??2y.(A —a); 

hence then we have 


2w2(a:B —yk) =: ^m(a;b i/a), &c, 
(A*) By substituting for da;, $t/, in the expression 



it becomes, as dz zr 0, 
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— \/ ^^(C 0 S*A + C08V) _ . /cos*y) ;!r£siay 

^ “ d,t ■ 


(0 The expressions for ia?, ^y, te, &c. are respectively grouped 
into quantities, whose respective multipUers are the increments of the 
several variables w, v, u', fee. 

(m) It is evident, that as q is constant, we can by a suitable va- 
riationofM,«, &c. cause this quantity to disappear; the values of . 
a, y, &c. in this case belong to a sUte of equilibrium, because ' 
the accelerating forces vanish when w = 0 , v = 0 , &c. 

C«) ^ = liW~pcos(tV7-r), - m.p.sm(ty/p _ r), ■, 


* 


if their values be substituted for « e.g, &c. in equation (a), 

there will result a common factor R sin (t/J-r), which may be 
struck out, and the terms on one side will be UNp, BN'p, VN"p, kc .; 
and on the other, on, hn', kn", &c. , ’ * 

(o) When t/p is increased by 2r, the value oi sia(t\/J - r) 

becomes the same as before, and the actual amplitude of the oscil¬ 
lations will be (aN -j- 4 . cn" -|- &c.) a. * 

(p) In this case, in the expression for the amplitudes, the quan- if 

.. . , WJI7 . s# 

titles sin-y, sm-y-, are the only terms which differ in these ex¬ 
pressions, consequently the amplitudes are as these terms. 


€kU y— /— 

(?) = RNKpcos(t\/— wrn. sin 

— =: —pEN.sin (ty p—r) r-<^ —«»v/p.BNcos<(v/p—»•)«-«< 
+ ‘v’RN sin (<t/ f—r)e-<^ cos(/'/p— 


now, if in equation (e), we substitute for ^ its value given here, as.' 

(oD^wB',&c., are supposed to be neglected, the secondtermofthe value' 
du 

of^ must be neglected; in like manner, as «•» neglected, the third; 

term of the value of may be omitted; and since this equation 
(e) always obtains, the terms multiplied by the sines must be identi- 
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cally equal, and likewise the terms multiplied by the cosines, this, 
therefore, gives at once 

d'n. V^p.cos(#\/ + &c*, =—.2DNa>.\/ ^.cos(iV^ p— 

consequently, 

D'Nf = — Sdno;, &c. ; 


u) must be positive, as is observed in the text, in order that when t 
increases, the values of «, v, to, &c., may become less. 

(r) As all the coordinates are in this case independent variables, 
and as their number is triple of n that of the material points, or bo¬ 
dies, the number of simple oscillations will be 

(s) By substituting c -- xf for in the equation of the ellipsoid, 
which must be done when the origin of the coordinates is trans¬ 
ferred to the lowest point of the vertical diameter, this equation 
becomes 

d‘-2ce + ii^ I ^ 1 


which, when is" neglected, gives the value of z. Now as the oscil¬ 
lations about the lowest point are supposed to be very small, z and t/ 
must be very small, and d fortiori, z must be very small with respect 
to z and?/. 

! (0 ^ = r\/|.cos(<V^!-,•) = 

(when ^ =z 0) R. ^ . cos r =r p', in the same way, the values of 


R sin r, R sin r', r cosr' may be obtained, and^ = r.cos ^^sin t Vi 

A /ff p'o^ . \/&c ffC 

— Rsmr.cos^V ^ • cos f fey substituting 


— for h, ~ for 

i c c 

(«) On these suppositions the first equation becomes when^ = 0, 

; and its differential coefficient becomes — afl . sin = ju'. 
' dt 

4/ but as sin 4' = 0, we must have p^zzO, q is evidently equal 
^ er 


g 

. 1 _ 1 _ •_ r\ . _j 
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(u) By squaring and adding the corresponding members of these 
equations, we obtain 

0®, (sin® \p cos® 4') “ a® cos t \/^ ^ -|- /3®sin® ( -, 


5S= t ^I = 


cos2^l/f+l 


V\='- 


n 


becomes the expression in the text. 

{x) See Wheweirs History of the Inductive Sciences, voh i. 
p. 175. If t;, i;' be the velocities with which m and are respec¬ 
tively actuated along the line connecting these two points, the space 
described by them in dt are \ dvdt^ ^dv^dt. 

{y) Since it is evident that these points, when only subject to| 
their mutual action, must eventually meet, and as the entire spaces' 
described by each at the point of junction are in the inverse pro¬ 
portion of their masses, this point must be their common centre of i 
gravity; indeed this is evident also from the consideration, that the 
motion of the centre of gravity of any number of points subjected 
to their mutual attraction, is not affected by this action, consequently • 
as all the bodies must meet, their point of junction is the common i 
centre of gravity- 

(ss) By substituting a + ioxx, and in the first equation 

(a) it becomes 




dt^ 




a -h A*, 




a 


which is evidently reducible to 


dx dy 

(a) By substituting for x, y, the first equation (c) be¬ 

comes 

(^-^Y < 2 '' (^) = + 




dt ^ ' dt 


dt dt ^'dt 


1 - 


VOL. II. 


no 


KOTES. 


- “y, ^ - j(, s<fay'_ 

--bioh .rid»uj a,, .f c giv.. i, 1 

(*) Since u the value of the moment of inertia of 

.he apker. which i.e,udm!f.fj.t=a^*t ..do.,,, ^.e 

' B “I* I” 

1 j e first term of the second member of formula (f). 

(0 By making this substitution, the first equation (g) becomes 

-4+ -‘-H = (4-y§) 

+ + te‘.y+ |2«Sr- |sMia, for g, 

dg dk 

can be taken from under the aign j, inmmnch aa Ihey 
«e Uie fo, ai the bedim, now = 

it Mow, .ha.f.|fw = |,.„, = „a 

Sivefm'trj “I '* “ "■ "•’‘•i" •>» «f 1, 

given in the first equation (h). ’ 

tat,hi. last ,«««l,pi. equal to - „v.§:di. co.aeque.tlj _2 Skv 
idt i. the variation of dt, Uving force produced by the force N. 

“• •“« «f the .econd member of 

c4uauon (aj, that arises from the frirtian 
multinliVfl , irictioD, the components must be 

P ei by dx, dy, dz respectively, and it will be 
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+ J * +5*) 


+ 


from which as Sm -^ = 0, it is easy to obtain the value of 2wii* 
given in the text. 


(§•) Since 2m 0, we must have =^2 ot, and also 



and ^ 2m 
at 



consequently = 2m ^ - 22m | + 2mg, if we 

substitute for 2m (Jf), and also for 2|:2m^, and for ^ 2m, 

we will obtain the expression in the text. 

(h) By substituting dm for m, and J for 2, in equation (e), we 
obtain 5 (ae + b 6 + cc) dm = $ (»= + js + c*) rfm = li. 

(0 By substituting their values for a, h, o, in equation (f), we 
obtain 


+ q.{A!Sj— ex,) +p(cy,-Bz,)]dm = k(reosy + j'cos /3 +;7.cos«) = h. 

(k) This is evident by substituting 2 2m («> -{■ <fl) for 

2 '2m (Aa -|- b 6 4 - cc). 

(m') If the equation Sm^ = 0 be integrated twice successively 
we will obtain an equation of the form ^mx = a2m 4- Af. 
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BOOK V. 


CHAPTER II. 

(a) dm = fdxdxjdz, therefore the motive force arising from this 

particle must be of the third order, for we have xdm =r ^ cte dydz, 
consequently y is also of the same order. 

(i) ~ are equal to the cosines of the angles which the 

^ as as ds ^ ° 

tangent at the point of the surface, whose coordinates are x, y, 

makes with the axes of and - are the respective cosines 

R It 

of the angles which the resultant R makes with the same axes, conse¬ 
quently, equal to the cosine of the angle be- 

tween the direction of r and the tangent* but by what is stated in page 
422 this is cipher, hence the tangent is perpendicular to r. 

dr 

(c) In this case we have dp = (xcfjr + 'sdy + tdz) = — pga^ ^9 

and p = when JO = 0, j3 = — pga, • jo =: n + - 

{d) In the case of a repulsive force it is evident from the ex¬ 
pression for p that its least value is when r is greatest or equal 

to Cj in which case it becomes — H —hence the least va- 

c 

lue of n in the case of a repulsive force is gpa 

{e) If p'::=:f.<pi then dp~f(p.d(p^ if this be integrated from any 
internal point to the surface, and if <|>' be the value of <j> at the sur¬ 
face, we shall have jo zz: r<j) —and as this value of jo is the same 
whatever point on the surface is taken, f 4>' must be constant for all 
points on the surface (because it is by hypothesis the same through¬ 
out it), d.Ftp^zz 0, *.* p is constant at surface; hence then since 
/ p zz: v<j)—a-nd F<j>' is constant, ip must he a function of p, and is 
: constant whenju is so, and surfaces of equal pressures are also sur- 
I faces of equal densities, but in homogeneous fluids p is necessarily 
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constant, and is no longer a function of jo; so that the preceding con« 
dition that when jo is the same, p is the same, does not hold. When 
the fluid is incompressible, p may be any function, continuous or dis¬ 
continuous, ofjo. 

(/) If the central force be equal to we shall have 


A. 1 — « ■“ 

AiTi ^ A\n Ai Mn 


z 

' y'li. 

and by No. 583 we have for each stratum dpzi: o^i^dos%dz) 


= in this case (j^dx + + zdz)^ now as jo is constant for 

each stratum, we must have xdx •^-zdz = 0, and '/ for each 

stratum 2 /^ + ^^ == a constant quantity. 

{g) Let jt>, p, denote the pressures corresponding to the two func- 

A $ 

tions (pi O, then we have logjt>rz^+c, logPrr^+c, conse- 


0^<i> 

quently, ^ , and as p, (j 5 , are supposed to be given, if we 

± 

P h 

suppose n = — , then there results the expression jo = n .a . 

(h) By substituting for « its value + c, vfe have 


e?h = 2 — C .?•“ dr-\-c ^rdr = ^ r* + cj'* + c, 
2iO 


and when this integral is taken between the limits a and o, it becomes 

a»6 = + ca’=^bysubstituting-for—j c J a'-.- c=6--s 

now as in this case the general expression uda + Ycfy + zdz = 
- we shall have <ipz=:~ gd« + (xdx + ydp) and 
p— _ + Ja“. («»+ y“) + c', for fl = 1 by hypothesis, and at 

that circumference of the cylinder in which it is met by the most 
elevated section of the fluid, we have a? ~ A •[- ■JA, and, as ^ is ne- 
cessarily equal to cipher at the surface, we have 0 = — g-(6 +ih) 
+ + 2 /*) + o', and C'=^.(J> + ^A) 4-^), conse¬ 

quently pz=g'.(i +4 A - z)} now as the diameter of cylinder =? 2«i 
the area of any section of it is Qva, and the differential of the cylin¬ 
drical area is equal to 2i(adz, consequently, dp tho pressure on this 
differential is equal to Qnadz Xj? = + ^h-z),dz, •.* thf 
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pressure on the side =: z + c„ and when taken 

between the limits zzzb ; 2 ? = 0, it becomes ^btg.(b + 

(i) In No. 106, the value of a corresponds to that of z in this 
number, e corresponds to y, a to c, and a to z; consequently if in 
the expression for a of No. 106, we substitute for e, a, a, and observe 
that shall obtain by changing the signs, the 

expression for z; it likewise appears from No. 106 that the value of 
a' 2 in that number is equal to x® + y® of this No., now by making the 
same substitutions as in the case of the expression for z, we obtain 

A' = \/x*+Y* = 

= (l+ 7 ®)arctang=y), now the values 

a'.^ Ay ^ 

of X and Y are respectively zr which it is 

easy to obtain the expressions for x and y in the text. 

(k) From the equation 

^7 *“ + 7*) arc(tang= 7 ) + sy* = arc (tang = y) — y, 

we obtain f y + sy® = ~ which it is easy 

to obtain equation (d). 

(Q By substituting in equation (d) for tangy, its value in a series, 
it is evident in the first place that it vanishes when y :i: 0, and se¬ 
condly, that its roots are equal two by two, but affected with contrary 
signs, and the differential of equation (d) is 

9 + 3.(6£-l)y2 + 26y- 1 _ 

(3+y^y- 1 + / ’ 

w=-hen this expression is reduced and concinnated, it becomes equation 

(e). 

(m) This is evident from the consideration, that when any equa¬ 
tion and its first differential coefficient are satisfied by the same value, 
the given equation must have two roots equal to this value. 

(n) Equation (e) is evidently equal to g.(y* + lOy® + ^) “" ^y®? 

but the quantity within the brackets — (y* + 1) (y® 9), now if this 

value is substituted for g, we evidently obtain the expression for arc 
tangzzy given in the text.—See Mechanique Celeste^ Book III. 
No. 18. 
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(o) Since agreeably to what is stated in the text, the axis of the 
positive abscissae intersects the curve only in two points, from 7 = 0 , 
to the value of y m to the distance of the first intersection from 
the origin, the ordinates are +, and from this to the second inter¬ 
section, the ordinates are—, and they afterwards increase indefinitely 
on the side of the positive coordinates. It is evident from the equa¬ 


tion g = 


( 7 + 1 )(^+ 0 


that when g is a yzzO. 


Since for values 


of g Z 0,1123 there are two distinct intersections, the approximate 
values of equation (d) which belong to a value of e Z 0,1123, of 
which there are evidently two, determine the values which are com¬ 
petent to a figure of equilibrium, 

(jp) i^naking these substitutions we obtain 


(3y + 2gy») Q 


r! 

9 



7 ® 7 * . 2 ^ 7 ® _ 


y - -i-r® + 


(higher powers of 7 are neglected, because in the required expression 
we neglected powers of 7 higher than 7 *), by obliterating terms 
common to both sides of the equation, and reducing 

8 V 3 j“45 ■ 15 A 3 ) 

which, because we neglect powers of y higher than y®, becomes 

(X^ 

(q) Since ~ z= g, the ratio of to is the same as that! 

of 4iTpc»s: c, i. e.:: 3g: 1: now 3g= •/ -f-four! 

O a 

times ^ 9 rfpc, which is the proposition in the text. 

(r) See Harters Translation of the Systems du Monde, Vol. II. 
Chap. VIII. notes. 

{s) By making ssizic, and substituting its values in aseriesforarc 

tang=y, we obtain |y+.&c._y) 

= + yS) ( — j. + ^y«) (— Tlfhen y^ is neglected) 4 t 7 rfpc 

/ 1 27 *N 4;7rfcc f 

V"" - 3 — [} manner we obtain 

(x*+Y’)*=: 2^fpc. 


_-L-y!,/ 


y~7+- 
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2^/>c.v/i 4-yC" ^ ^ • (i-1-) \/i+y“, 

(= because /l + y* = 1 + j D + I” “ 

_45^ri4.vi 

3 L ^ lOj 

a® 2 y® 

(^) Since - — 7 - = e? ^^a-ve a®c =: 4:7^pcs, but s = -r~, = 

4 J-P 

T!r/pc-^= 4-’r/l>c.|^ V v/x2 + Y» + a^c = - 

C>=-^# (■-0 •“>■■■ = 

(n) Consequently, by taking the sum of i h . 'iL f—? and 

z 

~ the compression, it comes out equal to y®. i.e. ^ - 

^ ^ 2.f.vr/pC 

(v) Arc tang y + arc cot y = but cot y =- ^ -, •.* arc 

'2 ' tang = y 

TP 1 ^ 3'y 2 £y® 

tang = y n- — arc tang rz: noT^r if in the equation - - ^ " = 

z y * yZ j 

multiply both sides by y* + 3 , there results 
3y + 2sy»=y»J-y+l+3|-^+l, v 

2^y3=|y*-4y + |^-l + ^, 
dividing by 2 gy*, we obtain 

5r 2 3^ ^ 1 c 

now by means of Lagrange’s formula, Lacroix, Tome I. No. 107, we 
can obtain the value of y in this equation; for by that formula, if we 
have yizra + ^(y)? then in general 

^(y)=4(a)+F«.^P'(a)+—.d.L±i^li=!+ ^- 4 ^— 

+ &c., 

in this case \J/(y) =z y, \J/(a) =z a, zz 1, and *.* 
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7 = a + F«+~.<i.!^ + 


da 


1 , i(a?) , . 

1.2,3 


now if this value of \ be compared with that given above, v?e obtain 

• , F(r; = — 

ey 46 Y‘ 


^ TS/' ^ ^ ft 2 1 

^ - 4 ^» K7) — ” 4 ; ^ consequently, Fa= - -- 

^ ‘ ~ ~ ('^y substituting for - ® 4 . Hf _ &c., 

'(“)■ = = -1-3 +«- = - f • (^)’ 


2566 

71^ 


• &c., 


by substituting these expressions in the preceding value ofy, we obtain 

2566 


7 = 


46 




See. 


(^) In this case of a force varying as the distance, the motions? 
are not deranged, however numerous the bodies are which compose 
the system; likewise in the case of this law, the orbits described 
are ellipses, whose centres coincide with the centre offeree, and 
the times of describing different ellipses about the same centre are 
equal. See No. 235, notes. 

{jf) Since by what is established in page 442 the resultant of the 
action of all the forces passes through the common centre of gra- 
are respectively equal to cipher, consequently this 
equation must be reduced to equation (f), which, when e =: 0 is, as 
we know it ought to be, the equation of a sphere. 

(») In this case, referring to the general expression of the ellip- 
soid, given in page 434, namely, (I+ 7 *)) it is evident that c in 


in equation (c) corresponds to V^c in this equation and j-1—tol+y*. 


consequently, the expression for the volume must be, as stated in 

4srcV^ C 


text. 


3.(l-s)- 


CHAPTER III. 


(a) It is evident from what is stated in the text, that in the ap¬ 
plication of the siphon, the distance of the surface of the fluid, in 
VOL. II. 4u 
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which the lesser leg is immersed, from the highest point of the bend¬ 
ing, must be less than the height to which the fluid would rise in a 
vacuum by the pressure of the atmosphere; and it is because the 
weight of the water in the longer leg is greater than in the shorter, 
that it flows out at the longer, and the pressure of the air keeps up 
the supply; this instrument is employed to raise water over a height 
less than thirty-three feet (which is about the height to which water 
ascends in a vacuum), when the fluid is to descend below the level 
of the water on the other side; the velocity of the ascending water 
depends on the difference between the length of the shorter leg and 
thirty-three feet; and when this is inconsiderable, it may not be such 
as to afford a sufficient supply to the water descending in the longer 
leg. 

(b) What is termed the hydrostatic paradox depends on the prin¬ 
ciple of the hydraulic press, which is this, that any quantity of water 
or other fluid, how small soever, may be made to balance and support 
any quantity or weight however great; for it is evident from a consi¬ 
deration of the hydraulic press, that when the tube de is very narrow, 
compared with ab, the addition of a small quantity of water in it may 
lincrease the pressure on ab in a great proportion. 

(c) Since when all the points of a horizontal base experience 
equal and parallel pressures, the resultant of these forces passes 
through the centre of gravity of this base ; in all fluids in which the 
pressure varies with the depth, the centre of pressure must be below 
the centre of gravity, when the pressed plane is not horizontal; and 

: it is evident from the general expression for the pressure on a plane 
inclined to the horizon, that as long as its centre of gravity remains 
: the same, the prism, the weight of which is equal to this pressure, 
. remains the same. 

(d) If a be the angle contained between the plane of the trape¬ 
zium and a vertical plane, it is evident that the vertical distance be¬ 
tween horizontal sections passing through ab and mn is equal to 
^cosa. 

(e) From the second proportion we obtain a — ^: At?, and 

from the first, ijt — h — equal 

by reducing the value of u given in the text. 
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if) By substituting for u the preceding equation becomes 
x'c — x'cx'cosoc^^ascdx —^r'^cosa ^ 


nJ'' •J'' 

= c^axdx —+ cosa^^ eix'^dx —cosa^ ^ — ^dx ; 

performing the integration between the prescribed limits, w© 

x^ch + o^'cosa. —.y^cosa. > ~ h* 


ah^ (a — i),. , ah? (a-^b) 

:c.---c. - - ' n? + cosa. -cosa^—^— 




from which it is easy to obtain the value of 

(g) It is evident from the expression for that when the trape4 
zium revolves about its centre of gravity, though the magnitude of 
the pressure remains the same, the point, where the resultant of the' 
pressures meets the surface, varies with the position of the pressed i 
surface. 

(h) It is easy also to show from No. 601, that when the sides of 
a vessel are perpendicular to its base, the entire pressure on the sides 
is equal to the weight of a triangular prism whose height is the same 
as that of the fluid, and whose base is a rectangular parallellogram,' 
one of whose sides is the altitude of the fluid, and the other the pe- i 
riraeter of the vessel j so that if the vessel be a cube, the entire lateral 
pressure is twice the weight, 

(*) The machine called Barkers Mill is constructed on the prin¬ 
ciple adverted to in the text. 

(k) In all the cases discussed in this chapter, it is implied that the 
sides of the containing vessel are destitute of flexibility, but, strictly 
speaking, this is never the case, and when the flexibility is at all ap¬ 
preciable, the vessel must acquire some curvature; now if p be as 
usual the pressure on the unit of surface, and ds the element of the 
surface, the pressure on this element = pds, and if t denotes the 
tension which each of the extremities of the element ds experience, 
and m the angle which tangents drawn at the extremities of this ele¬ 
ment make with each other, it is evident that the resultant of the , 

two tensions = 2T.sin but sin^ = —, (r being the radius of 

curvature, No. 169, and m being indefinitely small), consequently ; 
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: when there is an equilibrium, we have •/ t = 

., an^ when p and r are known we can determine t. 


CHAPTER IV. 


{a) It is in consequence of what is stated in the text, that insects 
are enabled to walk on the surface of water, as is often observed to be 
the case. 

{b) Since the immersed body is at rest, the line gp which con¬ 
nects the centres of the whole body and of the part imnaersed, must 
be vertical, and, consequently, perpendicular to mn a line drawn on 
the free surface of the fluid at rest. 

(c) Since the area of mnc the immersed triangle is given, and 
since when the asymptotes are drawn to a conical hyperbola, a tan- 

: gent to the hyperbola, terminated by the asymptotes, always cuts off 
! a constant area and is bisected at the point of contact; it follows that 
MN touches a given hyperbola, whose asymptotes are the sides c a and 
CB of the triangle, that e is the point where mn touches the curve, 
and DE is perpendicular to the curve; if an ordinate be drawn from 
any point of a hyperbola, parallel to one asymptote, and terminated 
by the other, we know that the rectangle under this ordinate, and 
the part of the other asymptote, intercepted between it and the 
centre, is always constant; in the present case it is equal to 9'ab ; it 
IS evident that the equation d;®—cos a = ^ — 2h^ cos j3 is also 
the equation of an hyperbola, in which the origin of the ordinates is 
j in the curve itself, and, in fact, the intersection of this hyperbola 
with the one whose asymptotes are ca, cb, will give a geometrical 
S, determination of the different values of cm, on, and therefore of df. 

(d) When each of three angles is solely immersed, they give 
respectively, at most three positions of equilibrium, consequently, 
nine positions for the thr^e angles; in like manner, in each of the 
three separate cases in which two of the three angles are immersed, 
•we may have three positions of equilibrium, consequently, nine in all, 
therefore, for any given prism, we may have eighteen different posi- 
:tions of equilibrium, at most. 


• « 4 tt® 

(e) If in the equation ya zz —--we substitute — for v, we 

—a je 


shall obtain 
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aad by solving this equation we obtain the two roots given in the 
text, namely, ^4®*- c* + v'(4a*-c')'*-and it is evi- 

dent from the equation y + —--, that when one of the roots 

is taken for a: the other will be the value of y. 

(J^) In the case then, of an isosceles triangle, when only one angle 
is immersed, the greatest number of positions of equilibrium is three, 
and the least number one; and also when the base is immersed, 
the greatest number is three and least one; so that when both cases 
are considered, the greatest number of positions of equilibrium is six, 
and the least two. It is also evident from a consideration of equa-| 
tions (5), that when the specific gravity of the prism is equal to that! 
of the fluid in which case r = 1, that then ^ = y = a, so that when] 
the vortical angle is immersed, the base of the triangle coincides with I 

the surface of the fluid; and when the base is immersed, asl_rszO, 

we have wy =: (1 — = (), •.* a; and y are respectively cipher, so 

that in this case the vertex of the triangle coincides with the surface 
of the fluid; it likewise appears from the general values of ^ and 

namely, ^,[4a»-c®± 16ra*], that in this case, 

all other positions are impossible. 

9 

(g) The first condition, i. e. r Z is necessary in order that the 

two values may be possible; and the second condition is required, in 
order that neither value may surpass a, for if then one of 

them will be equal to a; the same observations are applicable to the 
second case. 

(h) As the prism is equilateral, the same observations are pre¬ 
cisely applicable, whichever of the three angles is immersed ; con¬ 
sequently in this case of one sole angle being immersed, the entire 
number of positions of equilibrium is a multiple of three; when both 
formulae are admissible, the number of positions will be eighteen as 
in the general case; when neither of the formulje, there are only 
two positions for each angle, namely, one when the angle and the 
other when the opposite base is immersed, so that in this case, there 
are only six positions of equilibrium. 
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(.) Smce m th. ».igbt .t the p™ i, „ n. 

”'7"“ ")»‘i i" «.8.itud. W a, p„. i.. 

md th. pram, hm ,1. Ih.ir vol«o„ me „ 

.tZ Z'fr • 1 'TP-Xte.i- equal, .ha dan- 

sities mvst be^inyersely as the volumes or heights, 

(k) By substituting for z we shaL have 

^ ^ rfar, 

ISr “‘erwins ..d dlTidbg by,»4„e «b.«u, t, ooa- 
S(^tt — 2(2r_l)c»=: 0, 

vdue'oTtt ^ consequently the 

alue of « .s positive; and when r Z ^ the contrary is the case la 

the extreme cases.= 0 , .= 1 , u is evident that « = c, «=-“ 
respec ive y satisfy the given equation; the first indicates that the 

i CZ "- i- 

(0 When the body is supposed, as in the text, to be perfectly 
symmetrical^ If u be slightly disturbed from its position of equili¬ 
brium, ^ the centre of gravity of the plane of Jloatatior. (see No. 
613 .and centre of gravity of body inthis easeexift previously in the 

before Toth Tb " 

be b ’• 1 T <^he body will 

the T'°Ti rectilinear; but if the centre of gravity of 

the plane of floatation does not exist in the vertical passing through 

Sznxz 7"">•“ 

fliXTS ^ through,h.pU.e of Ibe 

floatation will not exist in this line, so that when the body is slmbtlv 

weieht and gravity of the body, namely, the 

holb r°" *'*"*!'' “ "* “•« Ihou .hero f: 

both . mouo. of „g 

•httl. oo.„d.,od th. i, ^ - 
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nevr position, the pressure of the fluid causes the body to turn about 
a perpendicular to the section abod passing through g. When the 
metacentre coincides with o the centre of gravity of the body, the 
body will remain in whatever position it is placed. 

(m) The integral must be taken between the limits jst = 0, 
ar sz y, in order to obtain the integral ^zdv ; this is equal to Jcos ; 
and in order to obtain we must take the sum of all these expres¬ 
sionscos A for every element dA, or the expression ^cos 05 y*<=?^ 
for the entire section abcd. 

(w) By substituting for y*-its value ? +2S^.sin^ + ^*sin®d, and 
observing that ^ and sin 6 remain the same, we obtain the value given 
in the text, and since ac the common intersection of the planes 
ABCD, ab"cd" passes through the centre of gravity of abcd, and I is 
perpendicular to ac, we must have $ Wa = 0. 

(o) The integral of dzd\* cos 9 is j8rdA.cosd, now when 6 = 0, in 

which case y = ^9 all the cylinders of which the entire 

9® 

body is made up are equal to the difference is 

25 

(p) Since terms of the third order with respect to 6 and are 
neglected, gpa\cos0 = gpay^gpv g-, J^.co80(?+?'®sin*O=i^^l — ^ 

(^) As hy^zn ^l^dx. is the moment of inertia of the plane of 
floatation of the fluid, it appears from the limits of 4 given in text, that 
the stability of the body depends on this moment, on the relative 
position of the centre of gravity of the body and of the displaced 
fluid, and on the quantity of fluid that is displaced. 

(t) In this case when G is lower than h, the equilibrium must be 
stable, and the lower g is relatively to h, the greater will be stability, 
so that when the body is drawn from the position of equilibrium, the 
force that tends to reestablish it is so much the greater 5 it is on this 
principle that in order more effectually to prevent ships from upset¬ 
ting, the heaviest loading is stowed in the lowest part of the vessel; 
in this case it is evident that the metacentre is higher than the centre 
of gravity of the body ; on the contrary, it is evident that v^hen va 
is > hy* and its sign is negative, the metacentre is lower than o, and 
when va is negative, and equal to 2 ^, the metacentre coincides 
with 0 . ^ 
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(s) Since, by hypothesis, the body is symmetrical on each side of 
the vertical plane, the intersection of this plane with a horizontal 
plane, such as the surface at rest, must be symmetrical with respect 
to the horizontal section, consequently the centre of gravity of abcd 
must be in AC. —See Note (g)t p. 672. 

(t) Since K is the centre of gravity of abcd, and the line akd 

always meets the contour of abcd in the same points as a and c, the 
distance of cfxfrom ac is constant, and as the angle between the planes 
ab"cd'', abcd is equal to the angle the distance of d \ from ab"cd'' 
= /sin 0 , consequently we shall have yrr:? + ?sin^; in like manner 
the distance of dx from A the vertical plane passing through akc izr 
Zcosd, and the distance of this last plane from the plane passing 
through G, and parallel to akc is equal to A. sin 8, ^ = lcosQ + 

^sin 8 . 

(-m) V being the volume of displaced fluids and p its density, its 
weight is Vp, which in the case of a floating body at rest, is equal to M, 
consequently by substituting Vpg for m^, the motive force of the 
displaced fluid comes out equal to — pgu, 

(v) Cos Gdx is the projection of dx on the horizontal plane, and 
therefore equal to the base of the vertical cylinder; now if its value be 
substituted for we have 5^cos0c?A nr $ ? cos Gd\ + sin 6, cos 
hence as and ^ dx = l /, we obtain 5 r/cos 9 dA=&?cos 0 ; also as 

6 ® is neglected, 5?^ = ? + •,* z= *.* by substituting its values 

d/^isf 

for M,u, and we shall obtain equation ( 2 ). 

(a?) In equation (3) of 392, ^'n^dm = mA® and 
Of) As ^ = ^cos9 + Asind, y = ? + ^sin 9, ^f.cosfl 
sin9 + sind.cosfl + ^Asin®6; ^ar^d\*cosS = Scos®95^c?a+ ?A.sinfl« 
cos cos’dS^®(fA + Asin®^. cos 9 $ ^dx ; which in consequence 

of equations (1), is evidently reduced to sin 9 cos®9&y® + Z;Asin9co59.i. 
Now the value of fA, when unity and ^ are substituted for cos0 and 
sinO, and 9? is neglected, is /x = (&y®± va)p^.9; consequently as 

mA®=: pvJc\ the equation becomes 


dt 




See Note ( 1 ), page 720. 
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(a^) The integral of equation (2) determines the vertical motion 
of the centre of gravity; and the integral of equation (3) determines 
the oscillatory motion on each side of the vertical ge, when hy^dava 
is positive; when this last expression is negative, the value of & is of 

the form cos V^ —1.?, and when expressed in exponentials, it is evi¬ 
dent 0 may increase indefinitely. See No. 421, notes. 

(h') See Nos. 548, 549. 


CHAPTER V. 

(a) The medium height of the barometer expressed in inches is 
29.75 inches, *.• as a cubic inch of mercury is equal to 8 ounces q. p. 
29.75x8? he. 238 ounces, or 15 pounds nearly, is the pressure on 
each square inch at this height; from which it is easy to infer the 
total pressure on the entire convex surface of the earth. 

(h) As each square metre of the earth’s surface may be regarded 
as the base of a prism of the atmosphere, whose height is that of this 
fluid, by multiplying this height into s, or, what is the same thing, 
by multiplying m X.Oa. 76 intO-S, we obtain the totfl} rpass of the at¬ 
mosphere. 

(c) The quantity ^is called the height of the homogeneous atmos¬ 
phere; it is evident that at any given latitude and elevation above 
the level of the sea, it is not varied by any difference in the weight of 
the air, when the effects of a variation of the temperature are not 
considered, but if while IT remains the same, the density undergoes 
any change, I will be changed in the same proportion; however the 
density does decrease not indefinitely, but has a limit, as appears from 
the following note; see also the Philosophical Transactions for 1822. 

(d) The limit is less at the equator than at any parallel, because 
the centrifugal force is here the greatest. 

(e) As the centrifugal force is :to the radii of the circles de-i 
scribed in the same time, the force at the distance r ^ ta from the 

centre is to ^ it is equal to from the j 

equation «= r{y^2S9 — l), it is evident that xr is somewhat more! 
than 5 r. ^ 

4 X 


VOL.IK 
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(f) See Theorie de Chaleur, par Poisson, No. 203. There are 
two causes of diminution of temperature as we ascend in the air, the 
increased distance from the earth, the principal source of heat, and 
also the greater power of absorbing which the air acquires by being 
less compressed. 

(g) Since the quantity of water that ascends in the pump by- 
raising the piston is hwy and as it is equal to the quantity by which 
the water descends in the reservoir, namely to jSy, we must have 

ha? 




/3 


ba; 


(h) By substituting for y its value we obtain 

P 

|S + & A* 

(i) If this equation be solved we obtain 


• this gives the actual ascent of the water; in most treatises it is assumed 
that the reservoir does not subside by any sensible quantity, when the 
water ascends by a?^ in which case/’zs 1. 

(k) Let V, V', he the respective volumes of the air at the tem¬ 
perature zero and 100, we have the following proportion: 

V'; V: : 1,375 : 1, and v'— v : v : : ,375 : 1, 

v^—V the total dilatation for 100° =v.,875, consequently the 
dilatation for each degree of the centrigrade thermometer is v,00875. 
;! When we know the dilatation for each degree of this thermometer, it 
’ is easy to obtain the corresponding dilatations in the case of Fahren¬ 
heit’s and Reaumer’s thermometers, by multiplying the preceding 
fraction in the first case by and in the second by or by ; 
^ for these fractions express the ratio of the degrees in each case to a 
degree of the centrigrade. It is necessary here to observe, that ac¬ 
cording to recent experiments made with great accuracy by the late 
Professor Rudberg, an account of.which is given in the second vo¬ 
lume of Taylor’s Scientific Memoirs, it appears that the value ,875 
for the dilatation of gas, is greater than the true value, which is q. p. 
,364. 


NOTBS. 


r2i’ 

(l) For since av is the increase of volunae for each degree of the 
centigrade thermometer, a being = ,00375, avf will be the increase 

for 6 degrees, and as d' ; d :: v: v (1 + afl), d'= ° . 

1 “I" oc,Q 

(m) pint: p=f^-fXl. 11:^) r= . (1 + aS). 

(») A;=5=:ma.O,“76X'^~?=(7951,12)Q, 

(o) p being considered as a function of z we have dp:=L^dz» 

dz 

- 1 ^- ■■■ ■“Si’ fe- ■) 

(y) By making these substitutions, equation (3) becomes 
^ dz 

the integral of which is 

^ now when «= 0, this is the value of log n, and when « = 0, o = 0. 

^grat 


(r) The differential of U 

(e 


-- grdz 


grzdz 


\ kA 


'-grst 


A.Cl-l-a«/) {rA~pt) 




® J 


(1 + aS) (r + z) h.(l + o^i)(r^z) 

which is evidently reducible to n-7^' ^ . 

/c (1 + otB) (y + z)* 

therefore the integral of ■' 

rr _ ~-grx 

_, A.(l 1 [ 

A.(i+««)(»•+»)* IS—n.« 

(«) By substituting its value for o in the expression for ^ and 
dividing bye, we obtain 

2n.(. - 


de’ 




} 




(0 In the value of o — zz 0, there will be a common factor, 
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namely, therefore, by suppressing this factor, it will be 

r —fiTjsf 

reduced to --EL_ .^ . 

^0+olQ) — c ^ 0, and, consequently, 


*.(i + ^ 6 ) (i+i) - ^ n"*" ’ 

from which it appears, that the value of can be determined by 
means of a logarithm , in the case = 0, we have evidently, 

^ (i _ ia-M)fc)) 

* as 

in which transcendental equation the value of z can only be com¬ 
puted by approximation. 

(u) From the values of n and p given here, we obtain 
..4 (=b,(4). ^ 

log mgh, now 

logmgA'.^"- = log,„^A. + 21cg. 

consequently, there results 

log mgh - log mgh' =: log A + 2 log tAf _ 

A' ® »’ A:.(l+afl)(r+«) • 

(.) 6 ='^, «=0,004 = 4-. va9 = 2f£±£V 

2 1000’ \,1000j 

{x) See No. 193. 

(,y) By substituting in the expressions fori given in No. 625, the 
mean between 7951, 12g, and 7971,09g, which is nearly 7962»,10g, 
we shall have k = 7961,10.g, and, therefore, by putting its value for 
M, we have 
h 

- [1 ~ 0,002588 cos 2 (48° 50' 14")] = (18337”*, 46) g. 

(») By substituting for g its value given above, and 2 for afl, 

equation (5) becomes equal to ^as^;^ log* ^ 21 og^Af 

— (1 — 0,002588 cos 2 G. 1 ^ 

(1 —0,002588 cos^ 2 (48° 50'14'') ’ zT/1 ’ 

1000 J ' 7 
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hence in order to convert log ^ and log into vulgar logarithms, 
by substituting 


(1837"'^, 46) G for ~ (1 - 0,002588 cos 2 (48<= 50' 14") 


we obtain 
h 


flos: - + 21or^+^^ = f (1"^>QQS588cos24/Og1 \ 
\ »• / VM.(18337»46)(l + 2{ffi)j 


;sr 

i+l' 


— 0,002588 cos 2i{/,) G1 
46)(l + 2 {ffi, 

therefore it is evident, that in the value of 5? which may be deduced 
from this equation, the logarithms are those in the vulgar system, or 
of that in which the base is 10, as is observed in the text. 

(a') By No. 255, when p', the density of the stratum, is equal to 


half p the mean density of the earth, 




4 r 


9 and when 


; 2 ? 2 is neglected, 




(r+zf 


(r+zy 

=^-(i-T).---/=y-(i-y+|i)= 

hencejp log. 

d' ■ neglected -L- = 

A + ^indalso = 1 + on the same supposition, 

1*^0 (^“*" 5 ^) " + like manner, in 

the equation^ z= — —, from which equations (4) and (6) 

are derived, if for its value be substituted, the second member 
becomes 

A^(l + a0) i;) 5 =^E(l + 'a6f' (‘ “§?)’ 


and log — = -- i 

^ p k(\ 




therefore, when the action of 


the stratum, the height of which is equal to J 2 f, is taken into ac¬ 
count, this is the expression which must be substituted for the second 
member of equation (5), and when by means of this equation, the 

value of z is deduced, it is evident that in this value 1 — ^ will be 

Bt 

changed into 1 +• ^ for f 1 — r=: 1 + ™. 

Br \ Sr/ Sr 
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(6') When the tension of the maximum quantity of vapour of water 
is 0,76’^, then d', its density is to Dy that of perfectly dry air:: 10 : 16, 

or Dj = ^ Dy, now Dy, the density when pressure is 0,016, is to d the 


density when pressure is 0,76^ as 0,016: 0,76*^, *.* d' in ~r>> 

XO j V j • o 

0,016 1,6 “ 


but 


0,76 


_ 10 1,6 _ 1 
76' ‘•‘l6’76“76’ 


• • D' - — 

• 76 ’ 

1000 


(&) At the temperature zero, p *.■ as the increase of 


volume is 0,00375 for each degree of temperature, this increase for 
180,75, is (18,75(00375). 

(d^) Since a is the tension of the vapour and h the pressure pro¬ 
duced by the mixture, if d be the density of dry air whose elastic 

force or tension is A—a, we have di A:: A—a :h d:=z A ^ in 

h 

like manner by what precedes, A may be considered as the den- 


10 ft 

sity under the pressure A, and A is the density due to the 

XO n 

pressure or tension a. 

(e^) The elastic force varies as the density and temperature. No. 
633, therefore, when the density is a maximum, it must depend on the 
temperature. 

(f O Since, as stated in No. 633, the temperature varies as den¬ 
sity, it follows that as the density of the vapour is much less than that 
of ordinary air, the temperature must be less also. And as it appears 
from the computation made in the text, that the weight of a column of 
aqueous vapour, on the supposition of there being no atmosphere, is 
less than the weight of all the vapour contained in our atmosphere, it 
follows that our atmosphere does not prevent water from vaporizing. 


CHAPTER VI. 

(ft) By differentiating equation (1), we obtain 
z= ^(1 + a(i)dp-^akp.dQf 

consequently, if p be considered as constant, and •/ == 0, we have 

dp _ —tftp 
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and when p is supposed to be constant, we have 

akp = fhy substituting for p its value ^ \ 

^ k.n+a,$)j l + , 




+ ad’ 


se- 


(1 +ad)j . , 

(b) In the first case, c — ^^ _ dq ap , 

>n the 

condcajie rJ — ^ — — ^<1 °-P 

’ m~ dp d%~l^ r+^ ’ consequently, we obtain 

* 1 + a9 ^ — dq 

0 dp-dpT' ■ Tpf^-pP-S^- 

(c) See Lubbock on Heat of Vapours and Astronomical Re¬ 
fraction, and also London and Edinburgh Philosophical Journal, 
No. 128. 

(d) Since p = Ap// [1 « (fl + ^ ^ 

^ ^ + «^) , /V.M 

w/ “T- —T- i consequently, —_ 

P l+«<) p/' -l-pafl- 

irom this equation cy may be obtained. 

(e) 10,3173; lo;; 0,0133: to the condensation requisite to pro¬ 
duce an increase of temperature equal to one degree, therefore, this 

condensation = z= 0 , 00101 . 

(/) In fact when the pressure remains the same, we have by 
^uation (l),p = 7cp (1 + afl) = Itp (1 + 5 ) [i -f.« (0 _ ... j + 

— 1 + a (0 — g) -H J (1 -J- 0 , 6 ), Se being neglected as infinitely small, 
consequently there results 

(^) In equation (3), if we suppose Q 

come H- yp, = 0 , now d^=±dp + ^dp= + vdp, o = 

\ dp y substituting this value of Q in the given equation, we 
obtain, by concinnating, pdq - pvdp = _ ypvdf, consequently, dq = 


P, 


hdp — yp.dp\ 

l_ rpp 1 

(p.d.p^- pi.dp\ 

1 

1 —, 7^F 7 (P^\ 

\ F ) 

W7 

^ f ) 

' ij\7) 


-^^must be of the form/'?’-, and •.• dq—f’^d.'^ and a = 
pr ' f 6 ( ^ 
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( jO *7 \ JO y 

—J5 and — = 4>'q, and p=zkp {I + «S) = conse¬ 

quently, & = ■4p’'~'- -• 

(A) ^g- = and by substituting this value in the 

? P 

expression for we obtain 

»'=»(r‘+^(r-^= 

^when 2660 67 is substituted for the value of fl given in text. 

; ^ (*) In the value of q, as the increment of q considered as a func¬ 
tion of 9 is constmt, g must be a linear function of 9. 

« 0,2669= .n'‘U = .y‘'=.n’’‘(5L)^’= 0,2669. 

(1) Since m, = nc, by substituting for c we obtain m = 

«.(0,2669) 

(m) By substituting 0,76 for p, and making 9= lOO®, we have 
dff “-t — 

, ••• b = c.0,76 , 

consequently, we must have 

C = A-h [c.0,76 ^ j (2660,67 + 100)(0,76) = a + c.(866,67), 

A = 0 - c.(366o67), and if this value of a be substituted in the ge- 

neral expression of q there results equation (8), for '' 

(n) By equation (1) we have 0,76 = ^1 -f- = ko . 

. .h — P76o, (266,66-f 9) _ pft 366,67 

D.366,67 ’ • f “ 0,76“ ■ (266,67+ fl)' 
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(o) As the volume of a gas increases by 0,00375 for each addi¬ 
tional degree of heat, the increase for 100® is ,0,375, consequently, 

-1^ 21433 

the weight of the litre at the temperature 100*^ | —• 

(jo) a; the weight of u: 0,55 the weight of a litre of vapour: ivpiDX^t 

0^,55 .vp 

for a litre is the unit of capacity, consequently, w = —^— 1 '“ — 

D X 

, . . , . , ^ vh 0^",55.366®,67 ,. ^ , 

substituting for pits value)—— ' -i. winch is the value of 

u,/o J!ou,o/ “p o 


given in the text, since 0^^,55x366,67 m 201^,6685, of which the two 
last places are neglected in the expression in text. 

(q) Since the density is supposed to have attained its maximum, 
and S is invariable, jt?, which depends on p and 0, must be also in¬ 
variable. 
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BOOK VI. 


CHAPTER L 

. . dx dy dz - « 

(«) functions otx,y^z,t^ and ^sx^y^z^ are func- 

. - dx dy 

tions of &;c., are functions of x'^y^, ar', &c. 

(h) dp = 0 is more general than jo =z 0 , for at the surface the 
pressure should rather be considered as constant than as cipher. 

(c) As the value of m'c' is equal to the square root of the sums 
of the squares of the differences of the corresponding coordinates of 
m' and c', it evidently must be equal to the expression given in the 
text; now if this value of m'c' be extracted by means of the bino¬ 
mial theorem, it is evident that there will result by considering 

s"‘)’ as the first term 

M'c'=rfxr +^ 

— &c. 5 

from which it is evident that, when infinitely small quantities of the 
third and higher orders are neglected, the expression for M'c' is re- 
duced to Its first term 5 in like manner, in order to obtain the value 
of D'G', we obtain (by substituting xJf.dw,y+ dy, for and w) the 
coordinates of d' = 


X + dx -^-udt+^dxdt-lr—dydt, 
y + iy-¥ vdt-\-^d!isdt-\-^dydt. 


in the same manner the coordinates of g' will be 
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^d^dC, 

and the differences of the corresponding coordinates are respectively 
, , _ d^u 

^dMt + ^dydzdt, 

d^v (pv 

:^J^dzdi^.-~dy<h!dt, 

+ -j-dssdt + ^ .dxdsdt + ^^.dydzdt, 
dz dxdz ' dijdz 

from which it is evident at once, that v^’hen ternas of the third and 
higher orders are neglected, the expression for d'g' will be reduced to 
its first term. 


(d) If the infinitely small quantity by which the angle a'mOj' 
differs from a right angle be denoted by we shall have sin a'm'b' 

=: sin (90o ± dx) = 1 — —, therefore, as the same is true for sin 

if they be taken into account in the expression m'a'.m'b'. ml'c'. 
sin a'w-'b'. sin c^m'p', it is evident that as m'a', m^b', m'c', are respec¬ 
tively of the first order, there will result terms of the fifth and higher 
orders in the resulting expressions. 

(e) When their values are substituted for these factors, their 
product is 

which, when infinitely small quantities of the fifth order are neglected, 
becomes the expression in the text. 

(^) In this case, each stratum heated from above must expand, 
and as no lateral expansion can take place, every stratum must rise 
vertically, and be replaced by the stratum immediately beneath; this! 
ascent commences with the uppermost stratum, in this way it will be; 
evident, that the length of the fluid column will increase; however, 
as the lighter strata are always the uppermost ones, it is evident that 
there will be no interchange between the strata, and, consequently, 
that the continuity of the fluid will not be interrupted. 

(^) This is the complete differential with respect to for as 
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d€ da; dx dt '~'dF* ^ ^Jlxed division, it is 

evident that the time t is not explicitly contained in f, the first term 

cipher, and it consequently becomes equation (9). 

the! ^ quantities of 

the second or higher order are neglected. 

{i) If the law of Mairiotte obtains in the case of motion, then we 
;have^30p, consequently,^-^ will be expressed by a logarithm, 
when the variations of temperature are taken into account, p will not 
he p, consequently, J ± cannot be expressed by a logarithm, 
neither will it be thus expressed, when p is constant as in the case of a 
homogeneous liquid, for then^^ = i^^_^_ 

(Jc) In this case, by substituting for dp its vllue, there results 


consequently, 


dy 

_dv 


differenced with 

spect to t, x,y, z, respectively, we obtain, 

^z=d.^. 


^dxJt.^dy+^dzz 


' dt'' 


j , dv dw 
dx^^ + -^^y + ^dz-. 

+ ~dy -^-^dz — d 


■.d.'tl 

dx’ 


~d^ + ±i 
dz ^dz 


< + ^dzz=d.^; 

dz’ 


therefore, if in equations (3) we substitute ^ ^ ^ fo,,, „ , 

obtain, as i %—^^Sb n, dp dp dp 

edx~dx’ values of ^ given 

in the text. 

Now if these equations be multiplied by dx, dy, dz, respectively. 
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and if they be then added together, there will result by substituting 
for ^ dw for Jidz + Ydy + and by ob¬ 

serving that 


\dx) dx dx dxdy ^" dz dxdz 

\dy/ dy dx,dy dy dy^ ^ ^ dy dy,dz 

\dz j dz dzdx dz dy dz ^ dz dz^ 

the value of dv given in text. 

(m) Since e is infinitely small, we may neglect all terms after the 
second in the expression of u\ ^ is evidently the value of n when 

5 = 0 . 

(n) By multiplying these equations by dx^ dy, dz, respectively, 
adding them together and observing that xdx 4- ^[dy -+ 

\ (s ^ ^ ^ obtain the expression in text,, 

for in differentiating^,^, each of them must be considered 
° dix^ dy dz^ 

as functions of x,y,z\ see Note (ly 
du du 
dx^ dz^ 

quently, we shall have ^as — cv ^ the first equation (3) equal to 

1 # , - 1 1 . o 1 ^ 

-,^ = X •+• m^x, and-^ = y J-^V, ~ z, 

p dx ^ dy ^ ^ p dz 

from which we may obtain the value of by multiplying these 

equations by dx, dy, dz, respectively, and then adding them together. 


(0) In this case are respectively equal to cipher, conse- 

du 


CHAPTER 11. 

(ci) For we have by this law, when the temperature is invariable, 
jp : mg?i :: D.(1 -h 5); D j? = mgh (1 + » 

but, when in consequence of the sudden increase of temperature, 
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varies in a greater ratio than p, or d (1 + ,), have p = grr>h. 
(l+«4-^s).and dp -gmh{\J^^) gg, hence 

and , ,, , > ^ °-(l+^) 

J f) D when the square andhigher 

powers of s are neglected log (1+ ,) := ,, ... ^ 

quentty when this value is substituted for p in equation (b) and v is 

the values ofudt,vdt,wdt,^tany instant, as the 
d splaeenaents are ver, small, the error which is commit^d whe; in this 

operation, a:,substituted for is inconsiderable.so that 

may e neg ected, and hj^regavded as constant. 

(c) Equation (c) becomes when d( 1+a) is-substituted forp. 

D.(l + a).| 
dp ^ . dz 

=("‘“-(g+|+S>»«^H»'(S+S+$H-g). 

which when —- ,s substituted for^ is the equation (8). 

( ) ®y®“hstitutingfor«,t;,w, their respective values there results 

udz + vdp + vidts — S {xdx + pdy adz) _ 

dx dr dx dr r 'dz^ — dr^''^’r\—^^-pj + 

^ fl _ g °\ 

. Vw ir»j j; 

in like manner ^ ■' 

dy dr® r> dr + ^ 

consequently we shall have 

' \ ’ 7 dr dr*^ r ’ dj-’ 
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{/) Now since r is the independent variable, we have 

d^-rp cPp dr dp , , d^.rp ^ d^p , « » 

<3fr® c?r* fl?r* flfr® dr' 

therefore, if both members of the equation 

-a /tP4> 2 

be multiplied by r, it will coincide with equation (4) for r 


P'(r-ai))_i [/(»•+ at) + F(r —««)] aud ^=^.[/'(r+ »<) - 
1 dS 

aty]^ •.* j =z — — ^ =r the second equation (5), and from 

this second equation it is evident, that the velocity is always pro¬ 
portional to the condensatiq g.. 

(h) Since the first formula vanishes at the same time as when ] 
it is expressed in a series proceeding according to the powers of r, 
each term must havefl^, or some power of r, as a factor, and therefore j 
when r is infinitely small, all.j)owers after the first maybe neglected; j 
now V7hen equations (5) are applied to the case of the propagation 
of sound in our atmosphere, we are warranted in assuming that r is i 
infinitely small, because the agitation of each particle is so inconsider¬ 
able, that it does not appear to move sensibly from its state of rest; 
for when sound is transmitted through a mass of air, in which motes 
are observed to float, they do not appear to be actuated by any sen¬ 
sible motion. See article on Sound in the Encyclopsedia Metropolitana,, 
No. 54. 

(i) ^r denotes a certain velocity as well as \f/r, because 5 is to jr ^ 
in a given ratio- 

I I 11 1 /.FP .4'’’ 

^ r dr r* dr * r dr ?’» dr ^ dr dr 


(!) In fact, by making this substitution, we get 

? = + -.[i5(r + at) — Jc + 'J5(r — ai) + -J-c] =0, 

in like manner it may be shown, that when corresponding substitu¬ 
tions are made in the second equation (5), the expression for s be- 
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comes cipher, it thus appears .that when 4'i^ supposed 

to be cipher for a certain value of r, which is the supposition that it 
is always made in order to determine the values of the arbitrary con¬ 
stants b and c, then the values of ? and s become cipher. 

(m) By adding and subtracting equations (7), and substituting ^ 
for r, we obtain 

/» = i = i + i 

now 

d\lr^s! = = z-^zdis, 

consequently, 

J^z . dz = ^dz^l/^z + 2 ^ - ^'^dz — ^9zdz, 
hence then there results 


a 




^ 4/i + ^. ar, f«;). 


g — -J* 

(n) If- be substituted for i in the functions /'(?• + 

Cb 

(r + at), the results are fi, f^e, consequently, as long as t is less 


than —— the values of f(r + at), f^(r -f. at)j will be less than/g, 
f^s, and therefore will not be cipher; and the same is true for 
— at), F'(y — at), when ^ is Z than r being by hypothesis 

Gf 

g MM 

less than s; from the equation t — —— it is evident that the greater 

V is, or, the nearer to the point that is agitated is to the surface of 
the sphere, the less will be the duration. 

{o) See No. 497, notes; since the motion commences when 
atz:zr~-E, and ceases when at'~r + g, the duration = ^ z= 

2s 

—, and the breadth of the sonorous wave ii: 2f. 
a 

(^) At a great distance from the centre of the agitation, the 
functions/(y + 0’+ <*0> vanish, so that the second term of 

second member of the value of ? given in page 584 vanishes; conse¬ 
quently 5= evidently as\ if, on the contrary, r was very small, then b’y 
expanding the values of/ {r^ + at), at), f{r^at), f (r- at), 

into series proceeding according to powers of r, we obtain 


lv'(r - «,) = + + + &c., 
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p/(»- + at) = j^.f(at) + i -fat .r+i .f» + &c., 


1 „ . F (•— a^) F' (- 




' 7 * 2,1 . 2 

consequently, the expression for ? becomes, by concinnating and ob-| 
literating, = — ^. [(/af) + F(--a^)] i. e. =: ^ nearly. 

(^) The number of functions&c. of equation (9) which 
the most general expression for ^ contains, will depend on the num¬ 
ber of distinct agitations at the commencement of the motion, the 
agitation resulting from the several distinct ones will be the algebraic 
sum of these functions; this remarkable conclusion results from the 
forms of the original differential equations. See No. 551. 

(r) u is equal in general to ? resolved in the direction of the 
axis of but as the agitation does not extend as far as the plane ab, 
u must be cipher; now this condition is satisfied in this case, for the 


xzz A, and 




expression for w = ^ - -t- bect)mes when r 

j r 

= — A, equal to cipher. 

(s) p +[5s).(l 4- = (neglecting 

(l+s-s + ^s)=?^p(l+^s). 

(t) By substituting in the equation p = kp. (I + a. 0 + 71 )) hr 


ky we obtain jo 


_ gmhp 




•(■+, 


an \ 

(u) If the density in the first case be py and in the second 
then the increment = p ^^ + 


260- 


(v) If in the value of ju = fj.(l+/3^), we substitute d (1+^) 

for p, it becomes gmA.(I + being always neglected, but on 
the same supposition 1 -f s -|- /S^ — (1 + 5 )^ therefore p =r ^ih . 

(^) See Comptes Rendus for August, 1841, where an account is 
given of some experiments made in Geneva on the intensity and 
distance to which sound can be propagated under water. 

VOL. ir. 4z 
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(«) By substituting for y its value, we have 

(s' + S*’). 

and when rfar^ia neglected it becomes^.War. 

b ““ ““‘“p”"* '‘y *' ">“•«»" 

.be of .bicb I, oritou, *0 ^ 

(c) At the orifice 

i> = n-g-^c=n+^p(7-i))_« A ««\ 

2 ’ V 

w:iL>"r;‘rif" -rr 

..lb Pl«b.. .booppe, ,ria» o^bld. JZXZI 
(<0 From equation (4) we obtain Arf< = 

is inconsiderable with respect to n we 

respect to n. we may neglect c in the expression 
S^'-CA + c), now if we make .. , 

_ V^SfTA ““erential equation 

becnmea ^//y — 

(1 _ it/t) “ ***® integral is —. 

. 1+ir ^ |8/%-A 

■»«-n:^. «d by „bsa.„,b.g ia ,0,0. ,0, , „ 

sion in the text. 

W Si.„ 1 = 0 ,bon „ = 0 , tbe , Jo. of ,h. 
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might occur in the integral of the value of A. must be cipher, for it 

is equal to- ^— . W. 1. 

^y'2g-A 

(f) From equation (6) we obtain 

,.,u.. 

V “ _+i/ 

which, by multiplying numerator and denominator by ^ ? be¬ 

comes equal to the expression in the text. 

(g) When the value of u is multiplied by di, the differential is 
evidently that of a logarithm, for the numerator is the differential of 

2a 

the denominator multiplied by- 7=9 therefore, 

^ . r /9xVjP 


j r /9xV2gx 

aludt =-^logLe +e * J + c 5 

-2a* 


now as 0,when ^ = 0, we have c = .log 2, hence then there 
results the expression in the text. 

(h) When equation (4) is multiplied by dt^ we obtain 

.(A + c) - liSV) eft - = 0 , 

and equation (5) becomes in the same case 

dk + — dt= 0 , 

(a 

therefore, by eliminating dt between these equations we obtain the 
expression in text. 

(^) See examples of the integral and differential calculus, page 829. 
(A) ^* = 1 - = a, and « = V 1-1 =!J^. 

T . . a* , w®—1 1 

n) In this case Aw = 7-, ‘.•i—r-= —«—-t '-«==—r— 

k a* w® /i A 

Aco^ €i*h dis (n»—1) 

and —r“=T *’“oW = equation (7) becomes-rr— 

a} h ‘ h 

n^=0. 
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(m) By multiplying all the terms of this equation by h and dh> 
we obtain 

dsth + (I _ m 2 ) ^ n^hdh = 0 , 

and in order to reduce this to a perfect integral, by multiplying it 
by A-«’, there results 

ds¥-«’‘ + (] -n^)jgh-«\dh + ^ 

n^h — n 

+ a35'‘’— = '. »d. = oj.--i --i .i. 

(n) In virtue of equation (S)dt=z~dh = —. 

OCU u 

(o) Equation (9) may be written as follows: 

/jf _ f (2—n^) 2 j 

2 gh 2 _ 2 J * 

If we suppose H + h'=h, then the expression is 

f (2 —7^2) H»i“—2 W 
V(H-f H«*-2j ~ 

f(2 —2^ f.__ 1 

J L [1 _i+2:=2 

= by dividing by (Q-n^ h«--s, and supposing m 2=:2, 
equal by substituting A _ h for h'. 

No, b, ..b«i,u,tog ft* J ^ 

log ~ dt = I 

~ expression in text 


•«A« 




as 


case. 


(J’) By equation (1) we have, when g is neglected, as it is in this 

dv , , 

- ^dF’ '^"“sequently we shall have i^.di—-dt,- 
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_^/7/ \ dp ^ dv dv 

dt dt da 


dt 


da dt 




(r) When the capacity is great the pressure on the surface of the 
vessel for a short space of time may be considered as constant. 

(9) Multiplying the second = « by datf wb obtain pvdy +pd.pv 

= 0 , \-pvpz=:c, 

(t) If both sides be multiplied by da shall obtain 

, dp 11 1 

Jc.j + = 0 , -.•ft.iogp + = (/. 
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^fOTES TO ADDITION. 

(a) When a machine is in motion, if the moving forces do not 
coincide with the directions along which the points of the machine 
move, they must at least make acute angles with those directions, for 
if they made right angles they would not produce any effect at all in 
the directions in which the points move, and if they made obtuse 
angles their tendency would be to retard these motions. 

(b) If after multiplying the first members of these respective 
equations together, and also their second members, they be added 
together, we obtain 

+ zc?; 2 r)r::P.cfs.(cosacosA+ cos/3cos^ + cosy cosy) 
= pds, cos c7 = Pdj)» 

(c) It would be useless for the purposes of machinery that the 
motion of the machine should be continually accelerated; if the 
moving forces acted always with the same intensity this would be the 
case; in this case, in order to render the motion uniform, the resistance 
is made to increase, or if this cannot be conveniently done, then the 
action <3f the motive force is either intermitted, or made to become a 
resisting power, by which means, though we cannot render the mo¬ 
tion of the machine uniform, we confine its variations within certain 
limits. 

(d) When the body sets out from a state of rest, as there is no 

initial velocity, must vanish; likewise as the effect of the mo¬ 
tive forces must be greater than that of the resisting forces, when the 
motive forces are of that description that they act more forcibly on 
bodies which are at rest than on those which are in motion, the ac¬ 
celeration produced by these forces must continually diminish with 
the increased acceleration of the machine until vdp = Q,dq 5 and it is 
evident from these considerations that the successive differences be¬ 
tween pdp and <kdq constitute a decreasing series, so that the process 
by which the machine is brought to a constant uniform state, i. e. to 
one in which 'ZPdq z= is most rapid at the commencement of 

the motion, and gets continually sloveer; indeed, strictly speaking, 
this uniformity is not attained until after the lapse of an indefinite 
time. 
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(e) The diminution estimated in the direction of the surfaces 
comes under the expression for the effect produced by friction. 

(f) It appears from the expression \3(s-\-oC) that when a man walks 
on a horizontal plane without a load there are two effects produced, 
he raises or depresses his centre of gravity, and he also impresses 
on this point a horizontal velocity, each of these requires a distinct 
effort, the last is evidently much less than the first; but there are no 
experiments made by means of which their relative intensity can be 
determined ; as it is evident the less u (g + a) is, every thing else 
being the same, the greater will be the power of the man; the skill in 
walking so as to economize this power, consists in going as closely 
as possible to the ground, so that s may be the least possible; the ex¬ 
pression for the work done when a man ascends a height, and carries 
no load, is u(£-l- a + ^) + ^^5 when a man carries only his own 
weight, the height he is able to ascend in a given lime multiplied into 
u is ]> than when he carries an additional load; i. e. u7i is greater 
than kA', h' being the height he can ascend to in the same time when 
loaded, and k = u + l being the additional load; this appears 
from some experiments made by Coulomb, which led him to infer 
that this diminution of action or difference between u7i and 'Sih' is 
proportional to the additional load carried; and, as it also appeared 
from his experiments, that when the load carried was equal to u 

the weight of the man, the diminution was one-half, or equal to 
when the load is l, it is equal to therefore we must have 

A 

(u + l) A' zr uA — ^ and A' zz uA ^1 — 

divided by u L. This formula should be considered only as an ap¬ 
proximation, for it would appear from it that when L:z:2u, A'' = 0, i, e. 
if a man carries a load equal to twice his weight, he could not ascend, 
—See Hachette Tmite des Machines^ Chajpitre Premier, 

(g) If L = 0, is a function f of these variables, or F(Avys?) = 0, 

then when they become dt^ a? -j- y + dy^ z + we shall 
have x dx^ y + dy, dz) = 0, and when infinitely 

small quantities of the second and higher orders are neglected, 

di. di. . . diu dh . ^ 



748 


NOTES. 


(^) Since 4 -I 1 , 2 , dv' 


^ . . at at 

substituting for the first member of this equation, and 


concinnating, we obtain the value of given in the text. 

(*) Since in this case the forces p act in the direction of gravity. 

^^v(dp-d,p) must be equal to 2P, or n multiplied into the vertical 
space described by the centre of gravity. 

(k) Since the motion is uniform, the space described by the 
centre of gravity is 4i-Uo the time, consequently as a cos« is the 
value of the velocity resolved in the direction of the vertical, we shall 
have ?'=:ai cos «. -ff,, , 


THE END. 







